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ro THE. 


Ts HAT Mr. MACLAURIN, bad, many yeare 
ogo, intended to publifh @ Treats on this fubjedt, 
appears from a ketter, dated April-19, 1729, to 
his honoured friend MARTIN Forxrs, Eg. now 
Proident ofthe Rayal Society.* ind we find, 
"an one of bis mansferipts, tbe plan f Auth. a Work, 


agreeing, almefi in every article, with the sonienis 


uf 1b:s Volume. ME 
Had the celebrated Author lived fe pul jf bis 


own Work,.Lis name would, alone, have been fuf. 
frctent to recommend it to the notice of t the. Public : i 
— but that tafe having, by bis lamented premature 
death, devalued to the gentlemen wham be Keiftens 


£r'afled with bis Papert, the Reader may reafon- 
ably expel Some account of: the materials of which 
 &t confifis, and of the care that has been taken in 


collecting and difpofng them, fo as bof to-anfwer. 
. the Author's inkention, «ud Ju up tbe Plan he had . 


einen 


. Pu. Traní. No. 4o, ^ 


| TO THE READER. _ 
He feems, in compofing this Treatife, to bave= 
bad thefe three Oljeds tn view, 


t. To give the general Principles and Rules of 
the Science, in the ' foorteft, and, at the fame time, — 
the moft clear and comprebenfive manner that was 
pofible. Agreeable to this, though every Rule is 

properly exemplified, yet be does not launch out mto 
whut wemay calla Tautology of examples. He re- 
Sects fome applications of Algebra, that are commonly 
to be met with in other writers; becaufe the nume 
ber of fuch applications i is endléfs: and, however 
ufeful they may be in Practice, they cannot, by the 
rules of good method, Save place in an elementary 
Treatife. He bas likewife omitted the Algebrat- 
cal folution of particular Geometrical problems, as. 
requiring the knowledge of the Elements of Geo-_ 
metry ; from which tbofe of Algebra ought to be 
Rept, as they really are, entirely dftind ; refero- - 
ang to bimfelf to treat of the mutual relation of the 
two Sciences in bis Third Part, and, more gene- 
rally fill, in the Appendix. He might think too, 
that fycb an application was the lefs neceffary, that 
Sir Isaac Newron’s excellent Collection of Ex- 
amples is in every body s bands, and that there are 
Jew Mathematical writers, who do not at furnife ) 


numbers 4 the fame kind. 
2. Sir 





TO THÉ READER. 


2. ‘Sir IsA AC NewTon’ s Rules, in bis Arithe ” 
metica Univerfalis, concerning the Refolutions of ' 
the higher equations, and the Affettions of their 


roots, being, for the mioft part, delivered without any 


demonftration, Mr. MACLAURIN bad defigned, 
that his Treaty joould forve às a Commentary ort: 
that Work. Fir we bere find all tbofe di "cult 


_paffages in Sir Ys A Kc's Book, which bave fo long 


perplexed the Students of Algebra, clearly explained 
and demonfirated. How much fach a Commentary 
was wanted, we may learn fromthe words of à 
. date eminent Author.* The ableft Mathema-. 
** ticians of the laft age (jays 5e) did not difdain. 
**' to write Notes on the Geometry of Des CAn- 
_ TEs; and furely Sir Isaac Newron’s Arith- 


«6 metic no lefs deferves that honour. To exe. 


** cite fome one of the many fkitful Hands that our 


** times afford to undertake ‘this Work, and to — . 


** thew the neceffity of it, I give this Specimen, 


** in an explication of two paflages++ of the. 


e Arithmetica Univerfalis ; which, however, aie 
not the moft difficult in that Book,” 


‘  Gravefonit, in Pea. ‘ad Specie Comtotsit, if Art Uni: 
verf. 


+ Vie. "The fiáding of Divifess a and the evolution of Binanias $wrdt, 
See § 5972 Part II. $ 127. Part I. 


A 4 . | What 


TO. TUE READER. 
Fat this learned Profefor Je carnehly wifbed 
f. we at left fee executed; not feparatey, nor 
iz the loofe difagreeable form which fuch Commen- 
farses generally take, but in a manner equally naa 
tural qnd convepient ; eyery Desionftration being 
aptly inferted sate the Body of the Wo ork, as a Nea 
Céfjary and infe epargble. Member ; an Advantage 
which, with fome others, obvious enough . to an ata 
sentive Reader, will, it, is hoped, di iftingui/h this 
Performance from every ther, of i the Hind. that 
bas bisherto appeared. 


3 “After Baving fall explained the Nature of 
Equations, and tbe.Metlods of. finding their Roots, 
either in finite.expreffians, when it can be done, or 
in-infimite converging: feries;, it. remained only ta 
confider. tbe. Relation of. Equations involving. wa 
variable quantities, . and. of Geometrical. Lines. Z2 
each other ; the Dotfrive of the. Loci;, and the 
ConfteyGion. gf- Equations. Thefe make the. «Subs 


(geli f. the Third Part. 


Upon this. Plan Mr: MACLAURIN compofed a | 
Syflen.:of. Algebra, oon: after bis being ebofon | 
Profefor of Mathematics in tbe Unmrverfity ef | 
Edinburgh ; which be; thenceforth, - mate ufe of 


m 4s ordinary Courfe y Ledfures, aud was 0CCd-. 


Jfonally 





——w—--0-c- 
f 
. 


‘TO-FHE READER.- 


fosally Mifroujag £o tbe Perfection be intended af | u 


frould have, before be committed X to the Pref. 
Mind ithe Def) Copies of bis Manufcript having 
beén tranfiithed 1d the Pubhifier, it wes aff, ay 
sontparing tbim, ta shablifo'a corra and genuing 
Text. : Üdhrre were, defect, frveral detached Pan 


| pers, fame af whith were quite fnifked, ahd-wanted 


only ia tie tnferted initheir proper places. In 4 few 
others, the Demonftrations were fo. cancifely exe 
préfed, and couched ia Algehratal chóraífers, 
that it uds necoflary to write them vt, at more 
length, ta make. thaw of 8 piece with the ref. 
And this 15 the only liberty the Publifher bas al- 


- lowed binfelf to take; excepting a few inconfides 


rable additions, that feersed neceffary to render the; 
Bank more. canplete within wfelf, and to: fave the 


Iriüble of catifiulting otber's 2.2 bave ortéten omo | 
| the fame Subject. 


The Rules concerning the Impofüble Roots of 
Equations; aur uthor bed very fully confideréd, - 
as appears from bis Manufcript Papers: but as 
he Bad no where reduced any thing on that Subjech 
(0 & better form, than what was long ago pula 


.  hifhed in thé Philofaphical Tranfactions, No. 394 
s and 498, we thought it beft to take tbe fubflanze 


of Chap. ri. Past I. from thence; efpecially as 
the latter of thefe Papers furnifhes a demonpration 
D. 3. | of 


‘ - 


TO THE READER. 


of the original Rule, which pre-fuppofes only what 
the Reader bas been taught in a preceding Chapter. 
^ Tbe Paper that is fubjoined, on the Sums of 


the Powers of the Roots of an Equation, is taken 


from a Letter of the Author (8 Jul. 1743) to 
the Right Honourable the Earl STANHOPE; Come ' 


municated to the Publifber, with fome things added 


by bis Lordfhip, which were wanting to 0 finsfo the . 


Demonftration. 
Of thefe Materials, carefully collected and put 
in order, the following Elementary Treatife is 


compofed; which we have chofen rather to give 
in a. Volume that t is within tbe reacb of every Stu- 


— dent, than in one more pompous, which might be 


ps generally ufeful. And we hope, from the: 


pains it has coft us, its blemifbes are not many, 
nor fuch as a candid intelligent Reader may not 


| forgive. 
The Latin Appendix * ita proper Sequel, ‘and 


a high Improvement, of what bad been demonfirated | 
in Part III. concerning the Relation of Curve™ 


Lines and Equations; a Subjett which our Au- 


thor had been early and intimately acquainted with ; — 
_, witne/s bis Geometria Organica, printed in 1719, 


when be was not full twenty-one years of age, and 
which, though fo juvenile | a work, gained bim, ag 


es A1 ranflation of which i is now given to this Edition, by the Rev. 
Mt. Lawíon. | 


once, 


{ 


. 


TO THE READER. 


. once, that diflsnguifbed Rank among Mathemati~ 
cians, which be thenceforth held with f great 


dufire. Yet be frankly owns, be was led to many 


| of the Propofitions in this Appendix, fram a Theo- 
_rem of Mr. Cores, communicated to bim, with- 


out any demonfiration, by the Reverend and Learn- 


‘ed Dr. Smitu, Mafler of Trinity College, Cam- 


bridge. . How be bas profited of that Hint, the 
Learned will judge: Thus much we can venture 
to fay, that be bimfelf fet fome value upon this Per- 
formance; having, we are told, employed fome of 


the lateft hours be. could give to fuch Studies, in 


revifing it for the Prefs ; to bequeath it as his lap 
Legacy to the Sciences and to tbe Public. | 
The gentlemen to whom Mr, MACLAURIN hf 
the care of bis Papers, are MARTIN FoLKEs, 
Efg. Prefident ef the Royal Society; ANDREW 
Mitcuet, Efg. and the Reverend Mr. Hirt, 
Chaplain to bis Grace the Archbifbop of Canter- 
bury; with whom be had lived in a moft intimate. 
friend/bip. And by their direciion tbis Treatife i is 


pub joi. 
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PART I 





CHAP. I. 
' Definitions and Illuftrations, = - | 


$ 1, A LGEBRA isa general method of com... 


Y. putation by. certain figns and fymbols 
which have been contrived for this purpofe, and 


- found convenient. It is called an Unrversar 


AnirHMETICK, and proceeds by operations and — 
rules fimilar to thofe in' common arithmetick, 


founded upon the fame principles. This, how- 


ever, is no argument againft its ufefulnefs or 
evidence; fince arithmetick is not to be the lefs 
| s valued _ 


2 A TREATISE of Part I. 


valued that it is common, and is allowed to be 
one of the iioft clear and evident of che fci- - 
ences. But as a number of -fymbols are admit- 
ted into this fcience, being neceffary for giving 
it that extent and generality which is its greateft 
excellence; the infport of thofe fyntbols is to be 
clearly ftated, that no obícurity or error may 
arifé from the frequent ufe and complication of 
: them. 7 

€ 2.: In Geometry, lines are reprefented 
by a line, tfiángles by‘a triangle; and other 
figures by a figure of the fame kind; but, in 
ALGEBRA, quantities are reprefented by the fame 
Jetters of the alphabet; and various figns have 
been imagined for repreféntihg their: affections, 
relations, ant! depetidencies: In: Geometry the 
reprefentations are more natural, in Algebra 
more arbitrary: the former are like the firít 
attempts ‘towards the. expreffion. of objects, 
which was by drawing their refeinblances; the 
latter. correfpond more to the prefent ufe of 
languages and writing. Thus the evidénce'of 
Geometry is fometimes rhore fimple znd* ob- 
vious; but the ufe of Algebra more extetifive; — 
and often more ready: efpecially fince thé) rita 
thematical fciences have acquired fo vaft a 
“extent, and. haye been applied to fo many ‘ch : 
quiries.. 

$ 3. In thofe fciences, it is not barely hag. 
nitude, that is the object of contemplation: but 


there 





Curr ALGEBRA 3 


there are many affections and properties of quan- 
tities, and operations to be performed upon 
them, that are neceffarily to be confidered. In 
eftimating the ratio or proportion of quanti- 
ties, magnitude only is confidered. (Elem. §. 


Def. 3.) But the nature and properties . of 


figures depend on the pofition of the. lines that 


bound them, as well ason their magnitude. In 


treating of motion, the direction of motion as 
well as its velocity ; and the direction of powers 
that generate or deítroy motion, as well as 
their forces, muft be regarded. In. OPrrGs, 
the pofition, brightnefs, and diftinétnefs of 
images, are of no lefs importance than their 
bignefs; and the like is to be faid of other 
iciences. It is neceffary therefore that other 
fymbols be admitted into Algebra befide the let- 
ters and numbers which reprefent the: magni- 
tude of quantities, 

$4. The relation of equality is expreffed by 
the fign =; thus to exprefs that the quantity re- 


. prefented by a is equal to that which is repre- 


fented by 2, we write a = 4. But if we would 
exprefs that a is greaterthan 4, we write à c 4; 
and if we would exprefs algebraically that a is 
lefs than 4, we write a 7 d. 

§ 5. Quantity is what is made up of parts, 
or is capable of being greater or lefs. It is in- 
creafed by Addition, and diminifhed by Subtrac- 
tion ;, which are therefore the t two primary ope- 

B. ^ rations» 


4 A Treatise of  Panrl. 
rations that relate to quantity. Hence it is, that 
any quantity may be fuppofed to enter into al- 
gebraic computations two different ways which 
have contrary effects ; either as an increment or as 
a decrement, that is, as a quantity to be added 
or as a quantity to be fubtracted. "The fign + 
(plus) is the mark of Addition, and the fign — 
(minus) of Subtraclion, ‘Thus the quantity be- 
ing reprefented by a, + 2 imports that a is to be 
added, or reprefents an increment; but — 4 
- imports that ais to be fubtracted, and reprefents . 
a decrement. When feveral fuch quantities are 
joined, the figns ferve to fhew which are to be 
added, and which are to be fubtraéted. Thus 
+ 4 4 P denotes the quantity that arifes when a. 
and 4 are both confidered as increments, and 
therefore expreffes the fum of 2 and 5." But 
+ a—b dénotes the quantity that arifes when 
from the quantity 2 the quantity 4 is fubtracted ; 
aud expreffes the excels of a above 5. When 
4 is greater than J, then a— P is itfelf an in- 
crement; when 22:2, then, a — 5 — o; and 
when a is lefs than 2, then ab is itfelf a de- 
crement. 

$6. As addition and fubtraétion are  oppo- 
fite, or an increment is oppofite to a decre- 
ment, there is an analogous oppofition: between 
the affections of quantities that are confidered 
in the mathematical Íciences, As between ex- 
cefs and defect; between the value of effe@s 


. | or 


Curr ALGÉBRA — 5 
or money due to a man, and money due by 
him; àline drawn towards the right, and a line 


‘drawn. to the left; gravity and levity; eleva- 


tion above the hotizon, and depreffion below 
it, When two quantities equal in-refpe& of 
magnitude, but of thofe oppofite kinds, are 
joitied together, and conceived to take place in 


the fame fubjeét, they deftroy each other's ef= 


fect, and their amount is nothing, Thus 100), 


. due to a man and 100/. due by him balance 


each other, and in eftimating his ftock may be 
both neglected. Power.is fuftained by an equal 


' power acting on the fame body with a contrary 


direction, and neither have effect, When two 
unequal quantities of thofe oppofite qualities 
aré joined in the fame fubjett, the gteater pre- 
vails by their difference, And when a greater 
quantity i$ taken from a leffer of the íame 
kind, the remainder becomes of the oppofite 
kind. Thus if we add the lines AB and BD to- 
ether, their 
unr is AD; B t ] 7$ IN 
but if weare s N | En 
to  fubtrat 1177 i 
BD from AB, c, À B x 
then BC=BD is to be taken the contrary way 
towards A, and the remainder is AC; which, 
when BD, or BC exceeds AB, becomes a line 
on the other fide of A. When two . powers or 
forces are to be added together, their fum acts 
B 2 upon 
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upon the body: but when we are to fubtract 
one of them from the other, we conceive that 
which is to be fubtracted to be a power with an 
oppofite direction ; and if it be greater than the 
other, it will prevail by the.difference, This 
change of quality however only takes ‘place 
where the quantity is of fuch a nature as to ad- 
: mit of fuch a contrariety or oppofitiot. We 
know nothing analogous to it in quantity 
abftra&ly confidered; and cannot fubtract. a 
greater quantity of matter from a leffer, or a 
greater quantity of light from a leffer. And 


the application of this do&rine to any art or 


Ícience is to be derived from the known prin- 
ciples of thefcience. — . 

$ 7. À quantity that is to be added is like- 
wife called a pofitive quantity ; and a quantity to 
be fubtracted is faid to be megative: they are 
equally real, but oppofite to each other, fo as 
to take away each other’s effect, in any opera- 
. tion, when they are equal as to quantity. Thus 
3—3=0, and a —4 — o. . But though + 2 
and —a are equal as to quantity, we do.not 
fuppofe in Algebra that + & — — a; becaufe 
to infer equality in this fcience, they muft not 
only be equal as to quantity, but of the fame 
quality, that in every operation the one may 
. have the fame effect'as the other. A decrement 

.may be equal to an increment, but it has in all 


operations a contrary effect; a motion down- 


wards 


————— —— -—— SC 


\ 7 
Cuap. 1. ALGEBRA. 2. 


wards may be equal to a.motion upwards, and 


the depreflion of a ftar below the horizon may 
be equal to the elevation of a ftar above it; 
but thofe pofitions are oppofite, and the diftance 
of the ftars is greater than if one of them was 
at the horizon fo as to have no elevation above 
it, or depreffion below it. Itis on account of 
this centratiety that a negative quantity is faid 
to be lefs than nothing, becaufe it is oppofite ta 
the pofitive, and diminifhes it when joined to it; 
whereas the addition of o has no effe&. But 
a negative is to be confidered no leís as a real 
quantity than the pofitive. Quantities that have 
no fign prefixed to them aré underftood to be 


. pofitive. 


§ 8. The number prefixed to a letter is call- 
ed the numeral coefficient, and fhews how often 
the quantity reprefented by the letter is to be 
taken, Thus 2¢ imports that the quantity re- 
prefented by a is to be taken twice; 3a that it 
is to be taken thrice; and fo on. When no 
number is prefixed, agit is underítood to be the 
coefficient. "Thus 1 is the coefficient of ¢ or 
of 2. 

Quantities are faid to be Uke or /; milar, that. 
are reprefented by the fame letter or letters | 
equally repeated. Thus + 3& and — ga are. 
like; but 2 and 2, or a and aa are unlike. 

A quantity is faid to confift of as many 
ferms. as there are parts joined by the figns + 


B 3 er 
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er—; thus 4 + ? confifts of two terms, and is 
called a binomial; a b - c confifts of three 
terms, and is called a ¢trinomial. Thefe are 
called compound. quantities: a fimple quantity 
confifts of one term only, as 4 a, or + a5, or 
+ abc. | 

The other fymbols and definitions neceffary 
in Algebra íhall be * explained in their proper 
places. 





CHAP. Il. 


OF ADDITION. 


69. CAE! To add quantities that are 
like and have like figns. — 
Rule. Add togetber the coefficients, to Ber Jut 


prefix the common fign, and [titi ibe commih 
letter or letters. ; 


EXAMPLES. 


t Lad 


To + 52 to —65 te. ü à 
Add +4¢° add —25 add 344344 





[mmm ee 


. Sum + 94 Sum— 8) _ Sum 4a+ 64 | 


To 
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To  34— 4x 
Add LT e 8x 


200 SEE yp 


Sum $4—1i2x 


Caíe II. '"To'add quantities that are like but 


have unlike figns, 
* 


Rule. Subtraf? the leffer cocficiems from the 


greater, prefix the fiw of. tht greater ta the 
remainder, und Jeljoin the common leiter- or 
betters. 


EXAMPLES, 
To —4a . + 5b—6c 


Add -7e pn ZO Be 
Sum *:34 | 2b 4 2c 
To | 6t6»—5p-t8[ 2¢—25 
Add — 5a—4%+ 49-3 | ^ —24t 26 
Cee 2 come ° "minds 
Sum --44-25— yt5 |" 9..6 


*^ aam m 


This role is eafily deduced feast the nature of 
pofitive and negative quantities, ! 

If there are more than two quantities to be 
added together, firft add the pofitive together 
into one fum, and then the negative (by Ca/e I.) 
Then add thefe two fums together (by Cafe 11.) 


B 4 E X- 
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EXAMPLE. 


+ 82 

omens 74 

+ 196 

— 12416 

Sum of the pofitive . . . + 18a 
Sum of the negative. . . — 194 





Sum ofall .... — @ 


Cafe III. To add quantities that are unlike. 


Rule, Sei them all down one After another, with 
their figns and coefficients prefixed. 


| EXAMPLES. 
To x20 qoa 


Add 435^ - —4£* on 


Sum  2et3b 007 Samay 
To 4ar4bg °C 
Add —4x—4y+3z — 


"ommum GEMDP 








pom» 


Sum '  44t 4b 3¢-—4x—4y + 3z 


CHAP. 
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CHAP. III. 
‘OF SUBTRACTION. 


§ 10. g-VEneral rule. Change the figns of the 


quantity to be fubtratted ‘into . their 


‘contrary Signs, and then add it fo changed to the 


quantity from which it was to be fubtratted (by 


— &be rules of the laft chapter); tbe fum arifing by 


this addition is the remainder; For, to fubtract 
any quantity, either pofitive or negative, ig the 


fame as to add the oppofite kind, 


EXAMPLES. 


Frac | .—*$a ; | $a— 75 
Subtra& ~ x36 . | get 4 








Remaind. 54— 32, or 2a | ji 12 7 


| db. 62+ 4x yt 4 


Games EE coe 





Remaind, —42—7* o —10 


It is evident, that to fubtra& or take away - 
a decrement is the fame as adding an equal in- 
crement. If we take away — from a—d, 
there remains a; and if we add +d to a—?, 
the fum is likewife a, In ‘general, the fub- 
traction of a negative quantity is equivalent to 
adding | its pofitive value, 


. | CHAR. — 
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CHAP. IV. 
OF MULTIPLICATION. 
§ 1x. JN Multiplication the general rule for 


the fign is, That when she fgns of 


— dle fatlors are like (i. e, both +, or both—,) 
the fign of the produ is +; but when tbe 
of the fattors are unlike, the Jign of the — 


$jj—, 


Cafe I. When any pofitive quantity, ' a, is 
multiplied by any pofitive number, 
7. kh, the meaning is, That +2 is to 
be taken as many times, as there 
are units in m3 and the produ& i is 
.' ‘evidently za. 


Cafe IT. When —a is multiplied by », then — 
—4 is to. be taken as offen as there | 
are units in 7, and the product mutt, 


be —74, | 


Cafe II. Multiplication b by a pofitive number 
UN implies a repeated addition: but - 


multiplication by a negative im- 
plies a repeated fubtraction. And 
"^. when +a is to be multiplied by 
— ", the meaning is, That +4 is 

to be fubtraGed as FM as. there 
c are 


= 
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are units in s: therefare the produét 
is negative, being nha. 


Caf IV. When — a is to be multiplied by “I, 
then —4 is to be fubtracted as of. 
ten as there are units in 2; but (by 

$ 10.) to fubtra& — a is equiva- 
len to adding +4, conícquently the 
product is -- sa. 


The IId and IVth cafes may he illuftrated 
in the following manner. ^ 
By the definitions, --a — 4 — o; therefore, 
if we multiply + 7 — 4a by 7, the produc muft 
vanifh or be o, becaufe the factor a — a is o. - 
The firft term of the produ& is + na (by 
Cafe 1.) Therefore the fecond term of the pro- 
du& muft be — aa, which deftroys + 74; fo 
that the whole product muft be + zs — na 
. mo Therefore— a multiplied by 4 z gives: 
In. like manner, if we multiply + a—aby 
— n, the firit term of the produ& being — na, 
the latter term of the produ& muft be +na, 
‘becaufe the two together muft deftroy . each 
other, or their amount be o, fince one of the 
fa&ors (viz. 4——a) iso. Therefore —4 mul- 

tiplied by —-# muft give + na. | 
"In this general do&rine the multiplicator is ' 
. always confidered as a number. A quantity of 
| any 
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any kind may be multiplied by a number: but 
a pound is not to be multiplied by a pound, 
or a debt by a debt, ora line by a line. We 
fhall afterwards confider the analogy there is . 
betwixt rectangles in Geometry and a product 
of two factors. ~ 

§ 12. Ifthe quantities to be multiplied are 
fimple quantities, ffnd the fign of tbe product by 
the laft rule; after it place the produ of the co- 
efficients, and then fet down all the teiters after 
one another as in one word. 


EXAMPLES. 


|». Mole. a4 —2 6x 








By +6 | +46 . | -—54- 
Prod. 4a) | —80b | —3oax 
Mult. — 8x BE. 34b 
By — 4a. 7 5ac 








Prod + 320% n | 71 Saabe 


§ : » To multiply compound quantities, you 
mutft..multiply every part of the multiplicand by 
all the parts of the multiplier taken one after an- 
other, and then colle all the products into one 
Jum: that fum fball be the produ required. 


E X- : 


CnuaAP. 
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EXAMPLES. 

at ol 20— 35 . 

a+ b | 42 d: 5b 
enna — P 

a6 ab |  8aa—12ab 

+ ab+bb | + 10ab—1 50) 

aat+2ab+ bb Saa— 2ab—15bd 

24a—~45 | ^ xx—ax 

268 45 1. xta 
pto XXX-—-ax 

"  +84ab——165) -Faxx-—aax 

422 .. o—1i60b| ^ xxx. .0—aax | 


Mult.  aa-cabti 














By ^ a—b 

-faaa -- aab abb — 
Prod. |. gab—abb—bbb — 
Sum ada 1.00... O—bbb_ 


§ 14. Produéts that arife from the multipli- - 
cation of two, three, or more quantities, as 
abc, are faid to be of two, three, or more di- 
menfions ; .and thofe quantities are called factors 
or roots. . 


If 
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If all the fa&ors are equal, then thefe pro- 
ducts are called powers; as aa or aaa are pow- 
ers of a. Powers are exprefíed fometimes by 
placing above the root to the right-hand a figure 


expreffing the number of factors that produce — 
them. Thus, 


a z: f 1ft | Power of the (2 

aa ey ed | root a, and | e* 

aaa 54 3d 7 is f[hortly4 a’ 

aaca | = | 4th} expref&d. | a* 
^ ai 

aaaaa- ^ VsthJ thus, a 


$15. Thefe figures which exprefs the num. 
ber of fa&ors that produce powers are called 
, their indices or exponents; thus 2 is the index of 
a". And powers of the fame root are eh: 
by adding their exponents. ‘Thus a^ x a’ 

a* xg =a’, axXxe=a. 

§ 16. Sometimes it is ufeful not actually to 
multiply compound quantities, but to fet them 
down with the fign of multiplication (X) be- 
tween them, drawing a line over each of the 
compound factors. Thus a 4 ? X g—b ex- 
preffes the product of a4 2 multiplied by a—& 


CHAIN 
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CHAP. V. 


OF DIVISION. 


$17. HE fame rule for the figns is to be 

obferved in Divifion as in Multi- . 
plication; that is, Jf the figns of tbe dividend 
and divifor are like, the fign of the quotient muff 
be + if they are unlike, the fign of the quotient 
suf be —. This will be eafily deduced from 
the rule in Multiplication, if you confider that 
the quotient muft be fuch a quantity as multi- 


plied by the divifor fhall give the dividend. 


$18. The general rule in Divifion: is, to 
place the dividend above a mall line, and the di- 
vifor under it, expunging. any letters that may be 
found in all the quantities of the dividend ond’ di- 
vifor, and dividing the coefficients of all the terms 
by any common meafure. Thus when you divide 
102) 4-164c by 20ad, expunging a out of all. 
the terms, and dividing all the coefficients by 





$,. the quotient is > s and 
ab)eb + ae 


1225) 304x — eC M 


444) 
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444)84b + Ga (S9 3 


, And ak) sabc(- = 


$19. Powers of the fame root are divided by 
Subtracting their exponents as they are multiplied 
by adding them. Thus if you divide a® by a’, | 
the quotient is 2377* or a3. And & divided by 
&* gives b5—* or ^; and a’b* divided by a’? 
gives 4°)” for the quotient, 


§ 20. If the quantity to be divided is com- 
pound, then you muft range. its ports according 
to the dimenfions of fome one of its letters as in the 
following.example. In the dividend a*+ 2ab+4 7^, 
they are ranged according to the dimenfions of 
a, the quantity a^ where a is of two dimen- 
fions being placed firft, 245 where it is of one 
dimenfion next, and Z', where a is not at all, | 
being placed laft. Tbe divifor a-t b muft be ran- 
ged according to the dimenftons of tbe fame letters ; 
then you are to divide tbe firft term of the dividend 
by the firft term of the divifor, and to fet down tbe 
quotient, which, in this example, isa; then mul- 
tiply this quotient by the whole divifor, and fub- 
tract the predu&t from the dividend, and the re. 
mainder foall give a new dividend, which in this 
example is ab + P. REN 


6-6 
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atbjatr2abth(a+d - 
a’ + ab 

ab + b 

ab+ Bb 








Oo OQ 


Divide the firft term of this new dividend by the 
Jefe term of the divifor, and fet down the quotient 
(which in this example is b) with its proper fign. = 
Then multiply the whole divifor by this part of the 
quotient, and fubtract ibe produc from the new " 


dividend; and if there is no remainder, tbe divifion' 


is finifbea: If there is a remainder, you are to 


_ proceed after the fame manner till no remainder 


is left ; or tillit appear that there will be always 
fome remainder. : 


Some examples will illuftrate this operation. 
EXAMPLE I. 
a * b)a—P )a—d 
a* 4- ab 





—ab—» 
—4a—b* 


o O 
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EXAMPLE JI. 


4b) aaa — 3aab + 346b — bbb (aa —2ab * 15 
4060 —. aab | 


rep 





— 244b + 3abb — bbb 
— 244ab + 2abb 
abb — bbb. 
abb — bbb 





o Oo 


- 


EXAMPLE IIL. 


A 

a— b).aaa— bbb (aa + ab x45 
aaa — aab a 

| aab — bbb 

04b — abb 


ingtmeeunsu graues EEE DONO 


4 gbb — bbb 
abb — bbb 





Ex. 
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EXAMPLE IV, 


0 .3a—n6) 62202—96(22aa + 4ag+ 8-4 16 


Gaaaa—12aaa 
124600—96. - | . 
12000-2458 

qr im rrt inn ur Spp 

.- 2444—96 

2440—484 

' 48a—96 

48a—9 


deen, 





ee or 


o o9 
4-4 oo oon " Watery cm - . c 5s "i: TW 
" 
* . 


$21. It often happens that, the operation 
may be continued without end, and then you 
have an infinite Series for the quotient; and by 
comparing the firft three or fou terms you may 
Jind what law the terms obferve: by which Means, 
without any more divifiony you may continue the 
quotient as far as you pleafe. ~ Firos, in dividing 
1 by 1— 2, you find the:quotient to be 14a 
+ aa 4 aaa + aaaa + €F¢: which Series can be 
continued as far as-yow pleafe by adding the 
powers of a,” BE 


fw he ey" WEE 0 


* 
y MEME 
4 3 


- UU Ca The 


22 
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The operation is thus: 
I—26)1(1!-24 223-4 aaa Se. 
1 —8 
+a 
440—226 





4 46 
+ 469—448 | 





J- aaa 
^T GQ0—Z2406 





+ aaaa tse. 


Another Example. 
2xx 21 2x* Gr. . 


a 
aatax 

— 

mn AN + XX 

—— Dm Ke 











pax c | "0! 


7 2x3 EE 
F 2k + — . IN 





In 
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In this laft example the figns are alternately 
+ and —, the coefficient is conftantly 2, after 
the firft two terms, and the lettets are the pow-- 
ers of x and 4; fo that the quotient may be 
continued as far as you pleafe without any more 
divilion. . 
But in Divifion, after you come to a remain- 
der of one term, aS 2xx in the laft example, 
it is commonly fet' down with the divifor under 
it, -after the other terms, and thefe together 
give the quotient. ‘hus, the quotient in the 


laft example is found to be s — x + T And 


bb + ab divided by ? — a gives for the quotient 


Note, The fign + placed between any two 
quantities, expreffes the quotient of the former 
divided by the latter, Thus «4 2 o 4—«x is 
the quotient of 4 + 4 divided by a — x. 


C3 |. CHAR 
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CHAP. VL. 


OF FRACTIONS, 


$22. YN the laft Chapter it was faid that the 
quotient of any quantity « divided by 
b is expreffed by placing 2 above a {mall line and 


b under it, thus, = Thefe quotients are alfo 


called Fraétions; andthe dividend or quantity 
. placed above’ the line is called the Numerator 
of the fraction; and the divifor or quantity 
placed under the line 1s called the Denomingtor. 


Thus E exprefies the quotient of 2 divided by 3; 


and 2 is the numerator and 5 the denominator of 
the fraction, 

$23. If tbe numerator of a fraflion is equal | 
bo the denominator, then the fraction is equal to 


unity. Thus » and L are equal to unit. If the 


numerator is greater than the denominator, then 
the fraétion is greater than unit. In both thefe 
cafes, the fraction is called improper. But if the . 
. mumerator is lefs than the denominator, then the | 
fraction is lefs than unit, and is called proper. 


Thus ^ is an improper fraction; but i and 
EL proper fractions. A six? quantity is that 


whereof 
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whereof one part is an isteger and the other a 


fraBionm, As 3$ and sy, and a + T 


PROBLEM I. 


§ 24. To reduce a MIXT quantity to an 1MPRO- 
PER FRACTION, 


Rule.. Maltiply the part that is an integer by the 
denominator of tbe fraéitonal part; and to tbe 
produc? add the numerator; under their fum 
place the fermer denominator. 

Thus 23 reduced to an improper fraction, 





a a 
gives 3, atm “ts 3; anda—x4 


arenax g'ex* 
c-——— ea, Gans. 


A 


PROBLEM II. 


§ 25. To reduce an IMPROPER fraffion to a 
MIXT QUANTITY. 


Rule. Divide the numerator of the fraétion by 
the denominator, and the quotient fall give the . 
integral part; the remainder fet over the deno- 
minator foall be the fractional part. 

ab 4- a* 2 ax + axx 





12. 1 _ 
Thus = 255 oc t t 1431Es 
x* 
—*.L—7:; lC maa axe 





C4 PR O.-. 
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PROBLEM III. 


§ 26. To reduce fractions of different denomina- 
tions to the frattions of equal value that fall 
have the fame denominator. 


Rule. Multiply each numeratór, feparately taken, 
into all the denominators but its own, and the 

_ produfis fhall give the new numerators, Then 
multiply all the denominators into one another, 
and the product fball give the common denomina- 
por. 


Thus the fractions L =, <; are refpectively 


m ad bd cb ,. 
equal to thefe fractions LD ke? LD which 


have the fame denominator dcd. And the fractions 


T i = are refpectively equal to thefe - 
45. 48 | 
60? 60° 


PROBLEM lv. 


§ 27. To ADD aad suBTRACT Fraéfions. 
Rule. Reduce them to a common denominator, 
and add or JubtraG tbe numerators, tbe fum or 
difference fet over tbe common denominator, is 
the fum or remeinder required. 


Thus 


- Tomo —— *— am 00000000 —— ——9--- - 
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ade + bee Pb 














Thus Z4 7 of A id — 3$ 
a 2. ak "2,3 849_¥% 
b^ d | bh 3 4 12 12 
; 3 2 9—8 I 
mI; ———— — —$ 
a? 4 3 12 12 
4 3 J0—15_ 1. 
5 4 20 20 
x X j$x—2x x 
2 3 6 — 6 


PROBLEM V. 
§ 28.. To MULTIPLY PraZions. 


. Rule. Multiply tbeir numerators one into anotber 


to obtain the numerator of tbe produdt ; and 
their denominators multiplied into one another 
Pall give the denominator of the product. 








a c a 2 4. 8 
— Me o — X — eee 8 
mes P jj) 3 5 7L and 
a+b a— _ ate 2 
"c x d «d 


If a mixt quantity is to be multiplied, firft 
reduce it to the form of a fraction (by Prod. I.) 
And if an integer is to be multiplied by a frac- 
tion, you may reduce it to the form of a frac- 


. tion by placing unit under it, 


EXAMPLES. 
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_ 15 bx a ba-kbx a 
a iid a ar xpm ym 
ah+abx  ab+ be 

ax nr 


; PROBLEM VI. 


§29. To pivive Fraétions. 


Rule. Multiply the numerator of tbe dividend by 
the denominator of the divifor, their produc 
foall give the numerator of the quotient. Then 
multiply the denominator of the dividend by the 
numerator of the divifor, and their product foall 
give the denominator. 


4\2 (x 3 -)z (5 
Thus $E ( 12 Ti apt a et 
0T iNa—b a* = 2ab b^ 
8 —b a (— a +ab 


§ 30. Thefe laft four Rules are eafily demon- | 
ftrated from the definition of a fraction. 


' e e 
1. It is obvious that the fractions =, ra 
d 
are refpectively equal to n 7: 2 Ls 7 fince if 


you divide adf by 2f, the quotient will be the 
fame as of a divided by 4; and cbf divided by 
dbf gives the fame quotient-as ¢ divided by 4; 
and edd divided by f? d the fame quotient as 

€ divided by f. 
. 2. Fraétions reduced to the fame denomina- 
tion are added by adding their numerators and 
1. fub- 
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fubfcribing the common denominator. I fay 








€ —. a . 
~ +5 = —. For call = = m, and 
e . " ) 

p" and it will be a z mb, c = nd, and 
mb 4 nbomadec, and m 4 s = 5 that 

is, Td T m + ^. After the fame mariner, 

ALPE n 

b ob "ob^ 


3: I fay — X —(=mxn) = — for bm = 


z 
dh —c; and bdmn — ac, and mn = Ss that 
€ _ ac 
d bd* 

ay... € m ad 
4. I fay T divided by =, or — gives ji 


for mb — a, and mbd—ad; nd - «c, and 
mbd ad 


nbd = cb; therefore Cu) that 15; 
m _ ad 
zu ck 


PROBLEM VII. 


$ 31. To find the greateft common Meafure of 
two. numbers ; that is, the greateft number that 
can divide them bo:h without a remainder. 
Rule. Firft divide tbe greater number by the 

leffer, and if there is tio remainder the leffer 

number is the greateft common divifor requined. 


If 
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Jf there is a remainder, divide your laft divifor 
by it; and thus proceed continually dividing the 


laft divifor by its remainder, till there is no re- . 


mainder left, and then the laft divifor is the 
greateft common Meafure required. 


Thus the greateft common meafure of 45 and 
63 is 9; and the greateft common meafure of 
256 and 48 is 16. 





45)63(0. — 48) 256 (5 
45° 240 
18) 45 (2 16) 48 (3 
36 , 48 
~ 9) 18 (2 o 
19 
o 


$ 32. Much after the fame manner the preateft 
common meafure ‘of algebraic quantities is dif- 


covered; only the remainders that arife in tbe: 


operation are to be civided by their fimple divifors, 
and the quantities are always to be ranged accord- 
ing to the dimenfions of tbe fame letter. 


Thus to find the greateft common meafure 


of a? — P and a’ — 2ab t b; 
a —b)s — 2ab 4 F (1 
a” —b 


— 2ab + 3) Remainder, 


which: 
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which divided by — 24 is reduced to 
6—b)ce«—P(acé? 
| c—bPb 


Oo Le) 


Therefore a — P'is the greateft common 
meafure required. 


The ground of this operation is, That any 
quantity that meafures the divifor and the re- 
mainder (if there is any) muft alfo meafure the 
dividénd; becaufe the dividend is equal to the 
fum of the divifor multiplied. into the- quotient, 
and of the remainder added together*. Thus 
in the laft example, a — ? meafures the divifor 
a’ — b^, and the remainder — 225 4 28°; it 
muft therefore likewife meafure their fum 2* — 
24b + b. You mutt obferve in this operation 
to make that the dividend which has the higheft 
powers of the letter, according to which the 
quantities are ranged. 


+ PROBLEM VII. 
§ 33. To reduce any Frafiion to its loweff terms. 


‘Rule. “Find tbe greateff common meafure of the 
- numerator and denominator; divide them by that 
common meafure and place the quotients in their. 
room, and you [ball bave a fra&lion equivalent 

* See Chap. XIV, 


bo 
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to the given frattion expreffed in the. leaf 
serms. 


Th 25bc\ 7S5abe _ 3a = 15622 + 156 ab ..., 
25bc/ 125bex  — 5x ^ $7240 — $7246 " 


35 3 aw ab 
Yia4— i1 ? d—aab4P | a—b? 
a — ba Gaba at — jf | ato 

pad ath XB 4 c 


When unit is the greateft common meafure 
of the numbers and quantities, then the fraction 


325 
is already in its loweft terms, Thus i cannot 


be reduced lower. 


And numbers whofe greateft common mea- 
fure is unit, are faid to be prime to one another. 


| $ 34. If it is required to reduce a given frac- 
tion to a fraction equal to it that fhall have a 
given denominator, you muft multiply the su-- 
merator by the given denominator, aud divide the 
produ&t by the former denominator, the quotient 
Set over the given denominator is the fraction res 


quired. Thus = 7 being given, and it. Being re- 


quired to reduce it to an equal fra&ion whofe d¢- 
nominator fhall be c; find the quotient of ac 
divided by 4,-and. it fhall be the numerator of 
the fraction required, . — 

. 


M 


If 


L4 
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If a Vulgar fraction is to be reduced to a 
decimal (that is, a fraction whofe denominator 
is 10, or any of its powers) annex as many 
cyphers as you pleafe to the numerator, and then 
divide it by the denominator, the quotient [ball 
give a decimal equal to the Vulgar fraction pro- 
ped. s 


Thus > = 466666 Ee. ; r1 6; 
] | 
7 


$ 35. Thefe fra&ions are added and fub. 
tracted like whole numbers; only care mult - 
be taken to fet fimilar places above one another, 
as units above units, and tenths above. tenths, - 
Cc. They ar€ multiplied and divided as inte- 
ger numbers ; only there muf? be as many decimal 
places in the produd as in both the multiplicand 
and multiplier, and in the quotient as many as 
there are itr tbe dividend more than in tbe divifor. 
And in divifion the quotient may. be continued 
to any degree of exactnefs you pleafe, by add- 
ing cyphers to the dividend. The ground of 
thefe operations is eafily underftood from the ge- 
neral rules for adding, muluplying, and dividing 
fractions, Uc 


— .2857142 Fe. 


CHAP, 
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CHAP. VII. 


OF THE INVOLUTION OF QUANTITIES. 


$ 56. "Ts products arifing from the con- 
tihual multiplication of the fame 
quantity were called (in Chap. IV.) the powers 
of that quantity. Thus «e, a*, 2°, at, &c. are 
the powers of a ; and a, a* b*, a 2*, a* bt, &c. 
are the powers of a2. In the fame Chapter, 
the rule for the multiplication of powers of the 
fame quantity is to ** Add the exponents and 
make their fum the exponent of the product.” 
Thus a* x à) = a; anda’ P x a b= a? PF. 
In Chap. V. you have the rule for dividing 
powers of the fame quantity, which is, ** To 
fubtra& the exponents and make the difference 
the exponent of the quotient." 
Thus =. — art = a>; and P = =, 


a* b 
g7*5bpb—'-ab 


7$ 37. Jf you divide a leffer power by a greater, — 
the exponent of the quotient muff, by this Rule, 


a* 
be negative, Thus —- = = gins = gn%, ‘But 


a= - and hence = is exprefied alfo by 


4—* with a negative exponent. 


S 


It 

















4 
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ep . |. a 
It is alfo obvious that ls g-' = @; 
ai 
but —=1, and therefore 4» = x. After 
I a? 
the fame manner =H Or ia 


I a t * Jj 3 — 
aa a N aaa 


2. I OI 
pj . umm = 
a—*; fo that the quantities a, 1, —, “3 


arr &c. may be expreffed thus, o, a’, a7 


a—*, a3, a—*, &c. Thofe are called the 
negative powers of a which have negative ex- 
ponents ; but they are at the fame time pofitive 


powers of = —ora™'. 


§ 38. Negative powers (as well as pofitive) are — 
multiplied by adding, and divided by fubtratting 
their exponents. ‘Thus the product of a—* (or 


=) multiplied by a: (or =) is 977773 = a5 
(or =); alfo 4—9 x @* = a75t* z a—* (or 


I FEE 
—) anda? xa —ao -—t. And, in genc- 


ral, any pofitive power of a multiplied by a nega- 
tive power of a of an equal exponent gives UNIT 
for the product; for the pofitive and negative 
deftroy each other, and the product gives 2°, 
which is equal to unit, 


D | Like- 
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4 5. as "1 
Likewife 2—* gru 4s — a and 


a= a= a=* 
—; = o=*+5 as. But alfo, ar ai t 
a= — € xa- 
I . 
= therefore sor — 4: And, in gene- 


ral, ‘ any quantity placed in the denominator 
of a fraction may be tranfpofed to the nume- 
rator, if the fign of its exponent be changed. 7 


Thus ^; = a, and, =a’, 


$39. The quantity s" expreffes any power 
of 2 in general; the exponent (s) being unde- 


termined; and a—" expreiles = or a negative 


power of a of an equal exponent : and a" x a7" 
= a"-" — a = 1 Is their product, 4 expreffes 
any other power of a; a" x a* = a" t" is the 
produ& of the powers 2" and a", and a"-—" is 
their quotient. 


$40. To raife any fimple quantity to its fe. 


cond, £hird, or fourth power, is to add its ex- 
ponent twice, thrice, or four times to irfelf; 
therefore the fecond power of any quantity is 
had by doubling its exponent, and the third by 


trebling its exponent; and, in general; the - 


power expreffed by m of any quantity is bad by 
. multiplying tbe exponent by m, as is obvious from 
the multiplication of powers, Thus the fecond 
power or quare of a isa*x' = g*; its third 


power 
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power or cube is 2?X' = a’ ; and the mth power | 
of a is aX: = a". Alfo, the fquare of a* is 
q^*X* — @®; the cube of a‘ is a3X* = a"; and 
the mth power of a‘ is a*X», The fquare of 
abcis a bc, the cube is a’b°c*, the mth power 
awe y 


§ 41. The raifing of quantities to any power 
is called Involution ; and any fimple quantity is 
involved by multiplying the exponent by that of the 
power required, as in the preceding Examples. 

Fhe coefficient muft alfo be raifed to the fame 
power by continual multiplication of itfelf by 
itfelf, as often as unit is contained in the expo- 
nent of the power required. Thus the cube of 
3ab is 3x3x3x ad = 270°, 

As to the Signs, When the quantity to be in- 
volved is pofitive, it is obvious that all its powers. 
muft be pofitive. And when the quantity to be 
smuolved is negative, yet all its powers whofe ex- | 
ponents are even numbers muft be pofitive, for any 
- number of multiplications of a negative, if the 
number is even, gives a pofitive ; fince — x — 
= +4, therefore — x — x —xX—= + % + 
st 5 and —— Xm XK me Kee XK YH 
+xX+xX+=— +. 

The power then only can be negative when 
its exponent is an odd number, though the 
quantity to be involved be negative. The pow- 
ers of —a are— a4, a, —a, t4, —25 


Parr I, 
The powers of 
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—€&c. + Thofe whofe exponents are 2, 4, 6, 4c. 
any binomial a + b are found by continual mul- 
tiplication of it by itfelf as follows. 


The involution of compound quantities 
difficult operation. 


* 


$ 42. 


are pofitive; but thofe whofe exponents are | 
is a more 


1, 3, 5, Se. are negative. 
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a +b = Root. z 
xa Fb 
a* + ab ) 
+ ab 4-)* . 
a” + 2ab + 5* = the Square or 2d Power. 
xa-4 b 
a+ 24076 + ab . 
— ow Lr 2ab*4+ HBB c a ^. 
4! + 3a*6 + 3«5^ + 5 = Cübe LER Power | 
Xa + 5 v : 


a* + 3096 + 3a'b*-- ab 04 
+ 4b avckK i aab 4 bU 
heec uM ———— Ó—————— P DDR 
. 4* + 449b + 627) + 406° t 5* zz = Biquadrdte or a Power. 
Xxa+ 5h | 
a+ 4a*b + O43 4 + 406 + aor B 
+ 85-424 4+ 607 + gabt Db . 
—Ó——MMÓáá— Ma ee eee 
a5 + 5a*b + 104367 4 IO4*5* + |sab* + 55 = sth Power, . 
Xxat b 
8? + Sa5b + 1027) + 164b + sat + "3 
+ a5 - 50h? + 1005? + woa*h+ + gab? 4 56 
4^ + Oa'b + 15a*0* + 208503 4. 18014 + ab’ - b° = 6th Power, Efe, 









a * 






a 


$ 43. 
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. $43. If the powers of 2 — 5 are’ required; 
they will be found the fame as the, preceding, 
enly the terms in which the exponent of is 
an odd number will be found negative; ** be- 
caufe an odd number of multiplications . of a 
negative produces a negative.” Thus the cube 
of a — 5 will be found to be 2 — 34» + 
3ab* — P: where the 2d and 4th terms are 
negative, the exponent of 4 being an odd num- 
ber in thefe terms. In general, ** the terms of 
any power of 4 — d are pofitive and negative by 
turns," 

$44. It is to beobferved, that “ in the firft 
term of any power of a 4 2, the quantity & 
has the exponent of the power required, that 
in the following terms, the exponent of s de- 
creafes gradually by the fame difference (viz. 
unit) and that in the laft term it is never found. 


The powers of 2? are in. the contrary order; itis . : 


not found in the firft term, but its exponent in 
the fecond term is unit, in the third term its ex- 
ponent is 2; and thus its exponent increafes, till 
in the laft term it becomes equal to the expo- 
nent of the power required.” 

As the exponents of a thus decreafe, and at 


- the fame time thofe of 2 increafe, ** the fum 


of their exponents is always the- fame, and is 


equal to the exponent of the. power required." 


Thus in the 6th power of a 4 2, viz. 45 + 
6a°b + 15a*£^ + 204 P + 1548 0^ + Gabs + 0°, 
' D3 | the 
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the exponents of @ decreafe in this order, 
6, 5, 4, 3 2, 1, O; and thofe of 8 increafe 
in the contrary order, o, 1, 2, 3, 4, 5, 6. 
And the fum of their exponents in any term is 
always 6. 

§ 45. To find the coefficient of any term, 
the coefficient of the preceding term being 
known; you are to ** divide the coefficient of 
the preceding term by the exponent of 4 in the 
given term, and to multiply the quotient by 
the exponent ofa in the fame term, increafed 
by unit.” Thus to find the coefficients of the 
terms of the 6th power of a 4 4, you find the 
terms are | 


a’, à b, a^, 3D, ab, ab’, 15; 


"and you know, the coefficient of the firft term is” 


unit; therefore, according to therule, the coef- 


ficient of the 2d term will be - X5--bEc-Óó; 
that of the 3d term will be Tx 4t12z3x5 


= 15; that of.the 4th term will be = x 3+ 1 


| 6x47 20; and thofe of the following will 
be 15, 6, 1, agreeable to the preceding Table. 
$46. In general,-if a + 6 is to be raifed to 


any power m, the terms, without their coeffici- . 


ents, will be, a”, a"—'2, 2"—' P^, a"—*b*, a" —*2*, 
a”"—*b5, C. continued till the exponent of 6 
becomes equal to #. 


The 


2 0— 2L — aec 





abl tna—ibamx— 
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The coefficients of the refpective terms, ac- 
cording to the laft rule, will be 

















M— 1 Mum J Man? Mom Y. 
mx, o 77 3’ 2. 
3 4 2 X3 74 


—, £94, continued until you have one co- 


' efficient more than there are units in s». 


It follows therefore by thefe lat rules, that 








-—I 
2 xg"—^p 


m-I m -—2, m—t 
x g—p + mx 








n2. m3 


x g"—* Dt 4 ES¢, which is the 


3' 
general Theorem for raifing a quantity confifting 


of two terms to any power ss. 


$ 47. If a quantity confiting of three, or 


. more terms is to be involved, ** you may dif- 


tinguifh it into two parts, confidering it as a 


binomial, and raife it to any power by the pre- 


ceding rules ; and then by the fame rules you 
may fubftitute inftead of the powers of thefe 


‘compound parts their values.” - 





Thusa + bye set+btec = ath + 
acxato+e =a 20b 4h 42004 
25ct 6 | “ 

Anda+obte= oth +3¢x a+b 
30 Xatbeaat+gad 4 30d 4b 
+ 3a C+6abct+3bc+3ac +350 + € 

D 4 In 
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In thefe examples, a + 5 + c is confidered as 


compoted of the compound part a: 4. 4 and the 
fimple part c; and then the powers of 5 + 2 
arc formed by the e preceding rules, and fubftituted 


fora 4 » and a 4 à. 





CHAP. VIII. 


OF EVOLUTION. 


§ 48. HE reverfe of Involution, or the re- 

folving of powers into their roots, 
is called Evolution. The roots of fingle quan- 
“tities are eafily extracted dy dividing their expo- 
nents by the number that denominates the root re- 


8 
quired. Thus the fquare root of a° is a* = at; 
and the fquare root of abe is a'2*c. The 


cube root of abi is ath? = a * b , and the cube 
root of x?^y^z"" is x'y'z*. The ground of this 
rule is obvious from the rule for Involution. 
, The powers of any root are found by multiply- 
ing its exponent by the index that denominates 
the power; and therefore, when any power 
is given, the root muft be found by dividing 
the exponent of the given power by the 
number that denominates the kind of root thàt 
is required, | 


$ 49. 
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$49. It appears from what was faid of Invo- | 
lution, that ** any power that bas a pofitive fign 


may have either a. pofitive. or negative root, if the 


root is dénominated by an even number.’ Thus 
the fquare root of + a” may be + 4 or —a, 
becaufe +a x + 4 or—a X — a gives + a 


for the,product. 


But if a power have a negative fipn, “ no 
root of it denominated by an even number can be 
affzned,” fince there is no quantity that multi- 
plied into itfelf an even number of times can 
give a negative product. Thus the fquare root 
of —a* cannot be affigned, and is what we call 
an “* impofible or imaginary quantity.” 

But if the root to be extracted. is denomi- 
nated by an odd number, ** then ball tbe fign of 
the root be the fame as tbe fign of the given number 
whofe root is required." Thus the cube root 
of — a3 is — 4 and the cube root of — a^ 5% 
1s —a*5. | 

$50. If the number that denominates the 
root required is a divifor of the expongnt of 
the given power, then fhall the root be arily a 
** lower power of tbe fame. quantity." As the cube 
root of 4'* is 2*, the number 3 that denominates 
the cube root being a divifor of 12. . 

But if the number that denominates what 
fort of root is required is not a divifor of the 
exponent of the given power, “ then the root 


required foall bave a fraétion for its exponent.” 


2 Thus 
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Thus the fquare root of a* is a* ; the cube root 


of 2° is a’, and the fquare root of a itfelf is a3. 
Thefe powers that have fractional exponents 

are called ** Imperfect powers or furds ;" and are 

otherwife expreffed by placing the given power 


within the radical fign ^^, and placing above - 


the radical fign the number that denominates 
3 
what kind of root is required, Thus a? = 1/25 


s — poll — 
4! = Ya’; and as = (/a". In numbers the 


fquare root of 2 is expreffed by ¢/2, and the 
cube root of 4 by (/4. 
$ 51. Thefe imperfect powers or furds are 
“multiplied and divided, as other powers, by 
adding and [uliraWling sbeir exponents.” Thus 
$9 


X 3 
a X g*: — q* = @; E x a* = git = 


| 37 Ll 2— & 
— 34 7 t G^ —. 2 we te x 
ge = W/4"; and — — 4 — 6 =a". 
aq ‘ 


‘They are involved likewife and evolved after | 


the famé manner as perfect powers. Thus the 
iX 


3 3 
. fquare of a? is a^^? = 45; the cube of a? is: 


. 2 
3x2 3x* 


4 E 
a * = as. The fquare root of a? isg * =a’, 


the cube raot of a* iS a*. But we fhall have 

occafion to treat more fully of Surds hereafter. 
$ 52. The fquare root of any compound 
quantity, as @ + 2 4 à + £' is difcovered after 
this 


V 
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. this manner. “ Firft, take care to difpofe the 


terms according to the dimenfions of the alphabet, 


as in divifion ; then find the fquare root of tbe frft 
‘term aa, which gives a for the firft member of tbe 


root. ben fubtraé iis [quare from the propofed 
quantity, and divide the firft term of the remainder 


(2ab + P) by the double of that member, viz. 


2a, and the quotient b is the fecond member of tbe 
root. Add this fecond member to the double of 
the firft, and multiply their fum (24 + b)-by the 


. fécond member b, aud fubtradét the produ (ab 


+ D) from the forefaid remainder (24b. + b*) 
and if nothing remains, then the [quare root is 
obtained ;" and in this example it is found to be 
a t &. 2. 

'The manner of operation is thus : 
at+aabt+h(atd 


* 


6. 





aatbh\24ab4 5 

xb 2ab+ b . 
o. O0 
But if there bad been a remainder, you muft 
have divided it by the double of the [um of the 
two parts already found, and the quotient would 
have given the third member of the root. 

Thus if the quantity propofed had been 4^ + 
oabs2acth+2bc 4 c, after proceeding 
as above you would have found the remainder 
007 28€ 








46 A Treatise of Panel. 


gac+2be + €, which divided by 24+ 25 
gives c to be annexed to a + P as the 3d mem- 
ber of the root. Then adding c to24¢+ 25 
and multiplying their fum 2 -- 22 -F c by v, 
fubtra& the product 2 4c + 24¢+ c* from the 
forefaid remainder; and fince nothing now re- 
mains, you conclude that « + 6 + cis the fquare 
root required. 


The operation is thus :. E 
a42abt+ 24640 t2bctec(a t bre 


a* 
S0 w— 
24+b,24b4+2G¢64+ P + 2be4 6 
Xb) 246 Tx 











942b HDAC Hale e 
Xo 2acd 24e 


quer 








|o o Q 
Another Example. 
xx—ax t iaoe(x—ia 

xx 


x—lia —ax--tíaa 
X —i164/—ax-Fíaa 











i, 0 
The fquare root of any number 1s found out 
after the fame manner. If it is a number under 
100, its neareft fquare root is ‘found by the fol- 
. lowing Table ; by which alfo its: cube root is 
found 


n———— —————! 
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found if it be under 1000, and its biquadrate if 
it be under 10000. 









The Root] t | 2] 3 


oe gee cone ines] [omer | ee | Gee) ee ee | 





8/27 


| (16181 

But if it is a number above 100, then its 
fquare root will cenfift of two or’ more figures, 
which muft be found by different operations by 
the following 


m — | eee | oon | eee | Ce 


256|625|1296|2401|4096|6561 

















R. U L E. 

§ 53. Place a point above the number that is 
in the place of units, pafs the place of tens, and 
place again a point over that of hundreds, and go 
on towards the left band, placing a point over every 
ad figure; and by thefe points the number will be 
. diftinguifbed into as many parts as there are figures 
in the root. Then find the quare root of the firft — 
part, and it will give tbe fir. figure of the root ; 
fubira&t its fquare from that part, and annex tbe 
fecond part of the given number to the remainder. 
Then divide this new number (neglecting its laff 
Jigure) by the double of the firft figure of tbe root, 


annex the quotient to that double, and multiply tbe — 


number thence arifing by the faid quotient, and if 
the product is lefs than your dividend, or equal to 
it, that quotient [ball be the fecond figure of the 
soot. But if tbe produG is greater than the divi- 
dend, you m lake a lefs number for .the fecond 

figure 
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Jigure of the root than that quotient. Much after 
the fame manner may the other figures of the 
‘quotient be found, if there are more points than 
two places over the given number. 

To find the fquare root of 99856, I firít 


point it thus 998 $6, then I find the íquare 
root of gto be 3, which therefore is the firft 
figure of the root; I fubtract 9, the fquare of 3, 
from 9, and to the remainder I annex the fecond 
part 98, and divide (negleéting the laft figure 
8) by the double of 3, or 6, and I place the 
quotient after 6, and then multiply 61 by r, 
and fubtra& the product 61 from 98. Then to 
the remainder (37) I annex the laft part of the 
propofed number (56) and dividing 3756 (ne- 
electing the laft figure 6) by the double of 31, 
that is by 62, I place the quotient after, and 
‘multiplying 626 by the quotient 6, I find the 
produ& to be 3756, which fubtra&ed from the 
dividend and leaving no remainder, the exact 
root muft be 316. 


EXAMPLES. 
le 5. [| 

99856 ( 316 

2 — . 

61Y 98 
X 1/ 61 
626) 3756. 
. X 6 3756. 

oO 


-—q3——— —-——— 
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27394756 (5234| = 529(23 
25 (4 4. 
——— . —— 
102) 239 ' 7 434 129 
X 2/ 204 x3) 129 . 
1043, 3547. Oo 
* 3) 3129 


SE unpemmnpaíu$ 


10464) 41856 


41856 


Oo: 


X 4 


| $ $4. . In general, to extra& any root out of | 
any given quantity, ‘‘ Firft range that quantity 
according to the dimenfions of its letters, and ex- 
trat? tbe faid root out of the firft term, and that 
foall be tbe firft member of the root required. 
Then raife this root to a dimenfion lower by -unit 
than the number that denominates the root re- 
quired, and multiply the power that arifes by that 
number itfelf; divide the fecond term of the given 
quantity by the product, and the quotient fball give 


the fecond member of the root required,” 


Thus to extract the root of the sth power out 
ofa! + 5a*b 108 P^ + 10 PF gaP +5, 
I find that the root of the sth power out of 2 
gives a, which I raife to the 4th power, and mul- 
tiplying by 5, the product is 5a*; then divid- — 
ing the fecond term of the given quantity 5 2*2 
5» 54*, I find 7 to be the fecond member ; and - 

raifing 
i 
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raifing ¢ 4 ? tothe sth power and fubtracting 
_it, there being no remainder, I conclude that 
a t bis the root required. Jf the root has three 
members, the third is found after the fame 
manner from the firft two confidered as one 
member, as the fecond member was found from 
the firft ; which: may be eafily underftood from 
What was faid of extracting the fquare root. 

§ 55. In extracting roots it will often happen 
that the exact root cannot be found in finite 
terms ; thus the fquare root of a* + x* is found 
to be | | 

x? x* x$ 5x* ! 
2a . 8d  16a5 Bal + 5. 
The operation is thus: 
. a x* x x 
a’ 4 x (o4 za gs t ee 


Qa” 

















xX ye yy 
26 4a” 
x xt: x^ 
24 — 32)— 12 
X. ~)= x* x? 4 x8 
bai J — 42^ Sat * 6446 
x$ x? 
Sat — 64a 
Cc. 


After 


4 
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. After the fame manner, the cube. root of 
e+ x will be found to be un | 
D" a x9 IOx ,. ,., 
ot ae — d —ln t ee 
$56, « The general Theorem which we gave | 
fot the Involution of binomials will ferve, alfo 
for their Evolution 3” becaufe to extra& an 
‘root of a given quantity’ is the fame thing as 
, to raife that quantity to. à power whole ex. 
ponent is a fradtion that has unity for itg 
numerator, and the number that. expreffes 
what kind of root is to be extra&ed for its 
denominator. Thus, to extra&t the fquare 
root of a + £, is to raife a 4. b to'a power whofe 
224 . Vo. us » 


- . ~ c—— 9 . 
exponent is +: Now fince & 4. D =e gm 
d"— b 4 om x TL ql. 

e 2 - 


css 


+t mx 
4m x ——x 
me ; 
—X ghee BC. c 

fübpofing s = =, you will find 

ZEE Xo. | | 
! 2 ~ ome T . . 
4 +’ 6) c4 í xa 76+ PX—rIxg-lPb 





Qe ua esu eu. 3$ 7e £ b 
ba Km dy — bg 75! &c, = a? 4 —r 
2a* 


EE NN | E 
mma tcr. Se. And after this manner 
2 BG pe s | 
you willfindthat — | 
toot 1 + x* x* x ‘ . 
€t i2 e P — A - aud ! Y — 
s Ot 84 + 165 CJ. as 
béfote. 07 E 
_ ¥57- The roots of numbers are to bé ex- 
tracted as thofe of algebraic quantities. % Place 
E a point 
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a point over the units, and then place points over 
every third, fourth or fifth figure towards the 
left band, according as it is the root of the cube, 
of the 4th or 5th power that is required; and if 
there be any decimals annexed to the number, point 
them after the fame manner, proceeding from the 
place of “units towards the right band. By this 
means the number will be divided into fo many. 
periods as there are Figures in the root required. 
Then enquire which is the greateff. cube, biqua~ 
- drate, or 5th power in the fir period, and the root 
of that power will give the firft figure of the root 
required. Subtract the greateft cube, biquadrate, 
or 5th power from the firff period, and to tbe re- 
mainder annex the firft figure of your fecond periods 
which fball give your dividend, 

Raife the firft figure already found to a power 
]efs by unit than the power whofe root is fought, 
that is, to the 2d, 3d, or 4th power, according 
as it is the cube root, the root of the 4th, or the 
root of the stb power that is required, and mule 
tiply that power by the index of the cube, 41b, or 
5th power, and divide the dividend by this produ, 
“fo foall the quotient be the Second Jigure of the root 
required. 

Raife tbe part already found of tbe root, to the 
power whofe root is required, and if that power 
be found lefs than the two fifi periods of the given 

_ .mumber, the fecond figure of the root is right. Bat 
if it be found greater, you muft diminifb tbe. fecond 
Jigure of the root tilt that power be found equal to 
, 4 . . . : or 
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or lefs than thofe periods of ibe given number. 
Subtra it, and to the remainder annex the next 
period ; and proceed till you have gone through tbe 
whole given number, finding the 3d figure by 
means of the two firft, as you found the fecond by 
the firft,; and afterwards jinding the 4th figure 
(if there be a 4th period) after the fame manner c 
from the three firft.”’ 

Thus to find the cube root of 13824; point 
it 1 3824 ; find the greateft cube in 13, viz. 8, 
whofe cube root 2 is the firft figure of the root 
required. . Subtract 8 from 13, and to the re- 
mainder $ annex 8 the firft: figure of the fecond. 
period; divide 5$ by triple the fquare of 2, 
viz. 12, and the quotient is 4, which is the fe- 
cond figure of the root required, fince the cube 
of 24 gives 13824, the number propofed. 
After the fame manner the cube root. of 
13312053 is found to be 237. 


OPERATION. 


13824 ( 24 
Subtr. 8 22532x2x3 


3% 4512) 58 (4 ^| 
Subtract 13824 = 24 x 24 X 14 





Rem, Q n 


* 


E2 . | | 15 
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13312053 ( 237” 
8=>2x2R2 


12) 53 (40r) 3 
. Subtract 12167 22:23 X 23 x 23 


3X 23 x 23 = 1587) 11450( 7 
Subtract 1351 20532237 x237 * 237 





Remain. re) 


In extracting of roots, after you have gone 
through the number propofed, if there is a re- 
mainder, you may continue the operation by 
adding periods of: cyphers to that remainder, and’ 


find the true root in decimals to any degree of: . 


exactnefs, 





CHAP. IX. 
OF PROPORTION. 


$ 58. HEN quantities of the-fame kind 
are. compared, it may be confi- 

dered either how much the one is greater than 
the other, and what is their difference; or, it 
may be confidered how many times the one is 
contained in the other; or, more generally, 
2 |^ what 
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what is their gaosient. The firft zelation of 
quantities is expreffed by their Arithmetical ra- 
Jio ; the fecond by their Geometrical ratio. That 


- 


term whofe ratio is enquired into is called the _ 


antecedent, and that with which i it is compared is 
called the confequent. 


$ 59. When of four quantities the difference 


betwixt the firft and fecond is equal to the dif- 
ference betwixt the third. and feurth, tbofe 
quantities are called rithmetical proportionals; 
as the numbers 3, 7, 12, 56. And the quan- 
tities, 4, a + b, e e +5, But quantities form 
a feries in arithmetical proportion, when they 


““increafe or decreafe by the fame conjtant differ- 


ence”. As thefe, aj a+ b, a 25, a Y 3b, 


8 t 45, &c; x, x—b, x—22, &c; or the. 


numbers, 1, 2, 5 4 5 Se and Xo, 75 4» t 


—2, — 5; —5, 


§ 60. In four quantities arítbmetically pro- 
portional, * tbe fum of tbe extremes is equal to tbe 
Jum of the mean terms.” Thusa, à + b, e, et 3, 
are arithmetical proportionals, and the fum of 


. the extremes (2 + ¢ + 2) is equal to the fum of 


the mean terms ( 2 + 5 -- e). Hence, to find 
the fourth quantity arithmetically proportional to 


any three given quantities; ** Add the fecond 


and third, and from their fum fubtra& the firít 


term, the remainder fhal] give the fourth arithe 


metical proportional required,” 


E3 § 6r. 





ot 
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§ 61. In a /eries of arithmetical proportion- 


els, ** tbe fum of the firft and laft term is equal to 


the fum of any two terms equally diftant from the 
extremes.” If the firft terms are a, a t £F, 
a + 2b, &c. and the laft term x, the laft term 


. butone will be x — 4, the laft but two x — 2 4, 
"the laít but three x— 35, &c.-. So that the firft 
half of the terms, having thofe that are equally 


diftant from the laft term fet under them, will 


Mtand thus ; 


(—4at+bat 2ba4+ 34, TP 
x,x—b,x—2b,x»—3bhx-—a4b 


Gtx, @+tk atx atx, a+x, eo 


And it is plain that if each term be added to 
the term above it, the fum will be 4 + * equal 


to the fum of the firft term a and the laft term 
x, From which it is plain, that ** she fum of 
all the terms of an arithmetical progreffion is equal — 
to tbe fum of the Sirf and laft taken balf as often as 
there are terms,’ that is, the fum of an arithme- - 
tical progreflion is equal to the fum of the 
firft and laft terms multiplied by half the num- 


' ber of terms. Thus in the preceding feries, if 


" be the number of terms, the fum of al] the 
terms will bea +x x = 


$ 63. The common difference of the terms 
being 4, and 2 not being found in the firft 
term, it is plain that * its coefficient in any 
. term 


—— pasan — tpm —— an nnn 
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“term will be equal to the number of terms.that 
precede that term." Therefore in the laft term. 
x you mutt haven— r 1 x 5, fo that x muft be 
equal to a + n—a4 xb, And the fum of all 


the terms being atx xX > st will alfo be equal 


2an +n b-—nb nb-—b 


to, oF toat x 5. Thus 





for example, the feries 1+ 2 c 3 4 4 4 5 Se. 
continued to a. hundred, mult be equal to 
2 X IOO + I0000— 160 
2 

$ 63. If a feries have (0) nothing for its für 
term, then “its fum Jball be equal to balf the 
. produdt of the laft term multiplied by the number 
ef terms.” For then, a being = o, the fum 


= £050. 


. . e — — n 
of the terms, which is in general 6 + x x > 


IAM . nx e. 05 . 
will in this cafe be > From which it is evi- . 


dent, that * the fum of any number of arith- 
metical proportionals beginning from nothing, 
is equal to half the fum af as many terms equal 
to the greateft term.” 
Thuso+i1+243444¢+ 5t 674 849— 
9t 9-9 T9T9491919 +9+9 .. 10%9 — 


$64. If of four. quantities the quotient of 
the firft and. fecond be equal to the quotient of 
the third and fourth, then thofe quantities are 
} E4 . faid 


—4$ 
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faid to be in Geometrical proportion. Such aré 
the numbers 2, 6, 4, 12; and the quantities 
4, ar, , hr, which are expreffed after this 
mannerj^ 

2:06::4: 12. 

a ieri: bibr. 

And you read them by faying, As 2 is to 6, fo is 
4 tors; or as 2 is to ar, fo isPtodr.. — 

In four quantities geometrically proporti- 
onal, © ibe product of the extremes i equal 1 to the 
jrodum of thé middle terns. » "Thus à X br = = 
ar * b. And, if it is required. to find a fourth 
Proportional to any three. given “quantities, 
* multiply the fecond by’ the third, and divide the 
produit by tbe feft, ibe. quotient rail give the 
fourth proportional required.” ‘Thus, to find z a 
fourth proportional to “a, ‘ar, and 4, I multiply 
ar by 2, and divide the product ard by the fir 
term a,the quotient dr is the fourth proportiona} 
required. , 

§ 65. In calculations it fornetimes requires a 
little care to place the terms in due ordér; for 
which you may obferve the following Rule. - 

* Firft fet down tbe quantity that is of the 
fame kind with tbe quantity fought, then coufider, 
from the nature of tbe queféton, whether that which 
is given is greater or lefs than that which is 
Sought ; if it is greater, then place the greatef of 
the other two quantities oh tbe left. hand ; but if 
it is lefs, place the leaft of the otber two quantities: 
oft the left. bend, and the “other on the right.” 

i Then 


‘4 
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Then fhall the terms be in due order; and-you 


. are to proceed according to the rule, multi- 


plying the fecond by the third, and dividirig 
their product by the firft. 


EXAMPLE, 


Jf 30 men do any piece of work in 12 day. bow 
many men foall do it in 18 days? 

Becaufe it is a number of men that is fought, 
frit fet down 30, the number of men. that is - 
given: I eaily fee that. the number that is given 
i$ greater. than the number, that is {qughs, there- 
fore I place 18 on the the left hand, and 12 on 
the right; and ‘find a fourth proportional to 

30 X IA. 
18, 3o 12, viz. — 20 

§ 66. When a feries of quantities increafe. by 
one common multiplicator, or decreafe b one 
common divifor, they are faid to be i in | * Geo- 
metrical proporiión continued: "c 


AS a, ar, ar’, ar’, art, ar, &cs 
Os Fs pie pe we pr OCs 

The, common multiplier or divifor is called 
their * common ralio," 

In fuch a feries, © the. product of the fifi and 
loft is always equal to the’ redu of ‘the fecond 
and laf but.one, or. ia, the produdd: of. any. two 
terms equally remote. from. the. extremes.” In the 
feries 4, ar, ar’, er, &c. if J be the laft term, 

. then 
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then fhall the four Jaft terms of the feries be 


»2525 LT now it is plain that 4 x y = ar x 
J. = ar* x = ar x2, &c. 
» Y r 


$67. ‘ The fum of a feries of geometrical pro- 
portionals wanting the firft term, is equal to tbe fum 
of all but the laft term multiplied by the common 
ratio.” 


For ar + a? + ar &c. + z + L.Lcy 





=rxa+ ar + ar &c. + Lo X42 ; I. 
r* ri r 


Therefore if s be the fum of the feries, s — a 
will be equal to s — y x r; thatis 5 — a — 
— — J —^a 

jf — yr, OF jr— Ss = yr— a, and s — —T 
$68. Since the exponent of r is always in- 
creafing from the fecond term, if the number . 
of terms be », in the laft term its exponent will 
bes— 1. Therefore y = ar'—'; and yr = 
ar 7 ars and (4 = = ==. So 
that having the firft term of the feries, the num- 
ber of the terms, and the common ratio, you 

may eafily find the fum of all the terms. 

If it isa decreafing feries whofe fum is to be 





| ,2,P 
found, asof yk 2. TZ &c + or 4 
ar’ 4 Gr. -g a, and the number of the terms be 


* See the Rules in the following Chapter, 
' fup- . 
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fuppofed infinite, then fhall a, the laft term, be 
equal to nothing. For, becaufe #, and confe- 





quently r*=~ is infinite, a = m = o. The fum 


. r ' . 
of fuch a feries s — — ; Which is a finite fum, 


though the number of the terms be infinite, 





Thus 1 + ILibband (Gr. =F = 2 
) : Ur X 
andi $-$okarpt 4G T1 








CHAP. X 
Or EQUATIONS THAT INVOLVE ONLY ; ONE 
UNKNOWN QUANTITY. © 


§ bo. N equation is * a propofition afferting 

the equality of two quantities.” It is 

exprefied moft commonly by fetting down the 

quantities, and placing. the figa (—) between 
them. 

Án equation gives the value of a quantity, 


when that quantity is alone on one fide of the 


equation: and that value is known, if all thofe 
that are on the other fide are known. Thus if 


I find that « = 4$ 


lue of x. Thefe are the laft conclufions we are 
| to 





= 8, I have a known va- 
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€o feek in queftions to be refolved ; and if there 
be only one upknown quantity in a given equar 
tion, and only one dimenfion of it, fuch a value 
may always be found by the following Rules. ^ , 


RULE I. 


$70. “ Any quantity may be tranfpofed from one 

Side of the equation to the other, if you change 

its figu." | | 

For to take away a quantity from one fide, 
and to place it with a contrary fign on the other 
fide, is to fubtra& it from both fides; and it is 
certain, that ** when from equal quantities you 
fubtract the fame quantity, the remainders mutt 
be equal.” 

By this Rule, when the known and unknown 
qugntjtjes are mixed in an equstipn, you mgy 
feparate them by bringing all the unknown to 
one fide, and the known to the other fide of the 
equation ; as in the following Examples, 

Suppofe 5& + 50.— 4x + $6, 
 Bytranfpofit. 5x -— 4x = £6 — 50, orx = 6. 
^.  Andif axtaxzxe tb, | 
then 2x—x-—5—2a, orx — b —4a. 


RULE I. 


$73, “© Ay quaytity by which the unknows 
uantity is multiplied may be taken away, if 
you divide all the other quantities on both fides 
of the equation by it.” ! | 
For 
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For that is to divide both fides of the equa- 
tion by the fame quantity; and when you divide | 
equal quantities by the fame quantity, the quo- 
tients muft be equal, Thus, 


If ax = 2, 
then x = 5, 
a 
And if 3x + 13 = 27, 
—. by Rule 1, inb m n 
and by Rule a, duin | 


Alfo if ax + 2ba = 300, 
by Rule 1, 2x = 3cc — 244, - 


and by Rule 2, # = P— — 2b. 


RULE TIL: 


$ 72. « If the unknown quantity is divided by 
any Guantity, that quantity may be taken away 


if you multiply all the other membra ef tbe egua- 
tion by it." Finis, 3 


I = = b4 5, 
— then fhall ay —b-r 5b. 


If + 4-10, 


dien X 4 20 50; 
candy Rule D, ¥ =r $020 2539, 
if 
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If. + 24 man 6, 


then 4x + 72 = 6x + 18, 

by Rule 1, 72— 18 = 6x — 4x, or 54 = 24, 

and by Rule 2, «= 2* = 97. 

By this Rule an. equation, whereof any part is 
a fraction, may be reduced to an equation that 
fhall be expreffed by integers. If there are 
more fractions than one in the given equation, - 
you may, by reducing them to a common de- 
nominator, and then multiplying all the other 
terms by that denominator, abridge the calcu 
. lation thus ; 


If- 4 = x—7, 
stg =* 7 
= #—7> 
and by this Rule 3x + 5x — 15x — 105, 


and by Rule 1 and 2, x = T = I5. 


then 2— » TL» 
I5 


RULE IV. 


$73. ° If that member of the equation that in- 
volves tbe unknown quantity be a furd roet, 
then the equation is to be reduced to another 
that fhall be free from any furd, by bringing 
that member firft to fland alone upon one fide of 
the equation, and then taking away the radical 
Sign from it, and raifing the other fide of tbe 
equation to the power denominated by the furd.”* 
Thus 


i. 


Cgar. 10 : ALGEBRA, 65 


Thus if / 4x + 16 — 12, 
then gx p 16 = I44, 
and 4X = 144 —. 16 = 128, 


N 
oe 


! | 
and 4 mz — = 22, 
4 3 


If V ax + b —c = d, 
‘then y ax + PP zd 4 c, 
| and — ax 4 B= ds + ade + c, 
| and “= dt 2d + OA 
; a 
then a’x — Dx — a’, 
. ! . 3 
and E x«l gs” 


RULE V, 


$74. Uf that fide of the equation that contaihs 


the unknown quantity be a complete fquare, 
— €ube, or other power; then.extraG the fquare 
- root, cube root, or the root of that power, from 
both fides of the equation, and thus the equation 
Soall be reduced to one of a lower degree," 


d 


. If x + 6x 4 9 = 20, 
then x + 3 = + v 20, 
and eat V 20 — 3. 


* 


66, A Treatise of Parr I. 
If * ar T P, 
ten z +>= 44, 
and x» =+tb—-—. 


If x? + 14% + 49 = rar, 
then x + 7 = tir, 
and x =+11—7=4, or —18, 


RULE VI. 


$75. © A proportion may be converted into an 
equation, dfferting the produc? of the extreme 
terms equal to the produ? of tBe mean terms ; 
or any one of the extremes equal to the produ& of 
the means divided by the other extreme.” 


lfig—x:7o::4:1 | ' 
then 14 — x = 2» .... 39€ = 12 .,.. and x 22 4. 
Orifao—x:9:57:3, u 
thei 66 — 3x7... 104 260 1... and x = 6, 
RULE VIL 
$76. *C If any jtfantity be found on both fides of 
the equation with the fame fign prefixt, it may 
be taken dway from both:” ** Alfo, if all the 


quantities in the equation are multiplied or 
| divided 
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divided by tbe fame quantity, it may be fruck 
out of them all.” Thus, | 


If 5x + bL a + b Coco 3* = 4 cote and x = — 
If 34x + gta get 5bzz Sc ..and ra 


If. 2t 4 — 16 e 26 + 8 = 16.... and X= 4. 
3 +3 3 BEN 
RULE VIII. 
$ 77. 5 Inflead of any quantity in an equation you 
- may fubftitute another equal te it.” 


—OTThus, if 3x - y = 24, 
, ad - yzgi ! 
' then je 924 Lr m BEA s 
If 3y + 5X = 120, 
and y= Sx; E 
then 15& + 5x (= 20x) = 120, 


120 
and ‘x= = 6, 


. The further improvement of this Rule thall 
‘be taught i in the following chapter. 


F CHAP, 
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CHAP. XL 


Or raz SOLUTIONS or QUESTIONS rua 
PRoBUCE SIMPLE EQUATIONS. 


TIM PLE equations are thofe ** wherein 
the unknown quantity is only of one di- 
menfion:” Jn the folution of which we are to 


obferve the following directions. 
DIRECTION I. 


$78. “After forming a diffinc? idea of the quef- 
tion propofed, the unknown quantities are to be 
expreffed by letters, amd. the particulars to be 
trasflafed from the commen language into the 

 &lgebraic manner of expreffi ing them, that is, 
into fuch equations as Jball exprefs the relations 
or properties tbat are givers of ‘fuch quantities." 


Thus, if the-fum of. two quantities muft be 60, 
.that condition is expreffed thus, x + » = 60. 

If their difference muít be 24, that condition. 
gives . . 0 X —)y 24. 
If their product: mutt be 1640, then xy = = 1640, 


If their quotient mutt be 6, then’... 7 = — 6. 
If their proportion is as 3 to 2, then x:y :: 3:2, 


or 2x.— 33; becaufe the product of the ex- 
tremes: 
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tremes is equal to the produ& of. the mean 
terms, 


DIRECTION H. 

§ 79. “ fier an equation is formed, if you 
bave one unknown quantity only, then, by the 
Rules of tbe preceding Chapter, bring it to land 
alone on one fide, fo as to bave only known 
quantities on the other fides” £bus you am fall 
di ifeover its value. 


EXAMPLE, 


A perfon being afked what was bis age, an- 
fwered that 4 of bis age multiplied by M. of bis 
age gives a product equal to'bis age. Qu. what 
was bis age? 


* 
te ov 
se * 


It appears from the queftion,. ha if you call 
3*5; 
his age x, then fhall , .... 4 x. Ss zx 


. that 1S . oe om * X5 


and by Rule.3, . .. 3% = 
and by Rule 7, .'. . 3% = 48, 
whence by Rule 24... X = 


DIRECTION Ill. 


§ 80. .* Tf: there are two unknown. quantities, 
then there muft be.two equations arifing from 
the conditions of the queftion: Suppofe the quan- 

\ ties x and yy find a value of x or y, from 

F 2 7 eacb 
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' each of tbe equations, and then by putting thefe 
two values «qual to each other, there will arife 
a new equation involving one unknown quan- 
tity; which mufl be reduced by the Rules of the 

| former Chapter. 


EXAMPLE I. 


Let the fum of two quantities be s, and their 
difference d. Lets and d be given, and let it be 
required to find the quantities themfelves. Sup- 
pofe them to be x and y, then, by the. fuppo- 
fition, . v 


e+ty=s 





x—yod 

whence) ^ —$7J 
wodt+y 

andd+y=s—y 

2y — $—d 

_ sad 

I= 

and x — iL, 

2 


EXAMPLE II. 


Let it be required to find two numbers whofe 
Jum is s, and their proportion as a tob. Let the 
numbers be x and y, then foall 


ety 
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X«ty-s = 
MM, the fuppof. 











EXAMPLE III 


A privateer running at the rate of 10 miles an 
hour, difcovers a [bip 18 miles off making way at 
the rate of 8 miles an bour: It is demanded bow 
many miles the foip can run before foe be over- 
taken ? 

Let the number of miles the fhip can run 
before fhe be overtaken be called x; and the 
number of miles the privateer muft run before 
fhe come up with the fhip, be y; then fhall 
(by Supp.) .... » — x 18.... and »:y :: 8:10, 


whence 10x z:8y,... KS ose. and x = y—A8.. 


F 3 Whence 
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Whence y — 18 = =, and y=90...« =j—18 
= 72. 

To find the time, fay, if 8 miles give r hour; 

721 miles will give 9 hours.—Thus, 8 :1:: 72:9. 
EXAMPLE IV. 

Suppofe tbe diftance between London axd Edin- 
burgh to be 360 miles, and that a courier fets out 
From Edinburgh running at the rate of 10 miles 
an bour , another fets out at the fame time from 
London, and runs 8 miles an bour. Jt is re- 
quired to know where they will meet ? Suppofe 
the courier that fets out from Edinburgh runs x 
miles, and the other y miles before they meet ; | 
then fhall 

e+ 7 36 

by fuppol. l y: 514 





4 = 360—y 
22 = 469 — 
4 39% 


5y 
—- yc 36 
4 2-39 


97 1440 
yz © = 160 
" ¥o 360 — y = 200. 
EXAMPLE V. | 
Two perfons difcourfing of their revenues, fays 
A, if n'would yield bim a poft be bas of. 251. a 
year, 


« 
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year, their revenues would be equal: Says B, if A 
would give bim a place be bolds of 29]. per an- 
num, the revenue of & would be double that of a- 
Qu. their revenues ? | 
| Let the revenue of 4 be called x, that of B, 
5; then, 
fanny 1^ + 25 = 37725 

by fapp. » +29 = 2x — 44 


SD 1D 


yo &4254 2$ 5 x t 50 
y—2x—44—22 = 24— 66 © 
ax—66 = x + 50 

x = 66 + 56 = 116 

y — & 4 $0 = 166, 


EXAMPLE VI. 

A gentleman diftributing money among fome poor 
people, found be wanted Yos. to be able to give 5s. 
to each; therefore be gives each 4s. only, and 
finds that be bas 5s. left. Qu. the number of 
, foillings and poor people ? 

Call the number of the poor x, and the num- 
ber of fhillings y; then, 


by fupp.{ 55 = y + Io 


Im 5 
Jy = $4 — 10 





A 








" Fq E X- 
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EXAMPLE VII, 

Two merchants were copartners ; the fum of their 
Sock was 3001. One of their frocks continued ix 
company 11 months; but. the other drew out bis 
Stock in 9 months ; when thty made up their ac- 
counts they divided the gain equally. Qu. What 
was each man's flock? Suppofe the ftock of the 


firft to be x, and the ftock of the other to be Ji 
then, | 


by fapp.|" + Jy = 300 





IIX = 9 
— 97 oe 
«=I 7 $00 J 
11) + 9) = 3300 
20y = 3300 
3300 | ae. 
JU = 165 ..H = 300 ~y= 135, 


EXAMPLE VIII. . 
There are two numbers whofe fum is the 6th 
part of their product, and the greater is to the leffer 


45 310 2. Qu. What are thefe numbers? Call 
them x and y; then, 





= *2 oy m3 
pp. 177i ee’ 
M2932 332 (12) = 3yy — 18y 
| — 3OoJ = BY | 
yx = 6x + 6y 30 = 3» 
yx — 6" = by 30 
a J=- >= 10 
y— 6 xx= by 3 
6y . x 2 BDL, 
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DIRECTION IV. 


$ 81. ** When in one of tbe given equations, the 
unknown quantity is of. one dimenfion, and in 

the other of a bigber dimenfion ; you muft find a 

value of tbe unknown quantity from that equa- 

tion where it is of one dimenfion, and then raife 
that value to the power of the unknown quantity 
in the other equation; and by comparing it, fo 
involved, with the value you deduce from that 
other equation, you fball obtain an equation that 
will have only one unknowss quantity, and its: 
powers.” 

That is, when you have two equations of 
different dimenfions, if you cannot reduce the 
higher to the fame dimenfion with the lower, 
you muft raife the lower to the fame dimenfion 
with the higher. 


EXAMPLE IX. 


The fum of two quantities, and the difference of 
their fquares, being given, to find the quantities. ' 
Suppofe them to be x andy, their fum s, and the 
difference of their fquares d. Then, 





X oT) LS | 
I-tl2i | &25y = St— A 
ee | o 9—d 
X L—$5—J ' 037 25 
warmly ey and x = 4 
x-d4y 25 


dy -—sj—2y.y 
d= 5 —25y, whencea 
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EXAMPLE X. 


Let the proportion of two numbers and tbe fum - 
of their fqudres be given, and let it be required to 
Jind the numbers themfelves. Suppofe their pro- — 
portion to be the fame as that of a to 5, and let 
the fum of their fquares be ¢; that is, let 








ay 
then x — ^T 
a’ * 
ade = es 
but «7 — c — y^ 
a? 2 
whence c— y* = ri 


by +a» = cb? 
a+ xXy=c 5S 
2 cb 








EXAMPLE XI. 


Let the proportion of two numbers be that of 
a to b, and the difference of their cubes be d. 
Qu. What are the numbers ? Then, 


ki» 


— J————&  —————  ———— — o — 
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x:y::a:b 
x — yo” 

ay . 
x= 2, and x! = <=; 


but x? = d + y, 
whence a+ d LM 
and gy an by? = db’ 


; iP 
== 
_ 3 d b? 
7 ai —5 
3 da? 
“= a? 5) 


DIRECTION V. 


§ 82. “ If there are three unknown quantities, 
there muft be three equations in order to deter- 
imine them, by comparing which you may, in 
all cafes, find two equations involving only 
two unknown quantities; and then, by Direc- 
tion 3, from ibefe two you. may deduce an 
equation involving only one unknown quantity , 
which may be refolued by the Rules of the .laft 
Chapter.” 


From three equations ‘involving any three 
unknown quantities, X, y, and z, to deduce two 
equations 
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equations involving only two unknown quanti- 
ties, the following Rule will always ferve. 


RULE. 


‘© Find three values of x from the three given 
equations ; then, by comparing the firft and fe- 
cond value, you will find an equation involving 
only y and z; again, by comparing the fir and 
third, you will find another equation involving 
only y and z;,” and laftly, tbofe equations are to 
be refolved by Direction 3. 


EXAMPLE XII. 


Suppofe 
Xx y 2=12)41 
e+ 2y T 22= 20 
rf 


y _ 
372 + z= 6 


I2— y— 2) 1ft 
20— 23 —3z4 d 


then, x 
value. 


18 — 3 — 32 3d 

















I2— y — 2% = 20 — 29 — 32 


12 —y— z= 18 — 2 — 3z 


Thefe two laft equations involve only y and 


z, and are to be refolved, by Direction 3, as 
follows. 


ay 
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[t$ 20 — I2 = :8 
{ y-rp2z228- 


36 — 3y — 62 —24—2y —2z 
12— y+ 42 
8—22z.. 1ft value 
{12 —42.. 2d value 
8 — 22 = 12 —4z 
22 —12— 8=4 
and z— 2 
y(= 8—22z) =4 
x(9 12—y—2z) = 6. 


whence y = 


§ 83. This method is general, and will ex- 
tend to all equations that involve three un- 
known quantities: but there are often eafier and 
fhorter methods to deduce an equation involving 
one unknown quantity only ; which will be beft . 
learned by practice. 


EXAMPLE XIIL 


x+y + zc26 
| Suppofing Xx —y mA 
| x—z = 6 


Fens tne 





| by addition 3* = 36 


v= Baie 
3 
yror—4qs 


hj 


80 A TREATISE Of  PanTI. 


EXAMPLE XIV. 


x+y =e 
Suppofing ' Tz 





ytz-—c 

&IlIlG-—-J4 

G—ytz-lb 
yTZzZ-c6 





G@tO+ 2z=b+e 
22-=b+ce—~e 








§ 84. It is obvious from the 3d and sth 
Directions, in what manner you are to work if ' 
there are four, or more, unknown quantities, 
and four, or more, equations given, By com- 
paring the given equations, you may always at 
length difcover an equation involving only one 
unknown quantity; which, if it is a fimple 
equation, may always be refolved by the Rules 
of the lat Chapter. We may conclude then, 
that ** When there are as many fimple equa- 
tions given as quantities required, thefe quan- 
tities may be difcovered by the application of the 
preceding Rules,” 


§ 85. 
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$ 85. “If indeed there are more quantities - 
required than equations given, then ‘the quef- 
tion is nat limited to determinate quantities; 
but is capable of an infinite number of folu- 


tions." And, “If there are more equations 


given than there are quantities required, it may 
be impoffible to find the quantities that will 


. anfwer the conditions of tlie queítion;" be- 


caufe fome of thefe conditions may be incon- 


fiftent with others. 


CHAP. XU. 


CONTAINING some GENERAL THEOREM$ 
. FoR THE EXTERMINATING UNKNOWN 
QUANTITIES 1n civen EQUATIONS, 


N the following Theorems, we call thofe co- 
| efficients of the ** fame order” that are prea 


.fixt to the fame unknown quantities in the dif- 


ferent equations. Thus, in Theor. 2. a, d, g, 
are of the fame order; being the coefficients of 
x: alfo 5, e, b, are of the fame order, being the © 
coefficients of y : and thofe are of the fame order 
that affect no unknown quantity. 

But thofe are called ** oppofite” coefficients 
that are taken each from a different equation, 


and 


*- 
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and from a different order of coefficients: As 
a, €, and d, 5b, in the firft Theorem; and 
a, €, k, in the fecond; alfo a, 5b, f; and 
d, b, k, &c. 


THEOREM I. 


$86. Suppofe that two equations are given, 
involving two unknown quantities, as 





ax 4 by zc 
dx 4- ey =f 
af — dc 


then fhall y = 22 





— dk 


Where the numerator is the difference of the 
products of the oppofite coefficients in the or- 
ders in which y is not found, and the denomina- 
tor is the difference of the products of the oppo- 
fite coefficients taken from the orders that in- 
volve the two unknown quantities. 

For from the firft equation, it is plain that 


ax m 6 by cand x 7, 





from the ad, dx = f — ey .. andx LM 


t— _ | 
2 5, ca— dby = f—aey ; 
whence aey—dly — af—cd, 
_ af—ed 
and y — ae — db! 
Comb f 
at db 
EX- 











therefore 








after the fame manner, x = 


b 
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EXAMPLE I. 


5x k= 100 
Supp.1 5. + 8y= 80 


§ x 80 — 3 X 100 _ 100 — gs 
5x8—3x7 "19 ?" 








then y =. 
240 12 

--— eed = I 2 e 

and x 19 TS 


EXAMPLE II^ 


fax 4 8y = 9o 
3% — 2y = 160 . 





..4X160—3x90, 640—270. 370 
I xm 3x8 —8$—24  —32 


THEOREM II. 


$ 87. Suppofe now that there are thrée un- 
known quantities and three equations, then call 
the unknown quantities x, y, and z. 


=I 


. caxtbyteczaum 
Thus) 42 + 0 +fzrn. 
gx+by+kz=p 





| ... aep — abn + dbm — dbp + gbn — gem 
Then fhall z — ack — abf + dhe — cok + ghf — gec 
_ Where the numerator confifts of all the dif- 
. ferent products that can be made of three oppo- 
' fite coefficients taken from the orders in which 
z-is not found ;& and the denominator confifts of 
all the products: that can be made of the three 
, . G oppofite 
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oppofite coefficients taken from the orders ‘that 


involve the three unknown quantities. For, - 
from the laft ic appears, that | 

_ —d d TER 
=a se —, and that 


= ahe = m-Fgegm: . 
j= MT I ; therefore 





an — afz — dm dem ap — akz — gm 
y : aos d Lm t£. and 
an — afxz —4n 4 dez x ab —gb.x an— afz + 
gada — — gbdtz = = ap — gm — akz T gi xat—' 
db x ap — akz 4. gbdm — gbdez. 


Take ghbdm — gbdcz from both fides, and 
divide by. a, fo fhall 
an — dm — afz — afz + dz X b — gbn + gbfz= = 
ap — gm — — ake + gez £c% Xe — dbp + dbkz. 
Tranfpofe and divide, fo fhall you find | 
aep — abn abn + dhm ~~ dip + ghn — gem "The 
— wu “= abf - + dhc — abb + gof — gec "A 
values of x and y are found after the fame mah- 
ner, and have the fame dénorüiriator. Ex. gr. 
afp + akn — dkm + dep L— pin 4 gm Ue f 
I= ~ ack — abf + abc — ab 4- gf — gee’ 
If any term is wanting in any of the three 
‘given equations, the, values of 5 and’ y: willibe 














. found more fimple. Suppofe, for example, that 


f and k are equal to nothing, then the term fz 


2: will vanifh, in, the.fecond equation, and &z in the 


aep — - gnb + dl “4 dhm.- — dl 4 nb — gem 
“third, and zm OP ES + gnb = gem 


zm de - — gee 
dep —Rm.. 


— dk — ges if 


/ 


. If. four equations are given,., involving four 
unknown quantities, their values may be. found 
. much after the fame manner, by taking all the 
produ&s that can be,made of four oppofite co- 
efficients, and always prefixing contrary figns to 
. thofe that involve the products of two oppofite 
coefficients, 








CHAP. XII. 


OF QUADRATIC EQUATIONS. 


$ 88. T N the folution of any' queftion where 

you have got an equation that :in- 
-volves one unknown quantity, but involves at 
the. fame time the fquare of that quantity, and 
the produc of it multiplied by fome known 
quantity, then you have what is called a Qua- 
dratic equation ; which may be relolved by the 
following 


R U L.E. 
1, ** Tranfpofe all tbe terms that involve tbe un- 


known quantity to one fide, and the known terms 


. bo the otber fide of the equation. 

s. If the [quare of tbe unknown quantity is mul- 
tiplied by any coefficient, ycu are to divide all 
the terms by that coefficient, that the coefficient 

G 2 ) of 
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. ef the fquare of the unknown quantity may be 
unit. 

3. Add to both fides the Square of balf the coef- 
ficient prefixed to the unknown quantity itfelf, 
and the fide of the equation that involves the 
unknown quantity will then be a complete 
Square. 

4. Extract the [quare root from both fides of the 
equation; which you will find, on one fide, al- 
ways to be the unknown quantity with balf 

Abe forefaid coefficient joined to it; fo that 

— &y tranfpofing this half you may obtain tbe va- 
lue of the unknown quantity expreffed i in known 
terms.’ Thus, 


Suppofe y+ aya, 


. Add the fquare fiy tayd Scb T 
to both fides 4 4 





Extract the root, y 4 a = + E b+ 








Tranfpofe ~4 SIH 


a ^l^ 
® " 


§ 89. The fquare root “of any quantity, as 
+ aa, may be + 2, or — 2, and hence, ** All 
quadratic equations admit of two folutions.” 
In the la example, after finding that y* + 


ay + — mb + PL it may be inferred that 


je be tru. TES fince 


——-—- * 
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~ Seven Pepe b+ as 








FEVER ES There 


, are therefore two values of y; the one gives 


a 


yet /b4+4——PAM, 4 the other 


a a 
ym—wJb + "m — 2 
§ go. Since the fquares of all quantities are 
pofitive, it is plain that “ The fquare root of a 
negative quantity is imaginary, and cannot. be 
affigned.” Therefore there are fome quadratic’ 
equations that cannot have any folution, For. 
example, | 
Suppofe y* — ay + 3a" = 0, 
then y* — ay r4 ; 


add "to both,* -prlc-$ TAS 


a a 


whence the two values of y muft be imaginary or 
i mpofiible,  becaufe the root of — uS carinot. 


poffibly be affigned. 
. But of this we fhall treat more fully in the 
Second Part. 


6 3 - Suppofe 
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» Suppofe that the quadratic equation propofed 
to be refolved is * — ay = 2; 


then y* — a +2 =} oz 
J P, 4 tI 





a 

2 4 
a - 
2 + »/ b 7 


- If the fquare root of 2 + = cannot be extracted 


exactly, you muft, in order to determine the | 
value of y, nearly approximate to the value of. 


J/ b+ =, by the Rules in Chap. 8. The fol- 


lowing examples will illuftrate the Rule for 
quadratic equations. 


EXAMPLE IL 


To find that number, which if you multiply by 
8, the product fall be equal to the fquare of the 
fame number, having 12 added to it, 

Call the number y; then — 

Jy' 12-85, 
tranfp. * — 8y 2 — 15, — 
Add the fq. of 4, 5" —. 8y T 16 I2 + 16 =4, 
extract the root, y — 4 = + o, | 
tranfpofe, y — 4 - 2 = 6, or 3. 


= 
à 
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EXAMPLE IL: 
- To find a number fucb that if you fubtrad it 
from 10, and multiply the remainder by the number 
itfelfy the produ foal. give 21. 
| Call i It y 5 then tct 


4 10 —) x21, 
that is, 10y — yy = 21; — 
.  tranfpofe j*—10y — — 91, : 
add the fq. of 5, 5' — 10y +25 = — 21 tas = 4) 
extr.the fq. root,y — 5 = —LX a.c 
Ln.  andy- $£tz-3 "v" 
EXAMPLE III. 


‘The fum of $wo quantities is ay their ir produf b. 
Qu. FZ What are. the quantities ? 


- x+y =e. . then x c a — y, | 
Eam bees thia f 


therefore 2 — ym— 


and ay — y = 5; 
tranfp. y" —ay=—b, 


ET —ayt ban set, 


4° 
. . : 45 
2M —, at 
way=t Joa 


, a ' — la 2 . ° 
4(Ha—y = =F J—3 +=, 





extract 7, y — 





2 4 
G4 | " EX. 
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EXAMPLE IV. 


The fum of two quantities is a, and the Jum of 


their fquares b, Qu. the quantities ? 


S X +y =a... thenx —4—),. 
uppote I tyI4..... f—bà—y, 
invol. x^ = 4'— 2ay + »5 
whence a? — 2ay+y =b—y; 














tranfp. oy” — 2ay = b— a’, 
and 4 E b—a* 
divide, (27 7 977777» - 
a* a ^ b—-aqa og 2b—a* ^ 
pyX—etQyeX- gas, 
7 b—a* x 
extn ^, y —-— at 2 —s andy = = 


ped 


. 2 4 — 
25 —a* L4 26 =— a” 
x 4 L4x(—a—y)-r' 4 


ty SAMT lu LAE M the 
Or thus, jm and x = tives, 





EXAMPLE V. 
bill amounts to 175 fbillings y two of them were 
not allowed to pay, and the reft found that their 
Shares amouttted to Yos, a man more than if all bad 
paid. Qu. Hqw many were in company? 
Suppofe their number x; then if all had paid, 


. I 2. 
each man’s fhare would have been 2 feeing 


X — 2 is the number of thofe that pay. It is . 


therefore, by the queftian, ~~ 
. 175 


. ' 
o — A As 


A company dining together 4n an inn, find their 
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x—2 ^ « — ro, 
and 175x —175x + 350 = 10%" — 20%; 
that is, 10x'— 20x = 350, 
 andx'— oO = 35; | 
addi,.x*-— ort I =354+1= 365 
extr. — x —1 = +6, 7’ 
' & zu12 627, ar — Ss, 
It is obvious that the pofitive value 7 gives 
the folution of the queftion; the negative value 
— 5 being, in the prefent cafe, ufelefs.. 


EXAMPLE VI. 


There are three numbers in continual geometrical 
proportion; the fum of .the firft and fecond is 1o, 
and tbe difference of the fecond and third is 24. 
Qu. the numbers? — 


Let the firft be x, and the fecond will be 
- Q0 — &, and the third 34 — x; therefore, 
*:10— X1: Il0— xt 44—* 
mE and 34x — * = 100 — 20% 4 x^; 
tranfp. §54x% = 100 + 22%, 
anddivid. ) «#*—— 273 = — 50, 


27 27 ps 9. 729  ,:. 529 
add- X oe mq UU = f0= a? 


» 


extract ,/— ee 4— 7 = + NUN » A, 


- 27 + 23 27—23 . 
and x = —— 0r = + = 25; Or 2. 


So 
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So the three continued proportionals are 
2:8: 32, or — 
| 25:77 15:9. 
$ 91. Ány equation of this form yo 4 2 - 
where the greateft index of the unknown quan- 
tity y is double to the index of y in the other, 
term, may beredyced toa quadratic z^ + az =, 
by putting 3" = 2, and confequently y^" = z^. 
And‘ this quadratic refolved as above, gives 


eats Jere, 


_ And feeing y" Hw 
J- -/—< Es S. 


EXAMPLE B^ 








The prodult of two quantities is a, and tbe fu ' 


of their fquares b. Qui tbe quantities ? 


a? 
ES Bb DE 
. x* Ty —b. ex 26, 
whence 2 —-y 
mult. byy’.. 9° — 7" = «^, 
tran{p. 9° —by* = — a’. 
Put now y* = z...and confequendy y =z, 
and it is | ; . 


rPamg 
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25 wee DZ AS | 
uie dies oL mE 


"u 


| ext ee ee e |; 


2 


and z = 2 A C -—Z, and, feeing y= as 
yat /t even 
LE 


e—— a*. 


EXAMPLE IL 


To find a number from the cube of which if you 


— fübtraB 19, and multiply the remainder by that — 


eube, tbe produ fball be 216. 


Call the number required x; and then, by 
the queftion, 7 


X — 19 x # = 216, 
x? — agi = 216. 
Put = z.....x* zz, and: it will be 


361 361 1225 
Z*—19z 3?! — 216 4 
9 + a 47 4 3 
— 1 | . 
and / ec —3 — az 3 


, |: 1 A^ 3 
whence x = 19. 35 = a7, or = — Be. 


But x = V/z; whereforex=.4. 3, or — 2. — 


EX- 
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EXAMPLE III. 
To find the value of x, Suppofing that x! — 
xi = 9. 


e Put = z, and x! = z'; 
then z^ — 7z = 8, 


- 49 _ 8r . 
x*—7mRL——— 
72 + 4 4? 
z—1cz 43. 
2 2 
z= 8. 


But x! = gy andx = V2" = /64 = 4. 








CHAP. XIV. 
OF SURDS. 


§ 92. T F a lefs quantity meafures a greater fo 
as to leave no reinainder, as 24 mea- 
fures 10a, being found in it five times, it is 
faid to be an aliquot part of it, and the greater 
is faid to be a multiple of the lefs. The lefs 
quantity in this cafe is the greateft common mea- 
_ fare of the two quantities; for as it meafures the 
greater; fo it alfo meafures itfelf, and no quan- 
tity can meafure it that is greater than itfelf. 
When a third quantity meafures any two 
propofed quantities, as 24 meafures 6a and 
104, 


* 


. € 
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104, it is faid to be a common measure of thefe 
quantities; and if no greater quantity meafure 
them both, it is called their greateft common 
measure. 

Thofe quantities are (sid to be commenfurable 
which have any common meafure; but if there 
can be no quantity found that meafures them 
both, they are faid to be imcommenfurablé ; and 
if any one quantity be called rational, all others 
that have any common meafure with it; are alfo 
called rational: But thofe that have no com- 
mon meafure with it, are called irrational 
quantities. 

§ 93. If any two quantities 2 and 5 have any 
common meafure x, this quantity x fhall alfo . 
meafure their fum and difference a + 2. Let 
x be found in e as many times as unit is found 
inm, fo that & = mx; and in J, as many times 
as unit is found in s, fo that 2 — zx; then 
fhall a -- à — mx -cnx — m -nxx;,[íothatx 
fhall. be found in a + 5, as often as unit is 
found in m + 2: Now fince s and z are integer 
numbers, m -- 5» muft be an integer number or 
unit, and therefore x muft meafure 2 + 5. - 

§ 94. It is alfo evident, that if x meafure 
any number as 2, it muít meafure any multiple 


of that number. If it be found in « as many 


times as unit is found in m, fo that a = mx, 


. then it will be found in any multiple of a, as 
' ma, as many times as unit is found in ma; for 
"A256 = mn. 


$ 95. 
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$ 95. If two quantities 2 and J are propofed, 
and 4 meafure a by the units that are in m (that 
is, be found in a as many times as unit is found 
in #) and there be a remainder c; and if » be 
fuppofed to be a common meafure of a and 
à, it fhall be alfo a meafure of c. For by the 
fuppofition a = m + c, fince it contains 6 as 
many times as there are units in m, and there 
is ¢ befides remaining; therefore 2 — mb — c. 
Now x is fuppofed to meafure a and 4, and 
therefore it meafures mb (Art. 94.) and con- ' 
fequently a — mb (Art. 93.) which is equal 
to c. 

‘If ¢ meafures 2 by the units in 2, and there be 
a remainder d, fo that = zc 4 d, and b — zc = d, 
then fhall x alío meafure d; becaufe it is fup« 
pofed to meafure J, and it has been proved that 
it meafures ¢, and confequently sc, and 5.— sc 
(by Art. 94.) which is equal to d. Whence, as 
after fubtracting 2 as often as poffible from. a, 
the remainder ¢ is meafured by x; and after 
fubtracting c as aften as poffible from 4, the re- 
.mainder d is alfo meafured by x; fa, for the 
fame reafon, if you fubtract 4 as often. as pof- — 
fible from c, the remainder (if there be any) . 
muft ftill be meafured by x: and if you pro- 
ceed, ftill fubtra&ting every remainder. from the — 
preceding remainder, till you find fome. re- 
mainder which fubtraéted from the- preceding 
leaves no further remainder, but exactly mea- 

1 20. fures 


/ 
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fures it, this laft remainder will ftill be meafured 
^by *, any common meafure of a and 3. 

*§ 96. The laft of thefe remainders, viz. that 
rhich'exactly meafures the preceding remainder, 
 muft be a common meafure of a and 2: fup- 
' pofe that'd was this Jaft remainder, and that ‘it 
meafured' e by the units:in-r,: thén fhall c = rd, 
and we c fhall have thefe equations, 


74 — mb ac, 
b — nc + d, 
€-rád 


. Now it is plain that fince d meafures ¢, it. 
muft alío meafure 1c, and therefore muft mea- 
fure nc + dj or b. And fince it meafures 4 and 
6, ‘it muft meafure mb + c, or a; fo that it muft 
be a common meafure of a and à. But further, 
it muft be their greate# common meafure ; -for 
"every, common meafure of a and 4 mutt meafure 
d, by the laft article; and the greateft number 
that meafures d is itfelf, which therefore is the 
greateft common meafure of a and 4, 

: $97. But if, by continually fubtracting evety 
remainder from the preceding remainder, you 
* dan never find on¢ that meafures that which pre- 
' eedes it, exactly, no quantity can be found that 
" Will meafure both s and: ^; and therefore they 
“ Will be zzeommenfurable to each other, 

— For if there was amy common meafure of thefe 
' quantities; as x, it would neceffarily meafure 
O3 all 
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all the remainders, ¢, d, &c. For it would 
meafure a — md, or c, and confequently 4 — sc, 
or d; and fo on. Now shefe remainders de- 
creafe in fuch a manner, that they will neceffa- 
rily become at length leís than x, or any aflign- 
able quantity: for c muft be lefs. than £4; be- 
caufe ¢ is lefs than 2, and therefore lefs than m2, 
and confequently lefs than Lc + $5, or La. In’ 
like mariner d muft be lefs than X 4, for d is lefs 
than c, and confequently lefs than $2 + Esc, or 
4, The third remainder, in the fame manner, 
mutt be lefs than Lc, which is itfelf lefs than La: 
thus thefe remainders decreafe fo, that every 
one is lefs than the half of that which preceded 
it next but one. Now if from any quantity you 
take away more than its half, and from the 
remainder more than its half, and proceed in 
this manner, you will come at a remainder lefs 
(Euclid Prop. 1. Book 10) than any affignable 
quantity, It appears therefore that if the re- 
mainders e, d, &c, never end, they will become 
lefs than any affignable quantity, as x, which 
therefore cannot pofübly meafure them, and 
therefore cannot be a common meafure of a 
and 7. 23 2 n 
§ 98. In the fame way, the greateft common 
meafure of two numbers is difcovered.. Unit 
is a common meafure of all integer. numbers, 
and two numbers are faid to be prime to each 
other, when they have no greater common mea- 
fure than unit; fuch as g and 25. Such always 
- are 
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are the leaft numbers that can be affumed in 
any given proportion; for if thefe, had any . 
common meafure, then the quotients that would 
arife by dividing them. by that €ommoh mea- 
fure would be in the fame proportion, and 'be- 
ing lefs than the numbers themfelves, thefe 


numbers would not be the leaft in the fame 


proportion ; againft the fuppofition. 

$ 99. The leaft numbers in any proportion 
always meafure any other numbers that are in 
the fame proportion. Suppofe @ and 2 to be 
the leaft of all integer numbers in the fame 
proportion, and that ¢ and d are other numvers 
in that proportion, then will @ meaíure c, and . 


. à meafure d, 


For if 4 and d.are not aliquot parts of c and 
d, then ‘they mutt contain the fame number of 
the fame kind of parts of ¢ and d, and therefore 
dividing z into parts of c, and 2 into an equal 
number of like parts of d, and calling one of 
the firft #, and one of the latter 7; then as ss» 
is to z, fo will the fum of all the ms be to the’ 
fum of all the zs; that is, m : 4Ó :: a: 6; 
therefore a and ? will not be the leaft in the fame 
proportion; againft the fuppofition. Therefore 
a and 4 muft be aliquot parts ofc and d. Hence 
we fee that numbers which are prime to each. 
other are the lea& in the fame proportion; for 
if there were others in the fame proportion lefs 
than them, thefe would meafure them by the 

.H . fame 
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fame number, which therefore would be their 
common meafure againft the fuppofition, for 
we fuppofed them to be prime to each other, 

$ 100. If two numbers & and 6 are prime to 
one another, and a third number ¢ meafures one 
of them a, it will be prime to the other 4. For 
ifc and 6 were not prime to each other, they 
would have a common meafure, which becaufe 
it would meafure c, would alfo meafure a, which 
is meafured by e; therefore a and 4 would have 
a common meafure againft the fuppofition. 

§ 101. If two numbers a and ? are prime to 
€, then fhall their produ& ab be alfo prime to e, 
For if you fuppofe them to have any common | 
meafure as d, and fuppofe that d meafures a& 
by the units in e, fo that de = a5, then fhall 

a::6:@ But fince d meafures e, and c is 
fuppoied to be. prime to e, it follows (by rt. 
100.) that Z and « are prime to each other; and 
therefore (by “rt. 99.) d muft meafure 4; and 
yet fince 4 is fuppofed to meafure oy which is . 
prime to 5, it follows that 2 is alfo prime to 3; 
that is, d is prime to a number which it mea- 
fures, which is abfurd. 

§ 102. It follows from the laft article, that 
if a and ¢ are prime to each other, then a* will 
be prime to c: For by fuppofing that 4 is equal 
to 4, then a? will be equal to a*; and confe- - 
quently a* will be prime to ¢, Jn the fame 
manner c* will be prime to a. 


4 | $ 105. 
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§ 103. If two numbers a and 2, are both 
prime to other two c, d, then fhall the produ& 
ob be prime to the product ed; for (by Arr. 
301.) 26 will be prime to c and alfo to d, and 
therefore, by the fame article, ¢d will be prime 
to 2b, 

$ 104. From this it follows, that if 2 and ¢ 
gre prime to each other, then fhall z* be prime 
to €", by fuppofing, in the laft, that a = 4, and 
ced. Itis alfo evident that a’ will be prime 
to <’, and in general any power of a to any 
power of ¢ whatfoever. 

§ 105. Any two numbers, a and 3, being 
given, to find the lea(t numbers that are in the 
fame proportion with them, divide them by their 
. greatef commen meafure x, and the quotients c and 
d foall be tbe leaf numbers in the fame proportion 
with a and 5. 


For if there could be any other numbers in 


that proportion lefs than ¢ and d, fuppofe them 
to be e and f, and thefe, being in the fame pro- 
portion as @ and 4, would meafure them: And 
the number by which they would meafure them, 
would be greater than x, becaufe e and fare 
fuppofed lefs than ¢ and d, fo that x would not 
be the greateft common meafure of 5 and 5; 
againít the fuppofition, 


§ 106. Let it be required to find the leaft . 


number that any two given numbers, as a and 
. b,can meafure.  Firft, if sey are prime to each 


= 
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other, then their produ ab is the leaf number 
svbich they can both meafure. 

' For if they could meafure a lefs number than 
ab, as t, fuppofe that c is equal to ma, and to 
nb; and fince c is lefs than ad, therefore ma 
will be lefs than 22, and m lefs than 2; and 2d 
being lefs than 42, it follows that 2 muft be 
lefs than a; but fince ma = n», and confe- 
quently 4 1 5:: 2: m, and a and P are prime to 
each other, it would follow that 2 would mea- 
fure 2, and P meafure m; that is, a greater num- 
ber would meafure a lefs; which is abfurd.. 

But if the numbers a and 2 are not prime to 
each other, and, their-greateft common meaftire 
is x, which meafures @ by the units in m, and 
meafures b by the units in z, fo that ¢ = mx, and 
b — nx; then fhall an (which is equal to dm, 
becaufe a:b :: mx:smx:: msn, and there- 
fore an = bm) be the leaft number that 2 and 
? can both meafure. For if they could nieafure 
any number c lefs than zz, fo that c = /a = kd, 
then a:52::mm:nmn::k:l, and becaufe x is 
fuppofed to be the greateft common meafure of | 
4 and 2, it follows that m and x are the leaft of 
all numbers in the fame proportion, and there- 
fore m meafures k, and # meafures /, But as c 
is fuppofed to be lefs than za, that is, /a lefs 
than za, therefore / is lefs than x, fo that a 
greater would meafure. a lef, which is abfurd. 
Therefore a and 4 cannot meafure any number 

| lefg 
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lefs than 44; which they both meafure, be- 
caufe na = m. 
^. It follows from this réafoning, that if a and 
à meafuré any quantity c, the leaft quantity z2, 
, Which is meafured by a and 2, will alfo mea- 
furec. For if you fuppofe as before that ¢ = /a, 
you will find that s» muft meafure /, and na 
muft meafure /a or rc. | 
L2 107. Let a exprefs any integer number, and 


hl — any fraction reduced to its loweft terms, fo 
w 


that m and m may be prime to. each other, ant 
confequently an an +. m alfo prime to a, it will 


follow that an + m will be prime to 7^, and 
a will bea fraction in its leaft 





confequently — 


terms, and can never be equal to an integer 
number. Therefore the fquare of the mixt num- 


ber @ tI is ftill a mixt number, and never 


an integer. In’ the fame manner the cube, bi- 
quadrate, or any power of a mint number, is 
| fill a mixt number, and never an integer. - It 
follows from this, that abe Square root of an in- 
teger smut be an integer or an incommenfurable. 
Buppofe that the integer propofed is s, and 
that the fquare-root of it is lefs’ than 2 + 1, but 
greater than a, then'it muft be an incommen- 
furable ; for if it is a commenfurable, let it be 


e T Where — = reprefents any fraction’ reduced. 
H3 |^ ^t 
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to its leaft terms; it would follow that « + = 


fquared would give an integer number s, the 
contrary of which we have demonttrated. 


$ 108. It follows from the laft article, that 
the [quare roots of all numbers but of 1, 4, 9 
16, 25, 36, 49, 64, 81, 100, 121, 144, Fe 
(which are the fquares of the integer numbers 
1, 2, 3, 4» 5» 6, 7, 8, 9, 10, 11, 12, €5c.) are 
incommenjurables; after the fame manner, she 
éube roots of all numbers but of the cubes of 
1, 2, 3, 4» 5, 6. 7, 8, 9, ce. are incommenfus 
rables: and quantities that ate to one another 
in the proportion of fuch numbers, muft alío 
have their {quare roots or cube roots incom. 
menfurable. — 


$ 109. The roots of fuch numbers being 
incommienfurable, are expteffed therefore by 
placing the-proper radical fign over them ; thus, 
V2, V/ 3; V/ 5; V/0, 7, V8, V 1o, Cc. exprefs 
‘numbers incommenfurable with unit. Thefe 
numbers, though they are incommenfurable 
themfelves with unit, are commen/furable in power 
with it, becaufe their powers are integers, that 
is, multiples of unit. They may alfo be com- 
menfurable fometimes with one another, as the 
2/8, and the (/2, becaufe they are to one an- 
other as 2 to 1: And when they have a com- 
mon meafure, as 4/2 is the common meafure 
of 
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of both, then their ratio is redocéd to sn ex- 
preffion in the leat terms, as that of commen: 
furable quantities, by dividing. them by their | 
greateft common meafure. This common mea- 
fure is found as in commenfurable quantities, 
only the root of the common meafure is té 


be madé their common divifor. Thus - 


18 
v4 f$ and “—* = 34/4. 


§ 110. A rational quantity may be reduced 
to the form of any given furd, by raifing the . 
quantity to the power that is denominated by 
the name of the furd, and then fetting the 
radical fign over it thus, o = Ya = a = 
Ua — Ya = Ye, and4 = 716 = V6. 3 


| 8/256 = V/'10o34 = V/4*. 


— §.111. As furds may be confidered as powers 
with fractional exponents, they are reduced o 
others of the fame value that [ball bave the feme - 
radical fign, by reducing thofe fractional expe» 
nents to fractions baving the fame value and a 


1 
common denominator. Thus ¢/a= «&, and 


V/a md" and-L m 7L, Lom, and there. 
fore $2 and v/s, reduced to the fame radical 
| Ha fign, 
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fign, became “\/a" and "V/a*. If you are to 
reduce 4/3 and J/23 to the fame denominator, 
confider ¢/3 as equal to 37, the (/2 as equal to 
3°, whofe indices reduced to a common deno- 
gninator, you have 3 : = - 3 and 2? = a5, and 
confequendy /3= pL V/?;, and 4/2 = 
V/3* E 2/4, 16 that the propofed furds 273 and 


4/2 are reduced to other. equal furds 4/27 aod 
$/4, having a common fadical Rgn. | 


" .$ 112. "Surds of tbe ‘fame Talichal quantity are 
uitiplicd by" adding their exponent and divided 


3 Jublratling then, 


a 3. * ? » P 
«-—— - s 
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3 Qut n | | 
§ 113. If the furds are of different rational. 
quantities, asv/a* and «/ £', and have the fame 
fign, multiply thefe rational quantities into ong 
another, 
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another, or. divide them by. one another, ‘and 
Ju the. comimiow radical” San, over’ reir pro- 
dul or quotient, ' Thus s. x P = Vow: Bs; 


Ye ns sy10% ves YR Vw 


y '9 LG ls — 3 3. I V3 P 


‘ee . 
- X $08 . . 7 2 oh - 


If the fards have not the fame radical. fign, 
veduce them by the 1112b Art. io fuch as fball bave 
1be Jame radical Ai fem and proceed as before. “Thus 


Very bear b”; velar. xV4- 
EX. — 8 x16 


2 
gt 
2 t m —_ 
. vis ar ye sje sf15 
zi nanan ae 
2 


JTW 33 8.7 


E 
a x 4i ma! x 


3 
25. 


P 2 If L fads have any rational . 'coeffi- 
, Cients, their product or quotient muft be pre- 


fed ThsiviriV6rio ah 


TP ‘ 

§ 114. The powers of f furds are found a as the 
powers of other quantities, Dy multiplying their 
exponents by the index of the power required. Thus 


.the fquare. of 3/2 i Is. QPX 2! zz Ys the — 
cube 
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cube of VAs = gis = Pe = i25. Or you 
. peed only, in i volving furds, raife the quan- 
sity ander the radical fgti to the poter reguired, 
continuing the fame radical fign; snlefe the index 
ef ibat power 1s equal te the name of the furd, 
er a multiple of it, and in that cafe she power of 
the furd becomes rational, Evolution is pete 
formed dy dividing the fratlien which is the exe 
ponent of the furd by the name of the rect reo 
quired. 


Thus the fquare root of /a* is */ a, or V/ a* 


$115. The furd Va»zaVx, and in like 
manner, if a power of any quantity of the fame 
name with the furd divides the quantity under - 
the radical fign without a remaindér, as -hete 
&" divides ax, and 25 the fquare of 5 divides 
75, the quantity under the fign in 75, with- 
out a remainder, then place the root of that 
power rationally before the fign, and the quo- 
tient under the fign, and thus the furd will be . 
reduced to à more (imple expreffon. Thus 


76-5731 V 48- V 3Xx16z4V3i 
v?1-— Vs] * 3 =3Y 3 


§ 116. When furds by the laft article are . 
reduced to their leaft expreffions, if they have __ 
‘the fame irrational part, they are added or fub- 

tracted, 
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tra&ed, by adding or Jubiraing their rational | 
coefficients, and prefixing the fum. or difference ta 

— £be common irrational part. | 
- Thos /75 + V/48 = 53 + 4/37 93v 
V/81 t+ /24 = 3V/3 + 24/3 = 5V/3i V/150 
—V 54 = 5V6 — gV6 = av6; ax + 

MVPx max bvn=atbx fx | 
— & 117. Compound furds ate fach as confift of 
two or more joined together. The fimple furds.. 
are commeníurable in power, and by being mul- | 
tiplied into themfelves give at length rational: | 
quantities; yet compound furds multiplied ins _ 
to themfelves commonly give ftill irrational 
produds, But when any compound furd i$ 
propofed, there is another compound furd which 
multiplied into it gives a rational predutff Thus 
Va * 6 multiplied by Ya — Yd gives 
4 — Db, and the inveftigation of that furd which | 
multiplied into the prapofed furd will give a ra- 
tional prodyé, is made eafy by the following 
Theorems, | 


THEOREM IL. 


#118. Generally, if you multiply à" —— 9^. 
by at" + a" bm + gg —™ O™ o. g— p 
&c. continued till the terms be in number | 
equal to —, the product hall be a — 3": for — 

m 
g-—-* 
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ont gran bm aT mt ant bam &c,..b—-* 
xa—L 
nac C C eme 
ata" c atm Pc ar O™ uc. 
— gr” b" — 7773 D"—q*s P &c. — D 


* 9 * € — 5 





THEOREM II. 


a" — g— b" + a" p — a" Pp" &c. 
multiplied by a4" + 4", gives 4^ = P^, which 
is demonttrated as the other, Here the fign 


. 2 5. 
of 7^ is pofitive when — is an odd humber, 


$ rig. When any binomial furd is propofed, 
fuppofe the index of each number equal to m, and 
let n be the leaft integer number that is meafured 
by m, then [ball a®—" + anm m gn ym 
&c. gives compound furd, which multiplied into the 
propofed furd a" = b", will give a rational produc. 
Thus to find the furd which multiplied by 
&/a. — 4/4, will give a rational quantity, Here 
f; — i, aud the leat number which is mea- 
 fured by 3, is unit; let s» = 1, then fhall 


G^ oq j^ o gt ™ Jj &c, = s 
ats ai aat at = Ve 
Vab + 2, which multiplied by “a — UR b, 


gives 6 — LL. 


To 


‘ 
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To find the furd which multiplied by Wa? + 
| vr = a + 3%, gives a rational product. Here 
m= ; and n= » and g"—" — gt—2m jn 4 qn—5— 
pe &c, = ght Pm: P 49A ee 
B-4ISB. Pj PIT — 
VER + VAS —vb. 


THEOREM III. 


§ 120. Let a" + ! be multiplied by 277 3- 
gn—in pU anm px a bs! + Gic. and the 


product fhall give 2" + bz tberefore % muft be 
taken the leaf integer that foall give — = aif ax 


integer. 
Dem. 27-7 t qnn i ani Pl mg anm oe. voce 
ae ——1xl 
x amt bl [.... &c. a” j 
ee 
4" = at—™ jb + oan—m M Gc. 
» 


-- arm HL anim Bl Bec, de Pm 


—l 
a, .* a= oll ee 
nl * 


The fign of 5 is pofitive only when = is: 
?A 


an odd number, and ‘the binomial prepoied is 
6» + P. 


' 
- 


os (7 . Sar. 
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$ 121. If any binomial furd is propofed 
whofe two numbers have different indices, let 
| thefe be m and J, and take s equal to the leaft in- 


feger number that is meafured by m and by 7 3 


and a*—* = g*—2" Di + av—35 bal = arm 53! Bec, 
fhall give a compound furd, whieh multiplied 
by the propofed a= + À, fhall give a rational 


Produ Thus Vv a—VG b being given, fuppofe 
mot los, and ^ : = i, therefore you have 
n= 3, and a*—" + ar—2m pb + gt—3e p + anam 
bi 4 8c. =a ted "oa 5 aar P 
+o "Pa a» = at + a B aij a 

ab bai + t= OF + 2° xvi 
x VP ab 4 pax Vb 4 VP zw Ve 
tex Yb ¢afaxVi4abtbYax 
VhitbxVP, which multiplied by the V/ 2 


— 1/5, gives at — ja za! — D. 


"E 


§ 122. By thefe Theorems any binomial 
furd whatfoever being given, you may find a 
furd, which multiplied w! it fhall give a rational 
,prode&t. . 


Suppofe that a binomial furd was to be divid- 
ed by another, as #20 + ty 12, by V5 — 9/3, 
2 the 


ED" 


& 5 
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v 30 + v1 


the quotient may be expreficd by VIV. 


' But it may be expreffed in a more fimple form 


by multiplying both numerator and denominator by 
that furd which multiplied into the denominator 
Thus 720 + 4/12 


gives a rational preduf?. Ten vy 


| MIAVI2 | VS + V3. 10+ 260 +6 


V5 V3 MSHS $3 
.L 10-2460. 
-——oc--8tayis5 


4 123. In general, when any quantity. is di- 


‘vided by a binomial furd, as a= + }/, where m 


and / reprefent any fractions .whatfoever, ‘ake 5 
the leafl integer number that is meafured by m and 


7: multiply both numerator and denominator by - 


quom + atm D + gr fal, Rc. and tbe denomi~ 
nator of the produ will become rational, and equal 
nj 


to a* — b= , then divide all the members of the 
numerator by this rational quantity, and the quote 
erifing will be that of tbe propofed quantity divided 
by the binomial Sura, expre[fed in its leaft terms. 


Thus 7 = iets 
. M6 vare, Aes 20 | 


41—3- ! V«—Vya V4-Va 
x yia L 920 Va T4 
pueiepa " Vanya S iyatitys 
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"S2YS + v 20+ vio: 


i 





. Álfo ; er = (becaufe m = = 4, l -5 P E 3s 
? . _ 


and a? — d" =8—g=—1)= 
4S 20-447 10x 4 342/202 9467 1043/2007 34-3 / 1029 
i 


L——9/5—4V10 XY/3— 4/5 XQ 


6/10 -——6x /5xV3—3v10 x V3. 


§ 124. When the fquare root of a furd is re- 
quired, it may be found nearly dy extraZHing tbe 
root of a rational quantity. tbat approximates to its- 
. tine. Thus to find the fquare root of 3 + 24/2; 
we firft calculate ./2 = 1, 41421, and therefore. 
3 + 24/2 = 5, 82842, whofe root is found to be 
. nearly 2, 41421: fo that V3 4 : 2/2 Is nearly 
2,41421. But fometimes we may be able to. 
exprefs the roots of furds exactly by other furds ;. 
as in this example the iple the fquare root of 3 + 24/2 
| is t+ 4/2, fort +/2 + Yf/2 XI tai t 2/2 
2-3 Ww 


b 


In order to know when and'haw this may-be 
found, let us fuppofe that x + y. is a binomial 
furd, whofe {quare will be x^ 9? + axy : If & 
and y are quadratic furds, then. x»' 4. 5^ will 
be rational, and aay irrational; | fo that 2 xy 

| fhall 


0 5$ 


ite 


. Jquare of the leffer part foall be ——— 
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fhall always be lefs than x*' 4 y°, becaufé the 
difference is x^ 4-.y' — 2xy;c 4 — y ; which ig 
always pofitive. Suppofe that a propofed furd 
confilting of 4 tational part a, and an irrational 
part B, coincides with this, then x^ + y* = a, 
and #y = i s: Therefore by what was faid of 


_ Equations, ‘Chap. 1 3th, 


. vs hoa at = Ir and therefore 





B* | 
‘AR? — x* = —, and x** — ax? + — = 0, 
à 5c 4 
mE ; 2. 2. AG A* -— §* 
frorn whence we have ^ = PRECES and 


VA E 
y= aA, Therefore when a quantity 
partly rational and partly irrational is propofed to 
have its root extracted, call the rational part a, 
the irrational B, and the_/quare of the | greatef 


AY 


member of the root foall be ——À7— stv and the. 


vx — 5 


And as often as the íquare root of '4* — n* can 
be extracted, the fquare reot of the propofed 
binomial furd may be expreffed itfelf as a bino- 
mial furd. For example, if 3 + 2v/2 is pro» 
pofed, then A = 3, B= 22, and 4* — s&* z1g 


AVAL — gi 








e—8 zi. Therefore «^ = 2, and 


M 
JM aar. Therefore ys + 2. 
Il To 


~ 
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To find the fquare root of — 1 + / — 8, fup- 
pofe a = — 1, B= /— 8, fo that A^ — B* = 9 


—pt I A Bt 
an ngstvare B =F = _——— 


A= 





= — 2, therefore the root required 
is 3 + V. 

§ 125. But though x and y are not quadratic ~ 
furds or roots of integers, if they are the roots 
of like furds, as if they are equal to J/m ,/z 
and «/n ,/z, where m and s are integers, then 
Ax=minx fz,andis=J/mnz;a°—B = 

f — n X°z, and = A ILE — 
mir tim n Mec 


= m/z, 9 = 


sna +) = f/m Jz a Sie The 
part A here eafily diftinguifhes itfelf from s by . 
its being greater. | 








$ 126. If x and y are equal to Wm J/z and 
Jn ft, then x^  2xy t+ yom /z b nt 
2f/mn/zt. Sothatifz or 7 be not multiples 
one of the other, or of fome number that mea- 
fures them’ both by a fquare number, then will 

a itfelf bea binomial. 
$ 127. Let x + y + z exprefs any trinomial 
furd, its fquare x* + 5^ + z^ + oxy + 2xz + 2)z 
may.be fuppofed equal to A + B as before. But 
rather 
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rather multiply any two radicals as 2x7 by QXZ, 
and divide by the third 2yz, which gives the 

quotient 2x* rational, and double the fquare of 
the furd x required.- The fame rule ferves when 

there are four quantities, x' + y* + z* ^ st + 

2Xy + 2X5 + ANS -- 2yz + ys + 225, multiply 2xy 

by 2x5, and the product 4x*sy divided by 25y 

gives 2x' a rational quotient, half the fquare 

of éx. In like manner 2xy X 2yz = 4y*xz, which 

divided by 2xz another member gives 2y*, a ra- . 
tional quote, the half of the fquare of 2y. In 

the fame manner z and 5 may be found; and 

their fum x + y zd 5, the fquare root of the 
feprinomial «* + y* + z' + 5* + 3xy + ans 4 

2xA + 2)z + 295 + 2z5, difcovered. 


* For example, to find.the fquare roar. of 
ae d 





16 + 4/24. + /40 & v/6o; I try —, 


which I find to be V4 16 —4, the half of d fguare 
root of the double of which, viz. x 1/8 = ya,’ 
is one member of the Íquare root ‘required ; next . 


Yu rmm = = 6, the half of the fquare root of 


the double of which is " 5 another member of 


M 40 X4 ^60 
V24 — 
gives v5 for the third member of the root re- 
quired: From which-we conclude that the {quate 
roat of 10 + 724+ V40+ YO0is¥24 3 
+ vs and trying you find it. fucceeds, fince 

la multi- 


the root required ; laftly, ————_—— = 10, which 
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multiplied by itfelf it gives the propofed qua- 
drinomial. , 

- § 128. For extracting the higher roots of 2 


binomial, whofe two members being fquared 


are commenfurable members, there is the fol- 
lowing 


RULE, 
* « Tet the quantity be a + 3, whereof ^ is 


"the greater part, and c tbe exponent of the 


¢ 


e Wwe MA,” 


& 


root required. Seek the leaf number n whofe 
power w is divifible by Aa — BB, tbe quotient 
Ong A Compute 43 Bx Ve in the 
ntaref integer number, which fuppofe to ber. 
Divide’ A "Via Q by its greatep rational divifor, 


rte 
and let the quagient ke 5, and lt - —— iu. the 
nearef integer number be be. t, fo foall the root 
tstY¥Pse = 
: Va. 
| A X Bean be extracted. 


| required be - 


EXAMPLE LO 


: Thus to find the cube root of V/968 + a4, 
we have A*— 5' = 343, whofe divifors are 
7. j, 7, whence z z 7, and Q= r. ; Further, 
ATBX Jo, that is, 4/968 + 25 isa little more 


* Arithm. Univerfal. P. 59 
| than 


if the ¢ root. of 


N 
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than 56, whofe neareft cube root is 4. Where- - 

forer = 4. Again, dividing 4/968 by its great- 

eft rational divifor, we have a ./q = 22 v2, and 
| ME 

2; "O2 inc 

the neareft integers, is 2 — ;. And laftlv, 


r 
the radical part 2, = 5, and 





t= e V2, // à —5n— 1,2nd v/o — V1 z r. 
“Whence 2 4/2 + 1 is the root, whofe cube, upon 
‘trial, I find to be 4/968 + 25. | 


EXAMPLE I. 


Ta find the cube root of 68 — VW 4574; we 
have A* — B* = 250, whofe divifors are §, 5, 5, 2. 
Thence # = § X 2 = 10, and Q= 4, and 


^ Stax V/A or P / GET ATE 2is nearly 
7:fi again, A V/q., or 68 x ¥ 4 — 136 x VI, 


r+—> 747 
, OT 2, is nearly 








that is, § = 1, and 
-42t. Therefore ts = 4, V P$S—3 — n zx 6, 
and /q —$/ 4 = v2, whence the roet to be - 


tried is <= —vé 
v2 
EXAMPLE Ill. 
Suppofe the fifth. root of 29/6 + 41 3 is 
demanded, a’ —s = 3,and# = 3; w= $1, 
13 = 5 
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t= 5,3= v6, t=1,t=V6,/Ps n= V3, 
and ¥/q.= 2/81 =4/9. And therefore trial is 
V6 4- V3 
to be made with —á—À. 
v9 
In thefe operations, if thé quantity is a frac- 
tion, or if its parts have a common divifor, you 
are to extract the root of the mumerator apd de- 
nominator, or of the faZors feparately. Thus 
to extra& the cube root of Jf 242 — 124, 
this reduced to a common. denominator is 
vas — 25 73; And the roots: of the numerator 
and denominator, feparately found, give the 


2 f2 
t —;, 
TQO Vi 





. And if you feck any root of 


v 3993 + / 17578125, divide its parts by the 
common divifor 4/3, and the quotient being 
It + 125, the root of the quantity propofed | 
will be found by taking the roots of 473 and 


of 11 + V/ 125, and multiplying them into each 
other. 


- § 129, - The ground of this Rule may be ex- 
plained from the following 


THEOREM. 


Let tbe fum or difference of two quantities x 
«nd y be raifed toa power whofe expanent is c, 
and 
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and let tbe 1ff, 3d, sib, 7th, &c. terms of that 
power, collecied into one fum, be called a, and 
the reft of tbe terms, in the even places, call 3; 
the difference of the fquares of a and 8 fball be 
equal to the difference of the fquares of « and y 
raifed to the fame power c. 


For the terms in the c power of x 4 y (writ- 
ing for their coefficients, relpettively, I; ¢, 4, 
. e, &c.) are 
Keb cxcmty + dxt7y* 4 exc 3y3 + &c. — A 4 B, 
.. and the fame power of + — y (changing the figns 
in the even places) is — 
X meet ET 4 dx" y^ ex 343 + &c. — A — B, 
and therefore x 4-3! x x —3! —A 4 BXxA--B 


are x x—5)z» — y. 
Q; E. D. ! 

Let one, or both, of the quantities x, » be a 
quadratic furd, that is, let x + y, the'c root of 
the. propofed binomial a + 5, belong to.one of 
thefe forms, p + /vq,kvp +9, orkyp + Iv4- 

'" And it follows, 
(Oro Ife + y = p + Iv gq, that, c being any 
whole number, a, the fum of the edd terms, will 
be a rational number; and s, the fum-of the 
terms in the eves places, each of which involves 
an odd power of y, will be a rational number mul- 
tiplied into the quadratic furd «4. 

?. Let c, the exponent of the root fought, 
. be an odd number, as we may always. fuppofe 
I4 it, 
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it, becaufe if it is even, it may be halved by the 
extraction of the fquare root, till it becomes odd; 
and let x 4 y = Evp + gq. Then a wil] 
involve the furd V $, and a will be ratianal, 

3. But if both members of the raat are irra, 
tional (x -- y z &vp + lg) A and n are both. 
irrational, the one involving VP, and the other 
the furd yg, ; 

And in all thefe cafes, it is eafily feen that 
when x is greater than y, A will be greater 
than 5. | 7 

$ 130, From this compofition of the binomial. 
A + B, we are led to its refolutiagn, as in the. 


. foregoing rule, by thefe fteps. 
| ED 


When A is rational, and a* — 3° is a perfe& 
power. 22 
"o. By the Theerem, a7 — p = x — |" acct 

rately; and therefore extracting the ¢ root of 

A* — B* it will be x* — y, Call this root x. 

2. Extra& in the neareft integer the c root 
"of a +8, it will he (nearly) x - y. Which 
ptr. 

. 3+ Divide * — y* (=n) by x + y (= r) the 
quotient is (nearly) x — y; and the fum of the 
divifor and quotient is (more nearly) 2x; that is, 
if an integer value of x is to be found, it will be 


— 
y 


e 





the neareft to 
4 (| 
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whence y = J P3 —#, and therefore put. 


ting 7 = te the root fought x 4 y mt + 


Jt —xn; the fame expreffion as in the rule, 
when q,— 1, 5 = 1, that is, when a* — p* is 
a perfect ¢ power, and the greater member 4 ia 
rational. 


II. 
When A is árrational, and-Q, — 1. 


oom 


By the fame procefs, x = = T) and 


y= Jr —n. But feeing A is fuppofed irratio- 
nal, and ¢ an odd number, x will be irrational - 
likewife; and they will both involve the fafne 
irreducible furd “p, or s, which is found by 
dividing A by its greateft rational divifor. Write 
therefore for « or T, its value 7 x 5 and x + y 
— 454 /PS —1n. 


III. 


If the ¢ root of a* — 3B” cannot be taken, 
multiply 4* — z* by a number e, fuch as that 
the produ& may be the (leat) perfe& c power 
n (= ^«— BQ.) And now (inftead of 





AT. 
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A -- B) extract the c root of A +B x SQ, 
which, found as above, will be ts + V £;* — 7; 
and confequently the c root of a + 8 will be 
54V DU5* — n, dividéd by the c root of v Q; 
. that is, ts Vile on 
v 

It is required in the rule that a perfec? c power 
(x) be found which foall be a multiple of a* — 
8° by the whole number a, ‘To find this power, 
let the given number a* — s* be reprefented 
by the product a"b? df; whofe fingle divifors 
Jet beg, 2, 2, .... 05, b, 5 .... dy f; and 
the produ& of thefe divifors raifed to the power 
€, which is & / df, divided by 2"5,4f will give 
the quotient a" 7? dr! £—: = Qa a whole 
number, provided fome index, as m or p, be 
not greater than c. If-ic is, take, inftead of the 
fingle divifor @ or 4, a’ or 7^, à? or 2, &e, 
till there be no negative index in the quotient ; 
that is, till e be a whole number. 


* § 131. We may add the following remarks, 

1. If the refidual A — B is given, it is evi- 
dent from its genefis by involution, that the 
fame rule gives its root x — y. 

2. The extracting the ¢ roct of A + B, or of 
A+BXY Q, in the neareft integer, neglect- 
ing the fractional part, will always give x + y 
fuch, that the value of x which refults in the 
operation fhall not differ from its true value by 

: unity i 
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unity; that is, it fhall be the true integer value 
fought. 
For f being fome proper fraction, let x + +3 


+ f be the accurate value of Jats A+B X Va Q, y. 


and let the quotient of x* — y* divided by it be 
x—~ y p g, then the fum. of the divifor and 
quotient x being 24 — fs [2 if our reckoning the 
' fra&ional part could make a difference of unity 
the value of x, it would follow that f — g or 

— f — 2. Which is abfurd, g, as well as f, 
being a proper fraction... . 

3. If both a and s are irrational; or, if the 
Jeffer of the two members is rational, no root 
.denominated by an even number can be found. 

4. When.the greater member is rational, 
and the exponent ¢ js an even number, it is am- 
biguous whether the greater member of the root 
is rational or furd. And though a root in the 
form of p + /4/4 is not found, yet a root in the 
form of Ev + q, or, that failing, in the form 
kp +.1¥q, may be obtained. 

If we look for a root kyp + 4, we are now — 
to fubtract x ey from x + y, and half the remain- 
der will give y (or q) the rational part. And to 
ow" — y' (= 2) adding y', the fum will be x*, 

r— 2 r— ^| 
So that y = —, and x = 








-- 2; the 
expreffions being the fame as when c is odd, 
with 
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with the fign of » changed, — 1f this does not 
fucceed, and a prime number ftands under the 
radical fign, no farther trial need be made. 

But if a compofite number ftands under the 
radical fign, the root may poffibly belong to 
the form kVp + /// 2; and that compofite num- 
ber being p x 4, (ince k*p — fg =n, and kv? 
== w, the numbers £, /, may be fought for in the 
neareft integers, and trial made with i? tiv 
asinthis ' 


EXAMPLE, 


Ta find the fourth root of 49849-2895 as. 214. 
"The 4th root of a* — B^is 157 =x* — y^ z p, 
and the 4th root of 4. — 5, that i$«4—»y-rce9 


nearly: and : = a = 17 nearly, Whence 


xe T Ub e AP 3 But now the leaft radical fac- 
tor in » being v/ 14 = JÀ/1*2 x 2, I put 13 (7 x) 
= kv7, and & in the neareft integer = 5. 
Again k*p — 7^4 =ARIIIS — i X= 157; 
that is, / x 2 = 18, and / = 3; which gives 
the root $47 — 372. 
''- in this manner the even roots may be fought 
immediately. But to avoid ambiguity and need- 
Jefs trouble, it is better firft to deprefs them by 
. extracting the {quare root, as in $ 124. 


A SUP- 
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A SUPPLEMENT 
: TO THIS sl 


CHAPTER 


§ 132. HERE occur fomeámes, efpecially 
in the refolution of cubic equations — 
by Cardan’ s Rule (Part 11. $ 7 9. ) binomials of 
this form 4. + B J/— 4, whofe cube roots muft 
be found. . To thefe the foregoing rule cannot 
"be applied throughout, becaufe of the imagi- 
nary factor /— q. Yet if the root is expreffi- 
ble in rational numbers, the firft ftep of that 
rule will often lead us to it in a fhort way, not 
merely tentative, the trials being confined to 
known limits. | 


For it being, univerfally, V/A -BIE-y, 
and, in the prefent cafe, ¢/a* + B'g = x — y? 
cm ft P xq, if we divide the part under the 
‘radical fign by its greateft rational divifor, the 
quote is the imaginary furd y— q, and from 
UV)? + rg fubtra&ing f* the fquare of fome 
, divifor of a, the remainder is/"^ x 4, a known 
multiple of the fquare of / a divifor of s. 

2 That 
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That p and / are divifors of a and s refpec- 
tively is evident; for cubing p + 7 v/ —4, you 
find a =p x fp! — 3g, 8 — 1 x 35^ — Fg. And 
the fighis of 4 and / muft be fuch as will give the 
produ&ts of p x p* — 3P4, 1 x 3p* — Pg of the 
fame figns as a and a refpeCtively. — 


‘EXAMPLE. 


To find the cube root of 81 +, v/— 2700 2700 = = 
SI + 30V = : “3: | | 

 Here4-—81,8—50,4— 3; /81 x81 “+ 2700 
=21 =p*+/g. Subtracting therefore from 21, 
the fquare. of (p) + 3, "which is a divifor of:a, 
there remains (/* x g=) 2 x 2X 3. And (1z)2 - 
isa divifor of 3o. Laftly, a (=p X p’ — 3/3) 
being pófitive, and the factor ?* — 3^4 nega- 
tive, ^ muft have the negative fign; and for the 
like reafon / =-+4 2." So that the root is — 3 
Ra/—* 0c 

It will be 'fhewn in the fecond Part of this 
Treatife that ** every cube or other power has - 
as many roots, real and imaginary, as there are 
units in the exponent of the power;" particu- 
larly, that amity uet has the cube roots 1, 


— I LL. v= 3 -3 and = Saal If therefore 





we would find the other two cube roots, :in this 
example, feeing zi =z XI, rand /z' xVizz 


(z 
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(z' reprefenting any cube whatever, and z any 
of its roots) we are to multiply — 3 + 2 v/ — 3; 
. the root already found, by — 4 + 1 J/ — 3, and 
by—1_1 / — 3, andthe products — 3 —3./—3, 
and 2 4 i4/ —3 will be the roots required, 
Or, becaufe the denominator. of the ;imagi- 
nary roots of unity is 2, taking p = i, one 
half of a divifor of a, we have 21 — 2 =73 = 


€ X% 3 = hg, that is} z £; and p*— 3/7 as well | 


as 5?" — P4 being negative, both-p and / mutt be 
‘negative, and the root is — 1— £4//-—3. Again 
take ? = 2, and you fhall find / = + £ ; fo the 
remaining root is.2 + + / —243 as before. 

We may here obferve that the operation ought 
to be abridged, where it can be done, by.divid- 
ing the given binomial by the greateft cube 
that it contains; and finding the root of the 
quotient; which multiplied by the root of the 
cube by which you divided, will give the root 
required. Thus, in the foregoing Example, 
81 4 V —2700— 27 X g t V/ — 12°, and the 
roots of 3 + VW — 12° being now, more eafily, 
found to be — 1 + 2/—1, —L—if/—t, 
and i + 3</ —+4, thefe multiplied by 3, the 
cube root of 27, give the roots required the fame 
as above, - | 

*€ [f the coefficient of the imaginary mem- 
ber of the binomial has a contrary fign, the 
roots will be the fame, with the figns of the 

. _ imaginary 
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. imaginary parts changed," Thus the cube . 
roots of $1 — v/ — 2700, or 81 — 30 V/ — 3, 
will be — 3 — 2 //— 3, — 1 -- £w/ — 3, and 
21 /_ 3. And therefore V1 +/ —2700 + 


V81— Y= 2700=—3x2=2—6, or = 
| — 7X25 —3,ore sz xX 2 = 6, the imagi-. 
nary parts *anifhing by the contratiety of their 
. figns. 
. We may obferve likewife, that fuch roots, 
whether expreffible in rational numbers, or 
not, may be found by evolving the- binomial 
A+ Bi —g by the Theorem in pag. 41, and 
fumming. the alternate terms. As, in the fore« 


going example, 81 ^t 30 / — 3. or rather 


Biles xr tic f/—3 i being expanded into a 
feries, the fum of the odd terms will continually 
approach to 4.5 = 2, and the fum of the co- 
efficients of the even terms to 4, which is the 
coefficient of the imaginary part. But for a ge- 
neral and elegant folution, recourfe muft be, had 
to Mr. de Moivre’s Appendix to Dr. Saunderfon’s 
Algebra, and the continuation of it in: Philof. 
Tranf. N° 451. What has been explained above 
may ferve, for the prefent, to give the Learner 
fome notion of the compofition and refolution of 
thofe cubes; that he need not hereafter be fur- 
prifed to meet with expreffions of real quantities | 
which involve imaginary roots. : 


_ * End of tbe First Parr. 
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PART IL ' 


Of the Genefis and Refélution of Equations 
. of all Degrees; and of the different 
Affections of the Roots. 





CHAP. EL 


"Or tue GENESIS ann RESOLUTION or 


EQUATIONS iN GENERAL; AND THE 
NUMBER or ROOTS an EQUATION or 
any DEGREE May Have. 


$ I, A FTER the fame manner as the higher 


powers are produced by the multipli- 

cation of the lower powers of the fame root; 
equations of fuperior orders are generated by 
the multiplication of equations of inferior orders 
involving the fame unknown quantity. And an 
K equation 
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equation of any dimenfion may be confidered as pro- 
duced by the multiplication of as many fimple equa- 
tions as tt bas dimenfions, or of any other equa- 
tions whatfoever, if the fam of their dimenfions js 
equal to tbe dimenfion of that equation. Thus any 
cubic equation may be conceived as generated by | 
the multiplication of three fimple equations, or 
of one quadratic and one fimple equation. "A 
biquadratic as . generated by the multiplication 
of four fimple equations, or of two quadratic 
equations; or laftly,- of ome cudic and one fimple 
equation. 

§ 2. Ifthe equations which you fuppofe mul- 
tiplied by one another are the fame, then the 
equation generated will be nothing elfe but fome 
power of thofe. equations, and the operation is 
merely involution ; of which we have treated al- 
ready: and, when any fuch equation is given, 
the fimple equation by whofe multiplication. it 
is produced is found by evolution, or the extrac- 
tion ofa root. 002 ! 

But. when the equations that are fuppofed to — 
be multiplied by each other are different, then 
other equations than powers are generated ; 
which to refolve into the fimple equations whence 
they are generated, is a different operation from. 
involution, and is what is called, the refolution 
of equations. 4 

But as evolution is performed by obferving 

and tracing back the fteps of involution ; fo to . 

| 5c ^. ' . difcover 
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difcover the rules for the refolution of equa- 
tions, we mutt carefully obferve their genera- 
sion. 

§ 3. Suppofe the unknown quantity to be x, 
and its values in any fimple equations to be 
a, b, c, d, &c. then thofe fimple equations, by 
bringing. atl the terms to one fide, become 
¥—Z=0,*#—b=0,¥—¢=—0,&c. And, 
the product of any two of thefe, as x — a x 


x -—b = 0 will give a quadratic equation, or an ° 


equation of two dimenfions. The The product of of 


any three of them, as x — a x x —b X x —c 
= © will give a cubic equation, or one of three . 
dimenfions, The produ& of any four of them 
- will give a &iquadratic equation, or one of four 
dimenfions, as x —a x. x —ó X « —c x x—d 
zo. And, in general, ** In the equation pro- 
duced, the bigheft dimenfion of tbe unknown quantity 
will be equal ta the number of fimple equations that 
are multiplied by each other.” — 








§ 4. When any equation equivalent to to “this 
biquadraticx — a x x —b X x —c x x—d-o 
is propofed to be refolved, the whole > difficulty: 
confifts in finding the fimple le equations #—a=0 
xm b= =0,¢—6= 0,4 — d — o, by whofe mul- 

‘tiplication it is produced; for each of thefe- 
fimple equations gives one of the values of x, 
and one folution of the propofed equation, For, 

! K 2 if 
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. if any of the values of x deduced from thofe 
fimple equations be fubftituted in the propofed 
equation, in place of x, then all the terms of 
that equation will vanifh, and the whole be 
found equal to nothing. Becaufe when it is 
fuppofed that x = 4, or x = 5, orx = e, orx — d, 
then the produd x — a x x —é x—bXx—cxXx—d 
does vanifh, becaufe one of the factors is equal 
to nothing. There are therefore four fuppofi- - 
tions that give x —a X x —à X x —c x x —d 
= o according to.the propofed equation ; that is, 
there are four roots of the propofed equation, 
Aud after the fame manner, ** Any other equa- 
. tion admits of as many .folutions as there are 
fimple equations multiplied by one another that 
produce it," or ** as many as there are units in 
the higheft dimenfion of the unknown quantity 
in the propofed equation.” 


§ 5. But as there are no other quantities what- 
' foever befides thefe four (a, b, c, 4 >) that fubfti- 
tuted inthe produdtz—a X x—b X x—«cxx—d, 
in the place of x, will make the produ& vanifh ; 

therefore, the equation x —a x x — 5 x x.—c. 


X —d o,cannot poffibly have more than thefe 
four roots, and cannot admit of more folutions — 
than four. If you fubftirute in that product a 
' quantity neither equal to a, nor 2, nor c, nor 
d, which fuppofe e, then fince neither e — a, 
bmw by ft, nore — d is equal to nothing; 

| thei 
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their product e— 2 x e— b Xx e—c x e—d 
eannot be equal to nothing, but muft be fome 
real produ& ; and therefore there is no fuppofi- 
tion befide one of the forefaid four, that gives a 
juft value of x according to the propofed equas 





tion. So that it can have no more than thefe | 


four roots. And after the fame manner it ap- 
pears, that ** No equation can bae, more roots 


shan it contains dimenfions of the unknown quan~ - 


tity.” 

§ 6. To make all this ftill plainer by an ex- 
ample, in numbers; fuppofe the equation to be 
refolved to be x* — 10x! 4- 35x? — Sox + 24=0, 
and that you difcover that this equation is the 
fame with the product of x —1 x x — 2 x x— 3 
X x — 4, then you certainly infer that the four 


values of x are 1, 2, 3, 4; feeing any of thefe ' 
. numbers placed for x makes that product, and - 


confequently x4 — IO0x! + 35x" — 50x + 24, 
equal to nothing, according to the propofed 
equation. And it is certain that there can be no 
other values of x befides thefe four: fince when 
you fubftitute any other number for x in thofe 
factors x — 1, * — 2, X — 3, x — 4, none of the 
factors vanifh, and therefore their produc can- 
not be equal to nothing according to the equa- 
tion. 


/ 


§ 7. It may be ufeful fometimes to confider 
equations as generated from athers of an infe- 
! K 3 | rior 


—— 2 
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rior fort befides fimple ones. -Thus a cudic 
equation may be conceived as generated from - 
the: quadratic x^ — px + g = 0, and the fmple 
equation x — a = o, multiplied by each other 5 
whofe product 
a — px” + qx —aq 
— an + apx 
equation whofe roots are the quantity (4) the 


] = o may exprefs any cubic | 


value of x in the fimple equation, and the two . 


roots of the of the quadratic equation, viz. - 
piven and IET ; as appears from 
Chap. 13. Part I. And, according as thefe roots 
are real or impofible, two*of the roots of the 

cubic equation are real or impoffible. 
.. $8. In the doctrine of involution we fhewed 
that ** the fquare of any quantity pofitive or 
negative, is always pofitive,” and therefore, * the 
fquare r root of a negative is impoffible or ima- 
gnary." For example, the ,/2* is either + 2 
or.— a, but / — 4* can neither be + a nor 
— 4, but muft be imaginary. Hence is under- 
ftood that ‘a quadratic equation may have no 
impoflible expreffion in its coefficients, and yet 
when it is refolved into the fimple equations 
that produce it, they may involve impoffible 
expres Thus the quadratic equation 
2 4 a? = Oo has no impoffible coefficient, but 
the fimple eq' ations from which it is produced, 
Viz. * + V —4 —Q and x — / — a" = 0, 
os | both 
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both involve an imaginary quantity ; as the 
{quare — 4* is a real quantity, but its fquare 
root is imaginary. After. the fame. manner a 
biquadratic equation, when refolved, may give 
four fimple equations, each of which may give 
an impoffible value for the root: and the fame 
may be faid of any equation that can be pro- 
duced from quadratic equations only; that is, . 
whofe dimenfions are of the even numbers. 


$9. But ‘a cubic equation (which cannot 
be generated. from quadratic equations only, 
' but requires one fimple equation befides to pro- 
duce it) if none of its coefficients are impoffible, 
will have, at leaft, one real root," the fame 
with the root of the fimple equation whence it 
js produced. The fquare of an impoffible quan- 
tity may be real, as the fquare. of /— a* is 
— a’; but ** the cube of an impoffible quan- 
tity is ftill impoffible," as it ftill involves the 
Íquare root of a negative: as, /— a x. 
Yaa x Vane a Vag a to, 
1s plainly imaginary. From which it appears, 
that though two fimple equations involving 
impoffible expreffions, multiplied by one an- 
other, may give a product where no impoffible 
expreífion may appear; yet, ** if three fuch fim- 
ple equations be multiplied by each other, the 
impoffible expreffion will not difappear in their 

1 K 4 : pro-. 
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produc.” And hence it is plain, that though a 
quadratic equation whofe cocfficients are all real 
may have its two roots impoffible, yet ** a cubic 
equation whofe coefficients are real cannot have 
all its three roots impoffible." . 


; 
$ 10. In general, it appears that the impof- 
fible expreffions cannot difappear in the equation 
produced, but when their number is even ;. that 
there are never in any equations, whofe coeffi- 
cients are real quantities, fingle impoffible roots, 
or an odd number of impoffible roots, but 
* that the roots become impoffible in pairs ;”. 
and that ** an equation of an.odd number of di- 
menfions has always one real root." ví 


§ 11. ‘ The roots of equations are either po- 
. fitive or negative according as the roots of the 
fimple equations whence they are produced are 
pofitive or négative," Ifyou fuppofe x = — a, 
x —b, xe = —~—c,x = — d, &c. then hhall 
x$a=0,*+b =0,*X+6=0,4 ,* Fdo; 
and the equation *.- a xxthbxxte cx x+d 
=: Oo will have its roots, — 4, — 5, — (, — d, 

&c. negative, 


But to know when the roots of equations are 
pofitive and when negative, and how many there 


are of each kind, fhall be explained | in the next 
chapter. | 


à 


CHAP. 


-— ———-——————— - 
bi 
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C H A P. IT. 
' Or ruz SIGNS anv COEFFICIENTS or 
EQUATIONS. 
§ I2. HEN any number of fimple equa- . 


tions are multiplied by each other, 
it is obvious that the higheft dimenfion of the 
unknown quantity in their product is equal to 
the number of thofe fimple equations ; and, the 
term involving the higheft dimenfion is called 


.the fir# term of the equation generated by this 


multiplication. 'The term involving the next 


.dimenfion of the unknown quantity, lefs than: “ 


the greateft by unit, is called the /ecozd term 
of the equation ; the term involving the next di- 
menfion of the unknown quantity, which is lefs 
than the greateft by two, the /bird term of the 
equation, C9c. And that term which involves 
po dimenfion of the unknown quantity, but is 
fome known quantity, is called the laft term of 
the equation. 


* Tbe number of terms is always greater than: 


. tbe bigbef dimenfion of the unknown quantity by 


unit.’ "And when any term is wanting, an 
afterife is marked in its place. The /igns and 
coefficients of equations will be underitood by 
confidering the following TAsLz, where the 

. fimple 


, 
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E fimple equations x — e, x — d, &c. are multi- 


plied by one another, and produce fucceflively 
the higher equations, 


2—13220 
Xx—~—6=0 





= 4 —ge 


— bx + al zs 0, a Quadratic, 
X x --c-—oO 
= atom a + ab . 
-il X x*-4- ac e&£ X x — abc ex ,0, a Cubic, 
-—— t ~ + be . 
Xx—d—=0 











st x4 a= a + ab} — abe 
— b x git a — abd xx-+abed0,a 
—c * + ad à acd Biquadratic. 
— 19) * + de * c bcd 
+ bd 
+ cd 
X*—e=0 
Tax ag +ab —abey +abedy xx 
—b + ac —abd| ^ -+abce | abcde 
—c V X x*--ad — abe +abde $—0,a 
~~ + ae | —acd | + acde Surfoe 
am ¢ + be ,7-ade £ bcde i > 
-}- bar ® ace (6 * M 
+ be | — bcd 
+ ed = bee 
+ “| — ia} 
+ de) — cde 
Ee, 
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$ 13. From the infpection of thefe equations. 
it is plain, that the coefficient of the firft term is 
unit. 

The coefficient of the fecond term is she 
fam of al] the roots (a, b, c, d, e e) baving their 
Signs changed. 
^ '[he coefficient of the third term is the fum 
of all the products that can be made by multi- 
plying any two of the roots (a, b, c, d,e 3 by one 
another. 

- The coefficient of the fourth term is ; the fum | 
of wll the products that can be made by multiplying 
into oné another any three of the roots, with their - 
figns changed. And after the fame manner alf' 
‘the other coefficients are formed. 

The laft term is always the produdf of all thé 
roots, baving their figns changed, multiplied by 
One another. 

§ 14. Although in the Table fuch fimple equa-. 
tions only afe mulviplied by one another as have 
pofitive roots, it is eafy to feé, that * the co- 
efficients will be formed according to the fame 
rule when any, of the fimple equations have 
negative roots.” And, in general, if à — px 

(Fem r=o reprefént any cubic equation, then 
fhall p be the fum wf the roots; 4 the. fum: of | 
the products made. by multiplying any two of 
them; r the product of all the three: and, if 
— f; +9, — ry, 5, 4 +4, &c. be the 
coefficients of the 2d, ud 4tb, sth, 6th, 7th, 

e. 
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&e. terms of any equation, then fhall p be 
the fum of all the roots, g the fum of the - 
products of any two, r the fum of the produéts 
of any three, s the fum of the products of any 
four, ¢ the fum of the products of any fives, 
a the fum of the products of any fix, &9*. 


_ $ 15. When therefore any equation is pra- 
pofed to be refolved, it is eafy to find the fum 
of the roots, (for it is equal to the coefficient 
of the fecond term having its fign changed :) 
or, to find the fum of. the products that can be 
made by multiplying any determinate number 
of them. | : 

. But it is alfo eafy “to find the fum of the 
fquares, or of any powers, of the roots.” | 
- The fum of the. íquares is always ?* — 29. 
For calling the fum-of the fquares B, fince the 
fum of the roots isp; and “ the fquare of the 
- fum of any quantities is always equdi to the fum 
_of their fquares added to double the products _ 
that can be made by multiplying any two of 
them,” therefore p* = B + 29, and confequently 
B= p*-— 2g. For example, 4 + 6+ (| .— 
a+ D. 4 6° + 24b + 24¢ + 2dc; that is, p^ — B 
424. Andatb+cect Hh =a’ + B+ ct 
4. d*+2x ab + act ad + be + bd + cd, that 
is again, p’ = B + 29,or B — p*—-2¢. -Andfo- 
for any other number of quantities: In general 
therefore, ** B the fum of the fquares of the 


roots 
[ EE 
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. roots may always be found by fubtra&ing 24 
from p*;” the quantities p and 4 being always 
known, fince they are the coefficients in the pro- 
pofed equation. | 
§ 16. ** The fum of the cubes of the roots of 
any equation is equal to ?* — 329 + 37, or to 
Bp—pq + 37.” ForB—4x pgives always 
the excefs of the fum of the cubes of any quan- 
tities above the triple fum of the products char | 
can be made by multiplying any three of them. 
Thus a? + £^ 4 ¢—ab—ac— be Xat+ bc 
(= B—g Xp) = 2° +340 g3ak. There- 
fore if the fam of the cubes is called C, then fhalll 
B—4;xp2C—3rand C — Bp — gp ar 
(becaufe B = p* — 292) —?!— 379 + jr. — 
After the fame manner, if D be the fum of 
the 4th powers of the roots, you will find chat 
D —$2C— 4B + pr—a4s: and if E be tbe Tum 
of the sth powers, then fhall E = pD —qC 4 
rB—ps + 5t. And after the fame manner the 
fum of any powers of the roots may be found; 
the progreffion of thefe expreffions of the fum of 
the powers being obvious. ' 


$ 17. As for the figns of the terms of the 
equation produced, it appears from inípection 
that the figns of all the terms in any equation 
in the table are alternately + and — : thele 
equations are generated by multiplyiug conti- 
nually x — e, 5 — 5 X 6X — d, &c. by one 
another. 
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another. ^ The firft term is always fome pure 
power of x, and is pofitive; the fecond is a 
power of x multiplied by the quantities — a, 
— b, — c, &c. And fince thefe are all nega- 
tive, that term muft therefore be negative. 
The third term has the products of any two of 
thefe equations ( — a, — 4, — c, &c.) for its 
coefficient: which produéts are all pofitive, be» 
caufe — x — gives +. For the like reafon, 
thé next coefficient, confifting of all the pro- 
ducts made by multiplying any three of thefe . 
quantities, muft be negative; dnd the next po- 

five. So that the coefficients, in this cafe, will 
be pofitive and negative by turns. But, ** in 
this cafe the roots are all pofitive ;” fince x =a, 
ecbx-—cosxizd 4e, &c. are the af- 
fumed (imple equations, , It is plain then, that 
© epben all tbe roots are pofítive, the figns are ale 
Sernately + and —. 

.§ 18. But if the roots are all negative, then 
&laXxtbxkxtexXx-d,&c. — o, will 
exprefs the equation to be produced ; all whofe 
terms will plainly be pofitive; fo that ** when all 
the roots of an equation are negative, it is plain 
there will be .no changes in the fgns of the terms 
of that equation.” | 
/— $19. In general,.** there are as many pofi- 

tive roots in any equation as there are changes 
in the figns of the terms from + to —, or 
from — to +; and the remaining roots arc 


negative." 
. " s 
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negative.” The Rule is general, if the impof- 
fible roots be allowed to be either politive Or . 
. negative. 

.& 20. In quadratic equations, the. two roots 
are either both h pofitive, as in this 

(x—a xx—bz-)sé a8 ab 0, 

— bx 


where. there are two changes of the fign: Or  - 


they are are both negative, as in this 
(«+ exx+ b=) x tal, 
b 





+ ab=—0. 


where there is not any change of the figns. Or 
there is one pofitive and one negative, as in 


(x—2 Xx + b=) x Wt ee 
! 5 R2 - 40 =O, 
, where there is neceffarily one change of the figns; 
"becaufe the firft term is pofitive, and the laft ne- 
ative, and there can be but one change, whe- - 
ther the fecond term be -+ or —. 
' Therefore-the rule given in the 19th fection 
extends to all quadratic equations. - 
$ 21. In cubic equations, the roets may be, 
1°, All.pofitive, as in this, x —a xx — bXx—< 
zo, in which the figns are alternately + and —, 
as appears from the Table; and there are three 
changes of the figns. 
2°. The € roots may" “be all negative; as in the 
equation x t 4 x X 2 x X £0, where 
_ there can be po change of the figus. Or, 





3. 
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39. "There may be two pofitive r roots and 
one c negative, as in the equation x —4 x x —? 
x X + ¢ = o, which gives 


x3 —— 4 + ab 
— ity — «d + abc — o. 
Tc — bc 


Here there muft be two changes of the figns: 
becaufe if 2+ 5 is greater than e, the fecond 
term mult be negative, its coefficient being — a, 
— bd c. 

. And if a + 3 is lefs than c, then the third 
term muft be negative, its coefficient + a — 
ac — bc (ab — c x a + b) * being in that cafe 
negative. And there cannot poflibly be three 
changes of the figns, -the firft and laft terms 
having the fame fign. 

4°. There may be one pofitive root and two' 
negative, as in the equation x Fa X x tà x 


€ — £6 — 0, which gives 


x Fa + ab 
+ box —ac px—abe=o. 





—c} —be} - 

. Where there muft be always one : change of the 
figns, fince the firft term is pofitive and the 
lat negative; And there can be but one change 
of the figns, fince if the fecond term is ne- 
gative, or a + 4 lefs than c, the third muft be 


* Becaufe the rectangle a x 3 is is than the fquare 
«+5 X « + 5, and therefore much lefs than a + à x c. 
negative 
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negative al, fo that there will be but one ' 
change of the figns. Or, if the fecond term 
is affirmative, whdtever the third term is, there 
will be but one change of the figns. It ap- 
pears therefore, in general, that in cubic equa- 
tiohs, there are as many affirmative roots as 
there are changes of the figns of the terms of 
the equation. 

The fame way of reafoning may be ex- 
tended to equations of higher dimenfions, and 
the rule delivered in $ 19, extended to all kinds 
of equations, ! 


$ 22. There are feveral confectaries of what 
has been already demonftrated, that are of ufe 
in difcovering the roots of equations. But 
before we proceed to that, it will be convenient 
to explain fame transformations of equations, 
by which they may often ‘be rendered more 
fimple, and the inveftigation of their roots mpre | 
eafy. ^. 


^L CHAP. 
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CHAP. Ill. 


Or rug TRANSFORMATION or EQUA- 
TIONS; ann EXTERMINATING THEIR 
INTERMEDIATE TERMS. 


$ 23. WE now proceed to explain the trans- 


formations of equations that are 
moft ufeful: and firít, “The affirmative roots 
of an equation are changed into negative roots 
of the fame value, and the negative roots into 
afirmative, dy only changing tbe figus of. the 
terms alternately, beginning with the Second.” 
Thus the roots of the equation x* — x? — 19x* 
4d 49x* — 30 —Oare + 1, +2, + 3,—- 53 
whereas the roots of the fame equation having 
only the figns of the fecond and fourth terms. 
changed, viz. x* + X^ — Q9" — 49% — 30 = 
O, are — I, — 2, — 3, + 5. 

To underftand the reafon of this rule, let let us 
affume an equation, as x — a xx—bx x—e 
x x—d X x—e&c. = o, whofe roots are + 4, 

+b, +, + d, + ¢, &c. and another having its 
^ roots of the fame value, but affected with contrary 
fins, seta X « V Xx eX xtd Xxx 46 
&c. = 0. It is plain, that the terms taken al- 
ternately, beginning from the firft, are the fame 
' | In 
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in both equations, and have the fame fign, 
* being products of an even number of the 
roots ;" the product of any two roots having the 
fame fign as their product when both their figns 
are changed; as c a Xx — à —.—a4 X +d, 
But the fecond terms and all taken alternately 
from them, becaufe their coefficients involve 
always the products of an odd number of the 
roots, will have contrary figns in the two equa- 
tions, For example, the product of four, viz. 
abcd, having the fame fign in both, and one 
equation in the fifth term having adcd.x + e, 
and the other acd x — e, it follows that their 
product abcde muft have contrary figns in the 
two equations: thefe two equations therefore 
that have the fame roots, but with contrary 
figns, have nothing different but the figos of the 
alternate terms, beginning with the íecond. 
From which it follows, ** that if any equation is 
given, and you change the figns of the alternate 
terms, beginning with the fecond, the new 
equation will have roots of the fame value, but 
with contrary figns.” . 
$ 24. It is often very ufeful * 7o transform 
an equation into another that [ball have its roots 
greater or lefs than the roots of the propofed equa- 


— dion by fome given difference." 


Let the equation propofed be the cubic 
— px 4 qx —r o. And let it be required 
io transform it into another equation whofe roots 
L 2 - fhall 


« 
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^ fhall be lefs.than the roots of this equation by 
fome given difference (¢), that is, fuppofe 
y = ox — e, and confequently x = y + e; then 
inftead of x and its powers, fubftitute y + e 
and its powers, and there will arife this new 
equation ; 


(A) y° + 30° + 565 t6 
— Pr — py — PEL, 
+ gy 446 | ^ 
—f 


whofe roots are lefs than the roots of the pre- 
ceding equation by the difference (e). , 

If it had been required to find an equation 
whofe roots fhould be greater than thofe of the 
propofed equation by the quantity (e), then we 
muft have fuppofed » = x + e, and confequently 
X = y — e, and then the other equation would 

_ have had this form; 


(8) x — 39° + ge5 - e 
- sm py + apey ~ pes 

+ 4» —9e 

—fü 


—o 


If the propofed equation be in this form, 

A + px’ + gx + r—0,thenby fuppofing x + e=y 
there will arife an equation agreeing in all re- - 

fpe&s with the equation (4), but that the fe- 

cond.and fourth terms will have. contrary figns. 

5 |. And 
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And by fuppofing x — e — y, there will arife - 
an equation agreeing with (B) in all refpe&s, | 
but that the fecond and fourth terms will have 


. contrary figns to what they have in (B). 


The firft of thefe fuppofitions gives this equa- 
tion, 


(C) X — 30° + 365 — e 
T gy —4t 
+ 7 


The fecond fuppofition gives the equation . 


(D) 9° + 30° + 3e'y + 6 
* fy + 2pey + pel — o. 
- t 4) +4 

+r 


. § 25,. The firft ufe of this transformation of 
equations is to fhew, “ bow the fecond (or otber 
intermediate) term may be taken away out of an 
¢quation.” 

It is plain that in the equation (4) whofe fe- 
cond term is 3¢ — p x y*; if you fuppofe e = 3-2, 
and confequently 3e — ? = o, then the fecond 
term will vanifh. — — mE 

In the equation (C) whofe fecond term is 


—36e t5 ? x). fuppofing e = +P» the fecond 


term alfo vanifhes, 
Now the equation (4) was deduced. from 
a — pe + qx —r =, by fuppofing y = x —e: 
L 3 and 
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and the equation (C) was deduced from x? + px* 
+ gx + r= 0; by fuppofing y — «+ e. From 
which this Rule may eafily be deduced for ex- 
terminating the fecond term out of any cubic 
equation. 


RULE. 


** Add to tbe unknown quantity of the given equa- 

tion the third part of the coefficient of tbe fecond 
term with its proper fign, viz. = +p, and 
Juppofe this aggregate equal to a new unknown’ — 
quantity (y). From this value of y find a 
value of x by tranfpofition, and fubftitute this 
value of x and its powers in the given equation, 
and there will arife a new equation that [bali 
want tbe fecond term.” 


EXAMPLE. 


Let it be required to exterminate the fecond 
term out of this equation, x! — 9x* + 26x — 
34 = o, fuppofe x — 3 = y, or y + 3 = x; and 
fubftituting according to the Rule, you will find 


y+ oy + 273 + 27 
— Oy — 54) — 81 

* 26y " 78 

— 34 


= oO, 





y * — — IO = 0. 


In 
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In which there -is no term where y is of two 
dimenfions, and an afterifk is placed in the room 
of the fecand term, to fhew it is wanting. 

$ 26. Let the equation propofed be of any 
number of dimenfions reprefented by (7); and 
let the coefficient of the fecond term with its fign 


prefixed be — f, then fuppofing x — z = » 


and confequently x—y £ and fubftituting 


this value for x in the given equation, there will 
arife a new equation that fhall want the fecond 
term. | | | 

It is plain from what was demonftrated in 
Chap. 2. that the furh of the roots of the pro- 
pofed equation is + p; and fince we fuppofe 


yumx— A it follows, that in the new equation, 
each value of y will be lefs than the refpective 
value of x by P; and, fince the number of the 


roots is z, it follows that the fum of the values 
of y will be lefs than + p, the fum of the values 


| of x, byn x P the difference of any two roots, 


that is, by + p: therefore the fum of the values 

of y will be + ? — p — o. v 
But the coefficient of the fecond term of the 
equation of y is the fum of the value’ of y, viz. : 
+ P — p, and therefore that coefficient is equal 
to nothing; and confequently, in the equation 
L 4 | of 
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of y, the fecond term vanifhes. It follows then, 
that the fecond term may be exterminated out 
of any given equation by the following 


RULE. 


€ Divide the coefficient of the fecond term of the 
propofed equation by the number of dimenfions of 
the equatien; and affuming a new unknown 
quantity y, add to it tbe quotient baving its fign 
changed. Then fuppofe this aggregate equal ta 

_ & the unknown quantity in the propofed equation; 
and for x and its powers, fubftitute the aggre- 
gate and its powers, fo [ball the new equation 
that arifes want its fecond term.” 


§ 27. If the propofed equation is a quadratic, 
as x' — fx + 4g = o, then, according to the 
rule, fuppofe y + Lp = x, and fubfticuting this 
value for x, you will find, 


Y+tpy+ ivy. 
- —py— Zp ete. 


And from this example the ufe of exterminat- 
ing the fecond term appears: for commonly the 
folution of the equation that wants the fecond 
term is more eafy. And, if you can find the 

value 
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value of y from this new equation, it is eafy to 
find the value of x by means of the equation 
3-Fzpx For example, 

Since y* + 4 — 1?" = 0, it follows that * 


y —dp-—q,.andy ck —% (0. 


thatx —» + + =Ipt+S/ip—gq = | 
which agrees with what we demonftrated, Chap- 
fer 13. Part I. 


If the propofed equation is a biquadratic, as ~ 


x* — px + qx — rx + s—o,thenby fuppofing 
*—4p—yorx-y-t FP, an equation fball 
arife having no fecond term. And if the pro- 
pofed is of five dimenfions, then you muít fup- 
pofe x —y x $$. Andíoon. 


$28. When the fecond term in any equa- 


^. tion is wanting, it follows, that the equation 


has both. affirmative and negative roots,” and 
that the fum of the affirmative roots is equal 
to the fum of the negative roots: by which 
“means the coefficient of the fecond term, which 
is the fum of all the roots of both forts, vanifhes, 
and makes the fecond term vanifh. 

In general, ** the coefficient of the fecond 
term is the difference between the fum of the 
. affirmative roots and the fum of the negative 
roots :" and the operations we have given ferve 
only to diminifh all the roots when the fum of 
the affirmative is greateft, or increafe the roots 
when the fum of the negative is greatcít, fo 

| as 


— 
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as to balance them, and reduce them to an 
equality. 

It is obvious, that in .a quadratic equation 
that wants the fecond term, there muft be one 
root affirmative and one negative; and thefe 
 $muft be equal to one another. 

In a cubic equation that wants the fecond 
term, there muft be either, two affirmative roots 
equal, taken together, to a third root that muft 
be negative; or, two negative equal to a third 
that muft be pofitive. 

“Let an equation x! — px* + qx —r=o 
be propofed, and let it be now required to exter- 
minate the third term.” 

By fuppofing y = x — e, the coefficient of the 
third termin the equation of y is found (fee equa- 
tion 4) to be 3e°—2pe + 4. -Suppofe that co- 
efficient equal to nothing, and by refolving the 
quadratic equation 36^ — 2e + q — o, you will 
find the value of e, which fübftituted for it in 
the equation y — x — e, will fhew how to trans- 
form the propofed equation into one that fhall : 
want the third term. 

The quadratic 56^ — 29e + 4 — 0 gives 


+f — 
e .PÍvr-u So that the propofed cubic 


will be transformed into an equation wanting the 
third term by fuppofing y — x — EVE — 
bt 2E, | 


Or y zc x — 
d 3 


If 


‘ashe 
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If the propofed equation is of # dimenfions, 
the value of e, by which the third term may be 
taken away, is had by refolving. the quadratic 


NM 2 2 
equation e* + z X e4 -— 








= o, fuppof- 


n Xn—I 


ing — f and + q to be the coefficients of the fe- 


. cond and third terms of the propofed equa- 


tion. 
The fourth term of any equation may be taken 


_- away by folving a cubic equation, which is the 


coefficient. of the fourth term in the equation 


/. when transformed, as in the fecond article of . 


this chapter. The fifth term may be taken 
away by folving a biquadratic; and after the - 
fame manner the other terms can be exterminat- 


- ed if there are any. 


$ 29.. There are other tranfmutations of equa- 
tions, that on fome occafions are ufeful, 

Án equation, as x! — x^ 4+ qx — r = 0, may 
be transformed into another that fball bave its roots 
equal to tbe roots of this equation multiplied by a 
given quantity, as f, by fuppofing y = fx, and 


. confequently x = =, and fubftituting this value 


fpr xin the propofed equation, there will arife - 

3 
i Py + D — f = 0, and multiplying all by 
f^. —fy +f 9y — fr = o, where the co- - 
efficient of the feeond term of the propofed equa- 
tion multiplied into £ makes the coefficient of 
the 
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the fecond term of the transformed equation ; 
and the following coefficients are produced by 
the following ceefficients of the propofed equa- 
, ton (as g, r, &c.) multiplied into the powers of 
FUSS, &c.) | 
Therefore, ** to transform any equation into 
another whofe roots fhall be equal to the roots 
of the propofed equation multiplied by a given 
quantity” (f£), you need only multiply the - 
terms of the propofed equation, beginning at 
the fecond term, by f, f°, f^, f*, &c. and put- 
‘ting y inftead of x there will arife an equation 
having its roots equal to the roots of the pro- 
pofed equation multiplied by (^) as required. 


$ 30. The transformation mentioned in the 
laft article is of ufe when the higheft term of 
_ the equation has a coefficient different from 
wnity; for, by it, the equation may be trans- 
formed into one that fhall have the coefficient 
. of the higheft term unit. | 

If the equation propofed is ax? — px" + gx . 
— 7 = 0, then transform the equation into one 
whofe roots are equal to the roots of the pro- 
.,. pefed equation multiplied by (6). That is, 


| P J.= ax, ore = =, and there will arife | 
zr mA +0_ r= 0; fo that y! — py’ + gay | 

— re! = 0. 0. 

' From 


- 
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^ From which we eafily draw this | 


RULE. 
© Change the unknown quantity € into another ^ 
prefix no éoefficient to the bigbeft. term, pajs 
the fecond, multiply the following Terms, begin~ 
ning with the third, by a, a’, a’, a*, &c. the 
powers of the coefficient of the bigheh term y: the 
propofed equation, refnettively.” — 
Thus the equation 3435 — 13€" 4- 142 w =2, 
is transformed into the equation 
» — 133 c 14 X 3x 2 416 X*- 9 —0,07. 
J'—13y + 427 + 144 =O 
Then finding the roots of this equation, it 
will eafily be difcovered what are the roots of 
the propofed equation : fince 34 — y,.Or« = 3 Je 
And therefore fince one of the values of y is. 
—— 2, it follows that one of the values of x is 
E» ! 
§ 31. By the laft Rule ** as equation is ecafly 
cleared of frattions.? -Suppofe the .equation 


propofed is «* — I: x pt p= —o. Mul- 


tiply all the terms by the produ& of the deno- 

minators, you find 

mne Xx!—mep X x! X meq X x — mnr =o. 

Then (by laft fection) transforming the equation 

into one that fhall haye unit for the coefficicng 

of the higheft term, you find 

(o —m"nep xy + meng xyrmner =o. 
. Or, 
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Or, neglecting the. denominator of the laft 
term -, you need only multiply all the equa- - 
tion by mz, which will give | 
mnxx—mnp X x' mg x e— = . And 


mir 





then y! — »9 x Y* + m'ng xy — = 0. 


Now after the values of y are found, it will 
be eafy to difcover the values of x; fince, in the 
— 2. ; ; — J 
firft cafe, x = mane? n the fecond, x = — 
For example, the equation 
| 146 " 
X x —ix— 27 = 0, is firft reduced to 
n 146 
this form 3x? s —42——= z 0, and.then transe 
formed intoy* x — 12y— 146 — o. | 


Sometimes, by thefe transformations, ** Surds 
y 

are taken away.” As for example, - 

The equation x! — 2a x x^ + qx —rva-o, 


by putting y = ya x x,ore = = is trans- 


formed into this equation, 





sg eva x2 + 9% —rvaco, 
Which by multiplying all the terms by aa, . 
becomes 5* — pay’ + gay — ra^ = 0, an equa- 
tion free of furds, But in order to make this fuc- 
ceed, the furd. (a) muft enter the alternate 
terms beginning with the fecond. 


$ 32. 
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.$ 32. An equation, as x? — px? + qx —r — o, 
may be transformed into one whofe roots fball be 
the quantities reciprocal of x; .by , fuppofing 


I= =, and y = I or, (by one füppofition) . 


#= =, becomes 2° —qQz + prz—r =o. 
. In the equation of y, it is manifeft that the 
order of the coefficients is inverted; fo that if 
the fecond term. had been wanting in the pro- 
pofed equation, the laft but one fhould have 
been wanting in the equations of y and z. If 
the third had been wanting in the equation pro- 
pofed, the laft but two had been wanting in 
the equations of y and z. 

Another ufe of this transformation is, that 
* the greateft root in the one is transformed inta 


. Ec 
tbe leaf root. in tbe otber." For fince x = y* 


and y — - it is plain that when the value of x 
is greateft, the value of y is leaft, and coa- 
verfely. 

How an equation is ; transformed fo as to have 
all its roots affirmative, fhall be explained in the 
following chapter, | 


,CHAP. 
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CHAP. IV. 

Or FINDING tHe ROOTS or EQUATIONS 

WHEN TWO or MORE or THE ROOTS are 
EQUAL to EACH OTHER. 


§ 33. EFORE we proceed to explain how 
to refolve equations of all forts, we 
fhall firft demonftrate “bow dn equation that 
bas two or more roots equal, is depreffed to a 
lower dimenfion ;" and its refolution made, con- 
fequently, more eafy. And fhall endeavour to 
explain the grounds of this and many other 
rules we fhall give in the remaining part of this 
Treatife, in a more fimple and concife manner . 
than has hitherto been.done. 
‘In order to this, we muft look back to § 24.. 
where we find that if any equation, as x! — px” 
+ qx —r =0, 1s propofed, and you are totrans- . 
form it into another that fhall have its roots lefs 
than the, value of x by any given difference, as e, 
you are to affumeé y = x — e, and fubfticuting _ 
for x its value y + e, you find the transformed 
equation, - 


yt 36 + 3ey7 + 6 
— fy —2pey — pe 

+ EL + ge 

- J 


| Where 


=— Oo. 
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Where we are to obferve, | 

f? That the laft term (e! — pe* 4 ge — 7) is 
the very equation that was propofed, having e- 
in place of x. 

2? 'The coefficient of the laft term but one. 
is 3^ — 22e + g, which is the quantity that 
arifes by multiplying: every term of the laít 
coefficient e! — pe* + ge — r by the index of e 
in each term, and dividing the product 3e? — 
ape> + qe by the quantity e that is common to 
all che terms. 

3* The coefficient of the laft term but two 
18 3¢ — p, which is the quantity that arifes by 
“multiplying every term of the coefficient laft . 
found (3¢* — 2pe + 4) by the index of e in each 
term, and dividing the whole by 2¢. 

$ 34. Thefe fame obfervations extend to - 
equations of all dimenfions, . If it is the biquae 
dratic x* — px? 4 qx^ — rx + s =o that is pros 
pofed, then by fuppofing y — x — e, it will be 
transformed into this other, 


y+ 46y! + 68y + gey.t ey, 
— py — 3pey” — 3pe'y — 2e ( 
+ gy’ 240) + 98° =O. 
— ry — re | 
t5 


Where again it is obvious that the laft term is - 
. the equation that was propofed, having e in 
place of x. That the laft term but one has 
| M for 
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for its coefficient the quantity that arifes by - 
multiplying the terms of the laft quantity by 
the indices of e in cach term, and dividing 
the product by e. That the coefficient of the 
laft term but two (viz. 6¢* — 3pe + 9) is de- 
duced in the fame manner from the term imme- 
diately following; that is, by multiplying every . 
term of 46€ — 39€ + 246 —r by the index of 
e in that term, and dividing the whole by e 
. multiplied into the index of y in the term 
fought, that is, by e x 2. And the next term 
. _ 6e* X 2 — 3pe X 1 

IS 46 —— p= — 7 

_ 'T he demonttration of this may eafily be made 
general by the Theorem of finding the powers 
of a binomial, fince the transformed equation . 
confifts of the powers of the binomial y + e that 
are marked by the indices of e in the laft term, 
, multiplied each by their coefficients 1, — f, 4 
0g, ry $5, &c. refpe&tively. 


§ 35. From the laft two articles we can ea- 
fily find the terms of the transformed equation - 
without any involution. The laft term is had. — 
by fubftituting e inftead of x in the. propofed 
equation; the next term, by multiplying every 
part of that Jat term by the index of e in 
each part, and dividing the whole by e; and 
the following terms in the manner defcribed in 

the foregoing article; the refpeCtive divifors 
| being 
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being the quantity e multiplied by the index of 
y in each term. 

The demonftration for finding when two of 
‘more roots are equal will be eafy, if we add to 
this, that, ** when the unknown quantity enters 
- all the terms of any equation, then one of its va- 
lues is equal to nothing.” As in the equation 
x — px + gk = 0, where x — o = o being 
| one of the fimple equations that produce 

— px* 4+ qx = 0, it follows that one of the 
values of xis o. In like manner two of the 
values of x are equal to nothing in this equation 
x3 — px* = o; and three of them vanifh in the 
equation x* — px" = 0. 

It is alfo obvious (converfely) that **if x 
does not enter all the terms of the equation, 
i, e. if the laft term be not wanting, then none 
of the values of x can be equal to nothing ;” 
for if every term be not multiplied by x, then 
X — o cannot be a divifor of the whole equation, 
and confequently o cannot be one of the values 
of x. If x does not enter into all the terms 
of the equation, then two of the values of x 
cannot be equal to nothing. If x’ does not en- 
ter into all the terms of the equation, then 
three of the values of x cannot be equal to no- 
thing, &c. 


|. $36. Suppofe now that two values of x are 
equal to one another, and to e; then it is plain 
that two values of y in the transformed equation 
| | M2 will 
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will be equal to nothing: fince y = x—e, 
And confequently, by the laft article, the two 


Jaft terms of the transformed equation mult 
vanifh. 


Suppofe it is the cubic equation of § 33. that 
is propofed, viz. x! — px” + qx —r =o; and 
becaufe we fuppofe x = ¢, therefore the laft term 
of the transformed equation, viz. e! — pe^ + qe 
— r will.vanifh. And fince two values of y 
vanifh, the laft term but one, viz. 3e'y — 2pey 
+ qy, will vanifh at the fame time. So that 324" 
— 25€ 4-4 — O0. But, by fuppofition, e = x; 
therefore, when two values of x, in the equa- 
tion x! — px" + qx —r = 0, are equal, it fol- 
lows, that 3x* — 2px + 4 =o. And thus, “ the 
propofed cubic is depreffed to a quadratic that 
has one of its roots equal to one of the roots of 
that cubic." 


If it is the biquadratic: that is propofed, viz. 
xt — px? + gx — rx + s = 0, and two of its 
roots be equal; then fuppofing e z x, two of 
the values of y muft vanifh, and the equation of 
$ 34. will be reduced to this form, 


2X + 4e! + 6e0y | 
-_ - p» upper So that 
+ y 


4€ — 3pe 4 2946 —7 = 0; or becaufe « ze, | 
ax — 3px + 29K —r 0 0. 
EE a Jn 
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In general, when two values of x are equal 
to each other, and to e, the two laft terms of 
the transformed equation vanifh: and confe- 
quently,: “ if you multiply the terms of tlie 
propofed equation by the indices of x in each 
term, the quantity that will arife will be = o, 
and will give an equation of a lower dimenfion 
than the.propofed, that fhall have one of its 
roots equal to one of the roots of the propofed 
equation." 


That the laft two terms of the equation vanifh 
when the values of x are fuppofed equal to each 
other, and to e, will alío appear by confidering, 
that fince two values of y then become equal to 
‘nothing, the product of the values of y mutt 


.vanifh, which is equal to the laft: term of the 


equation ;. and becaufe two of the four values of 
J are equal to nothing, it follows alfo that one 
of any three that can:be taken out of thefe four 
muft be = o; and therefore, the products made 
by multlplying any three muft vanifh ; and con- 
fequently the coefficient of the la(t term but one, 
which is equal to the fum of thefe products, 
muft vanifh. 


$ 37. After the fame manner, if there are 
three equal roots in the biquadratic x* — 2x? + 
qx — rx + 5 — o, and if e be equal to one of 
them; three values of y (= « — e) will vanifh, 


and confequently y? will enter all the terms of 


3 i the 


168 A TREATISE of Parr Il. 
the transformed equation ; which will have this 
form, 


A. i» esas z20. So that here 


66 — 3pe + 4 = 6; or, fince e = x, therefore 
6x7 — 3px + ¢ — 0: and one of the roots of 
this quadratic will be equal to one of the roots 
of the propofed biquadratic. 

In this cafe, two of the roots of the cubic 
equation 43! — 3px" + 2qx — r = o are roots of 
the propofed biquadratic, becaufe the quantity 
6x^ — 3x 4 4 is deduced from 4x! — 5px' + 
24x — r, by. multiplying the terms by the in- 
dexes of x in each term. 

‘In general, ** whatever is the number of 
equal roots in the propofed equation, they will 
all remain but one in the equation that is de- 
duced from it by multiplying all the terms by the 
indexes of x in them; and they will all remain 
but two im the equation deduced in the fame 
manner from that ;" and fo of the reft. 

$ 38. What we obferved of the coefficients of 
equations transformed by fuppofing y = x — e, 
leads to this eafy demonftration of this Rule; 
. and will be applied in the next chapter to de- 
monftrate thé Rules for finding the limits of 
equations. 

[t is obvious however, that though we make - 
ufe of equations whofe figns change alternately, 
the fame reafoning extends to all other equations. 

it 
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lt is a confequence alfo of what has been 
demonftrated, that ** if two roots of any equa- 
tion, as x? — pw + qx — r =o, are equal, then 
multiplying the terms by any arithmetical feries, 
asa + 3b, a - 20, a+ D, a, the produ& will 
be = o." ! 

For fince ax? — apx* + aqx — ar — 0; and 
3x — 2px c q x bx = o, it follows that 
ax! + 30x" — apx* — abpx" + aqx + bqx — aro. 


Which is the produé that arifes by multiplying’ 


the terms of the propofed equation by the terms 
of the feries, 2 + 55, a + 205, a + b, a; which 
may reprefent any arithmetical progreffion. 


M4. CHAP, 
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CHAP. V. 


Or rue LIMITS or EQUATIONS. 


$ 39. E now proceed to thew how to 
difcover the limits of the roots of 
equations, by which their folution is much fa- 
C;-:tated. 
Let any equation, as x* — £x* + 4x —r —o, 
be propofed; and transform it, as above, into 
the equation, 


yt jer + 3ey7 t & 
— py —2pey—pel_ 
+ 4» t4c 
— FT 


Where the values of y are lefs than the refpec- 
tive values of x by the difference ¢. If you 
fuppofe e to be taken fuch as to make all the 
coefficients, of the equation of y, pofitive, viz. 
e! — pe + qe — r, 3€ — 2pe + 4, 3e — p; then 
there being no variation of the figns in the 
equation, all the values of y muft be negative ; 
and confequently, the quantity e, by which the 
values of x are diminifhed, mult be greater than 
the greateft pofitive value of x: and confequently 
muft be the limit of the roots of the equation 
ame DX + 4X—T =O. 

Ir 
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It is fufficient therefore, in order to find the 
limit, to ** enquire what quantity fubftituted for 
& in each of theft expreffions x* — px” + gx — r, 
3x — 2px + 9, 3% — p, will give them all po- 
fitive;” for that quantity will be the limit re- 
quired. 

How thefe expreffions are formed from one 
another, was explained in the beginning of the 
Jaft chapter. 


EXAMPLE. 


$ 40. Ifthe equation à! —2x* — 104^ + 3ox* 
+ 63% + 120 z ois propofed ; and it is required 
to determine the. limit that is greater than any 
of the roots; you are to enquire what integer 
» number fubftituted for x in the propofed equa- 
tion, and the following equations deduced from 
it by $ 35, will give, in. each, a pofitive quan- 
tity. | 


px* — 8x3 — 30x" 4 60x + 63 
25x — 6x — 15x + 8 

px —4x — 3$ 

5X —2. 


The leaft integer number which gives each 
of thefe pofitive, is 2 ; which therefore is the 
limit of the roots of the propofed equation; 
ora number that exceeds the greateft pofitive 


root. | 
If 


/ 
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If the limit of the segative roots is required, 
you may, by $ 23, change the negative. into 
pofitive roots, and then proceed as before to find 
their limits. "Thus, in the example.you will 
find that — 3 is the ‘limit of the negative roots. 
So that the five roots of the propofed equation 
are betwixt — 3 and + 2. 

$41. Having found the limit that furpaffes 
the greateft pofitive root, call it s And if you 
affume y — m — x, and for x fubftitute p — y, 
the equation that will arife. will have all its roots 


' pofitive; ' becaufe m is fuppofed to furpafs all 


the values of x, and confequently » — x (— y) 
muft always be affirmative. ^ And by this means, 
*« any equation may be changed into one that ball 
have. all its roots affirmative.” 

Or if — z reprefent the limit of the negative ° 
roots, then by affuming y = x + 2, the propofed 
equation fhall be transformed into one that fhall 


_ have all its roots affirmative; for + s being 


greater than any negative value of x, it follows 
that y z x + 5 mult be always pofitive. 

§ 42. ** The greatefl negative coefficient of any 
equation increafed by unit, always exceeds tbe greate/t 
root of the equation.” 

To demonftrate this, let the cubic x! — px | 
— qx —r = © be propofed ; where all the terms 
are negative except the firft. Affuming y — x — e, 
it will be'transformed into the following equa- 


tion ; 
(4) 


. -— OO ee «0 00 — 
ty 
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0» * ae  ge6y +e 
- py — apey — pet 

' — Q) — 4t 
— 


= 0, 


; 1°. ‘Let us fuppofe that the coefficients Pr 90s 
are equal - to each other; and if you alfo fuppofe 
eu =P. + 1,.then the laft equation becomes . 


ODX toph py try 
| NT + 35. - 0 

ME + 37 
Whete:all the. terms being pofitive, it follows 
that the values of. y are all negative, and that 


‘confequently e, or. +,1,,18 greater than the - 
. . greateft value-of x in the propofed equation. 


. 29, If. q;and r be not = p, but lefs than it, 
and for e you ftill pipe p +1 (fince the ne- 


gative ‘part (71 T m becomes lefs, the — 


pofitive remaining undiminifhed) a. fortiori, all | 
the coefficients of the equation (4) become po- 


fitive. And the fame is obvious if 4 and r have 
.pofitive figns, and not negative figns, as we 


fuppofed. It appears therefore, “ that, if, in 
any cubic equation, p be the greateft negative 
coefficient, then p + 1 muft furpafs the greateft 
value of x.’ 


§ 43. 3°. By the (jme reafoning it appears, _ 
that if g be the greateít negative coefficient of - 
the 
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the equation; and e = 4 4. 1, then there will be 
no variation of the. figns in the equation of y : 
for it appears from..the laft article, that if all 
the three (2, g, r) wére equal to one another, 
and ¢ equal to any one of them increafed by 
unit, as to g + 1, then all ‘the terms of the 
" equation (4) would be pofitive: Now if ¢ be 
fuppofed ftill equal to ¢ 4 1, and ? and r.to be 
lefs than g, then, 2 fortiori, all thefe terms will 
be pofitive, the negative part, which involves p 
and r, being, diminifhed, while the pofitive part 
and the negative involving 4 remain as before. 

4°. After the fame manner it is demonftrated, 
that if r is the greateft negative coefficient in the 
equation, and e is fuppofed — — r t 1, then all. 
the terms of the equation (4) of y will. be po- 
fitive; and confequently r + I will be greater 
than any of the valuesof x..— 

What we have faid of the cubic. equation 
x mem DK” qx f = 0, is eafily applicable to 
others. 

In general, we conclude that ** the greateit 
negative coefficient in any equation increafed Dy - 
unit, is always a limit that exceeds all the roots 
of that equation." 

But it is to be obferved at the fame time, that 
the greateft negative coefficient increafed by 
unit, is very feldom the searef limit: that 
is beft difcovered by the Rule in the 39th 
article, | 

5 44 
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§ 44. Having fhewn in § 41. how to change 


_any propofed equation into one that fhall have 
‘all its roots affirmative; we fhall only treat of 


fuch as have all their roots pofitive, in what re- 
mains relating to the limits of equations, 

, Any fuch fuch equation may be reprefented by 
x—axx—bxx-—«cxx— d &ci = o, whofe 
roots are a, 2, c, d, &c. 

And of all fuch equations two limits are 
eafily difcovered from what precedes, viz. o, 
which is lefs than the leaft, and e, found accord- 
ing to § 39. which furpafies the greateft root of 
the equation. 

But befides thefe, we fhall ‘now fhew how: 
“ to find other limits betwixt the roots themfelves.” 
And, for this purpofe, will fuppofe a to be the 


hu root, é the fecond root, ¢ the third, and fo 


; it being arbitrary. 

$45 If you fubftitute o in place of the un- 
known quantity, putting.x = o, the quantity 
that will atife from that fuppofition- is the laft 
term of the equation, all the others,. that involve 
#, vanifhing. 

If you fubftitute for x a 2 quantity lefs than the - 
leaft root 2, the quantity refulting wiil have - 


the fame fign as the laft term; that is, will be 


pofitive or negative according as the equation is 
of an even or odd number. of dimenfions. For 


. all the factors x — 2, x — 2, x — c, &c. will 
be negative, and their product will be poftive 


or 
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or negative according as their number is even 
or odd. 

If you fubftitute for x a quantity greater than 
the leaft root a, but lefs than all the other 
roots, then the fign of the quantity refulting 
will be contrary to what it was before; becaufe 
one factor (x — 5) becomes now pofitive, all _ 
the others remaining negative as before. 

If you fubftitute for x a quantity greater than 
the two leaft roots, but lefs than all the reft, 
both the factors x — 2, x — », become pofitive, - 
and the reft remain as they were, So that the 
whole produ& will have the fame fign as the 
laft term of the equation. Thus fuccefüively 
placing inftead of x quantiües that are limits 
betwixt the roots of the, equation, the quanti- 
ties that refult will.have alternately the, figns + 
and —. And, comver/ely, ** if you find quanti- 
ties which fubftituted in place of x in the pro- 
pofed equation, do give alternately pofitive and 
negative refults, thofe quantities. are, the limits 
of that equation.” 

It is ufeful to obferve, that, in general, 
“when, by fubftituting any two numbers for 
x in any equation, the refults have contrary 
figns, one or more of the roots of the equation 
muft be betwixt thofe numbers.” Thus, in 
the equation x? — 2x*— 5 zo, if you fubfti- 
tute 2 and. 3 for x, the refults are — 5, + 4; 
whence it follows that the roots are betwixt 2 

and 
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and 3: for when thefe refults have different figns, 
one or other of the factors which produce the 
equations muft have changed its fign; fuppofe it 
is x = e, then it is plain that e muft be betwixt | 
the numbers fuppofed equal to x. 

§ 46. Let the cubic equation x? — 9x* + gx 
— r = 0 be propofed, and let it be transformed, 


- by affuming y = x — e, into the equation 


x30) + 307+ 0 
— py — 2pey— peli, 

* 4X» + 4€ 

—f 
. Let us fuppofe e equal fucceffively to the three 
values of x, beginning with the leaft value; and 
becaufe. the laft term &? — pe* + 2e — r will 
vanifh in all thefe fuppofitions, the equation will 
have this form, 


— py — 2pep= 
+ 9 


where the laft term 3¢* — 2p¢ + 4 is, from the 
nature of equations, produced of the remaining 
values of y, or of the exceffes of two other values 
of x above what is fuppofed equal to e; fince 
always y — x —e. Now, 

1*. If e be equal to the leaft value of x, then 
thofe two exceffes being both pofitive, they 
will give a ‘pofitive product, and confequently 
36 —2 Pt + 4 will be, in this cafe, pofitive. 

2°. 


M+ 307 + 307 


| 
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2°, If e be equal to the fecond value of «x, 
then, of thofe two exceffes one being negative 
and one pofitive, their produ& 36 —2pe t4 
will be negative. 


3°. If e be equal to the third and ‘greateft 
value of x, then the two excefles being both ne- 
gative, their product 3e* — ape + @ is pofitive. 
W hence, 

If in the equation 3¢* — ope 4 4 — 0, you 
fubftitute fucceffively in the place of e, the three 
roots of the equation & — pe” + 2e— r — o, 
the quantities refulting will fucceffively have the 
figns +, —, +3 and confequently the three 
roots of the cubic equation are the limits of the 
roots of the equation 3e¢*° — 2pe + 4 — o (by 
$ 45.) That is, the leaft of the roots of the 
cubic is lefs than the leaít of the roots of the 
other; the fecond root of the cubic is a limit 
between the two roots of the other; and the 
greateft root of the cubic is the limit that ex- 
ceeds both the roots of the other. 


$ 47. We have demonftrated that thé roots 
of the cubic equation & — pe* + qe — r = oare 
limits of the quadratic 3e* — 22e + 2; whence it 
follows (converfely) that the roots of the qua- 
.dratic 3e" — 29e + 4 = O are the limits between © 
the firft and fecond, and between the fecond and 
' third roots of the cubic &! — pe* + 2e -—-r — 0... 
So that if you find the limit that exceeds the 
2 greateít 


LI 
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greateít root of the cubic, by $ 39. you will 


have (with 9, which is the limit lefs than any 


of the roots) four limits, for the three roots of 


' the propofed cubic. 


- It was demonftrated in § 35, how the qua- 


dratic 3 et — 2pe + q is deduced from the pro- 


pofed cubic & —=pe* + ge—7= o, viz. by 
multiplying each term by the index of e in it, 
and then dividing the whole by e; and what we 
have demonítrated of cubic equations is eafily 
extended to all others; fo that we conclude, - 
** that the laft term but one of the transformed 
equation is the equation for determining the 
limits of the propofed equation.” Or, that the 
equation arifing by multiplying each term by the 
index of the unknown quantity in it, is the equa- 
tion whofe roots give the limits of the propofed 
equation ; ; if you add to them the two mention- 
ed in § 44. 


/$ 48. For the fame reafon, it i plain that 
the root of the fimple equation 3e — p — o, 
(i. e. +p) is the limit between the two roots of 
the quadratic 3¢* — 29e + q - 0. And, as 
46€ — 3pe^ + 24e —r—o gives three limits of 
the equation .c* — pe* + ge*— re + s = o, fo 
the quadratic 66^ — 3pe + 4 = o gives two li- 
mits that are betwixt the roots of the cubic 
46 — 3pe” + 246 —r = 0; and 4e — » — o 
gives one limit that is betwixt the two roots of 


N- the 
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the quadratic 66^ — 3p¢ +¢ — 0. Sothat we 
have a complete feries of thefe equations arifing 
from a fimple equation to the propofed, each of 
which determines the limits of the following 
equation. 


$49. Iftwo roots in the propofed equation. 
are equal, then ** the limit that ought to be be- 
twixt them muft, in this cafe, become equal to 
one of the equal roots themfelves." Which 


perfectly agrees with what was demonftrated in | 


the laft chapter, concerning the Rule for finding 
the equal roots of equations. 

And, the fame equation that gives the Ir- 
mits, giving alfo one of the equal roots, when 
two or more are equal, it appears, that ** if 
you fubftitute a limit in place of the unknown 
quantity in an equation, and, inftead of a po- 
fitive or negative refult, it be found — o, then 
you may conclude, that not only the limit it- 
felf is a root of the equation, but that there are 
two roots in that equation equal to it and to one 
another." - 


$ 5o. It having been demonftrated that the. 
roots of the equation. à? — px* 4+ gx —r =o 
are the limits of the roots of the equation 
3*4 — 2px + q = o, the three roots of the cubic 
equation, which fuppofe to be a,2,c, fubfti- 
tuted for x in the quadratic 3x' — 2px + 4, 
muft give the refults-pofitive and negative aker- 
nately. 
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nately. Suppofe thefe three refults to ‘be + NV, 
> M, 4 L; that is, 3a*—e924+ 9 = N, 
30 — 29b 4-q0— —M, 3° —2p¢+¢=L; and 
fince a! —?2* + qa —r z 0, and 34! — 2pa* + qa 
zz NV X a, fubtracting the former multiplied into 
3 from the latter, the remainder is pa? — 242 + 
-3r=Nx a. Inthe fame manner p?" —2gb + 
37 = — Mx db, and pc? — ogc + 3r b Lx c. 
Therefore px* — 24x + 3r is fuch a quantity that 
if, for x, you fubftitute in it fucceffively a, 2, c, 
the refults willbe +N xa,—Mxd,+L xe. 
Whence a, 5, c, are limits of the equation px* —. 
2qx + 3r = o (by $ 45.) and, conver/ely, the roots 
of the equation px* —» 29x + 3r = o are limits 
between the firft and fecond, and between 
the fecond and third roots of the cubic x? — 
px’ + qx—r=o. Now the equation px* — 
29x + 3r = O arifes from the propofed cubic by 
multiplying the terms of this latter by.the arith- 
metical progreffion o, — 1, — 2, -— 3. And 
in the fame manner it may.be fhewn that the 
roots of the equation pr — 29K" + 3rx — 4570 
are limits of the equation ^ — pe + qx — f 
4 $—O. QU 

Or multiply the terms of the equation 

x — OX +X — FT =O 
by a4 + 34,4 + 24,4 + 5a 











ax — apx^ + aqx — ar (— c) 
+ 3b — sip + bgx (23e — ap 4 xix), 
N 2 any 
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any arithmetical feries where a is the leaft term 
and. 4 the common difference, and the products - 
(if you fubfticute for x, fucceffively, a, 5, c, 
the three roots of the propofed cubic) fhall be 
+N x bx, —M x bx, ^ L x bx. For the firít 
part of the product a x x? — px* 4+ qx —r —0; 
. and a, 4, e, being limits in the equation 3x*-— 
25x + 4 — 0o, their fubftitution mutt give refults, 
IN, M, L, alternately pofitive and negative. 


In general, the roots ef the equation 1" — 
pr! + qun r3 + Se, = 0 are limits of 
the roots of the equation zx"—! — 4 — 1 x px" 
+2 X GX — nN — 3X re 4G. = 0; 
or of any equation that is deduced from it by 
multiplying its terms by any arithmetical pro- 
greflion a= 2, azxp b, azp 3b, a7 4b, &c. And 
converfely, the roots of this new equation will 
be limits of the propofed equation, 

x" — px"—i d qx — Fe, = 0. 

* If any roots of the equation of the limits 
ere impo[ible, then muft there be fome reots of” 
the propofed equation impofible.” For as (in 
§ 46.) the quantity 3e* — 2pe + 4 was demon- 
{trated to be equal to the product of the ex- — 
ceffes of two. values of x above the third fup- 
pofed equal to e; if any impoffible expreffion be 
found in thofe exceffes, then there will of con- 
fequence be found impoffible exprefüons in thefe 
two values of x, ! 

And 
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And **írom this obfervation rules may be 
deducéd for difcovering when there are. impof- 
fible roots in equations." Of which we fhall 
treat afterwards. 


& 51. Befides the method already explained, 
there are others by which limits may be deter- 
mined, which the root of an equation cannot 
exceed, 

Since the fquares of all real ,quantities are 
affirmative, it follows, that **;be fum of the 
Squares of the roots of amy equation muf be 
greater than the fquare of the greateft root.” 
And the fquare root of that fum will therefore 
be a limit that muft exceed the greateft root of 
the equation. . 

If the equation propofed i isa” — px"? + gxr—s 
— rx’—3 + Gc. = 0, then the fum of the fquares | 
of the roots (by § 15.) willbe p> — 29. So that 
V 2^ — 2g will exceed the greateft root of that 
equation. 

Or if you find, by § 16, the fum of the 4th 
powers of the roots of the equation, and ex- 
tract the biquadratic root of that fum, it will 
alfo exceed the greateft root of the equation. 


§ 52. Ifyou find a mean proportional be- 
tween the fum of the fquares of any two roots, 
4 b, and the fum of their biquadrates (a* + uu 
this mean proportional will be 
V/a dab aX. And the fum of the 

N 3 cubes 
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cubes is 4^ + 5°. Now fince à' — 24b : 5’ is 
the fquare of a — 5, it mutt be always pofitive ; 
and if you multiply it by 4'£, the product 
a* b^ — 2a! D + a^ P will alfo be pofitive; and 
confequently a*3* + 4^ 1* will be always greater 
than 24°43, Add 4* + 5°, and we have 45 + 
al 4 al + b greater than a° + 22! P + 25; 
and extracting the root </a° + a*b* + a’b*-4 5° 
greater than a4! + 2. And the fame may be 
demonftrated dof any number of roots what- 
ever, 


Now if you add the fum of all the cubes 
taken affirmatively to their fum with their proper 
figns, they will give double the fum of the 
cubes of the affirmative roots. And if you 
fubtract the fecond fum from the firft, there 
will remain double the fum of the cubes of the 
negative roots. Whence it follows, that ** half 
the fum of the mean proportional betwixt the 
fum of the fquares and the fum of the biqua- 
drates, and of the fum of the cubes of the 
roots with their proper figns, exceeds the fum | 
of the cubes of the affirmative roots:'" and 
** half their difference exceeds the fum of the 
cubes of the negative roots," — And .by ex- 
tracting the cube root of that fum and diffe- 
rerice, you will obtain limits that fhall exceed 
the fums of the affirmative and of the negative 
roots, And fince it is eafy, from what has 

ME been 


\ 
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been already explained, to diminifh the roots 
of an equation fo that they all may become ne- 
gative but one, it appears how by this means 
you may approximate very near to that root. 
But this does not ferve when there are impofible 
roots. 

Several other Rules like thefe might be given 
for limiting the roots of equations. We fhall 
give one not mentioned by other Authors. 

In acubicx’—px* + gx—r — o find g^ — 2pr, 
and call it ¢; then fhall the greateft root of 


the equation always be greater than z or 
Je. And, 

In any equation HM me pari GX? — ry 
+ Gr. — o find 2” T. and extracting the 


root of the fourth power out of that quantity, 
it fhall always be lefs than the greateft root of 
the equation. 


N 4 CHAP. 


: ee x. 0. - =e -— hi - 
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CHAP. VI. 


Or tHz RESOLUTION or EQUATIONS, ALL 
. wHosE ROOTS are COMMENSURATE. 


$53. [ T. was demonfítrated in Chap. 2. that 

the laft term of any equation is the 
produ& of its roots: from which it follows, 
that the roots of an equation, when commenfu- 
rable quantities, will be found among the di- 
vifors of the laft term. And hence we have for 
vhe refolution of equations this 


R U L E. 


Bring all the terms to one fide of the equation, 
find all tbe divifors of the laft term, and fub- 
Stitute them fucceffively for the unknown quan- 
tity in the equation. So fhail that divifor 
which, fubflituted in this manner, gives the 
refult = 0, be the root of tbe propofed equa- 


Hon. 


For example, fuppofe this equation is to be 
refolved, 


e — 30K" + 24% — 24 


— bx” + 3abx [79 


where the laft term is 2a ^ whofe (imple lite- 
ve ral 
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. ral divifors are 2, 5, 25, 2b, each of which may 


be taken either pofitively or negatively : but as 
here we find there are variations of figns in the 
equation, we need only take them pofitively. 
Suppofe x = z the firít of the divifors, and fub- 
ftituting s for x, the equation becomes 


543454 24—24')) - | . 1 v 
° _ N » ° 0r,34*—3a* + 345 —3a bé. 
So that, the whole vanifhing, it follows that 2 
is one of the roots of the equation, 

After the fame manner, if you fubftitute 3 i in 
place of x, the equation is 


bs — gab + 20° — 20%) _ | 
— DP + 300" M 


which vanifhing fhews 4 to be another root of 

the equation. | 
Again, if you fabftitute 24 for x, you will 

find all the terms deftroy one another fo as to 


make the fum = o. For it will then be, 


8455 — 125 + 42° — 2a 
— 44b + 6a°b =% 


‘Whence we find that 24 js the third root of 


the equation. "Which, after the firft two (+ a, 
+ 5)-had been found, might have been collected 
from this, that the laft term. being the product 
of the three roots, + 2, + é being known, 

3 . the 
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the third muft neceffarily be equal to the laft 
term divided by the product 445, that is, = 
2a*b 
ab 

Let the roots of the cubic equation 

x! — 2x' — 33% + go = o be required. 
And firft the divifors of go are.found to be. 
I, 2, 3; 5) 6, 9, 10, 15, 18, 30, 45, 90. If you 
fubftitute 1 for x, you will find x — 2x? — 33x 
+ 90 = 56; fo that 1 is not a root of the equa- 
tion. 1f you fubftitute 2 for x, the refult will 
be 24: but putting x = 3, you have 
a3 —2x*—33x 90227 — 18—99 4 g0z117 —117—0. 
So that 3 is one of the roots of the propofed 
equation. The other affirmative root is + 6, 
and after you find it, as it is manifeft from the 
equation, that the other root is negative, you 
are not to try any more divifors taken pofitively, 
but to fubftitute them, negatively taken, for x: 
and thus you find that — 6 is the third root. 
For putting X = — 6; you have 
x'—.2x — 33x + g0— — 216 — 724198 + 90=0. 
— This laf; root might have been found by di- 
viding the aft term 9o, having its fign changed, 
by 15, thé produ& of the two roots already 
found. 

$ 55. When one of the roots of | an equation 
is found, in order to find the reft with lefs trou- 
ble, divide the propofed equation by the fimple 
equation which you are to deduce from the root 

already 





— 224. 


$ 
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already found, and the quotient fhall give an 
/ - equation of a degree lower than the propofed ; 
whofe roots will give the remaining roots re- 
quired. | 
As for example, the root + 3, firft found, 
gave x = 3 or x — 3 = o, whence dividing thus, 
4 — 3) 0? — 2x — 33% + 9o (X^ + x—39- 
X — 3x" u | 
&— 338 + 99 
aK — 
— 30% + 90 
ox tgo. 








o Oo 
The quotient fhall.give a quadratic equation 
x + x — 30 = o, which mutt be the produ& of 
. » the other two fimple equations from which the 
cubic is generated, and whofe roots therefore 
muft be two of the roots of that cubic. 

Now the roots of that quadratic equation are 
eafily found by Chap. 13. Part I. to be + 5 and 
— 6, For, | 

x* ox = 30; 


I I 12I 

add oe K+ KK — — ot- = 
i t1 3 n 4? 

I I2I II 

- — + — 

V ex4i2xJ =i yt 
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§ 76. After the fame manner, if the biqua- 
dratic x* -— 24? — 26x* + 26x + 120 = o is to 


be refsived ; by fubftiruting the divifors of 120 . 


for x, you will find that + 3, one of thofe di- 
vifots, is one. of the roots; the fubftitution of 
3 for x. giving 81 — 54 — 225 + 78 + 120 — 
279 —279 —0, And therefore dividing the pro- 
pofed equation by x — ,$, you muft enquire for 
the roots of the cubic x! + x* —— 22x = 40 = 0, 
and finding that + 5, one of the divifors of 46, 
1s one of the roots, you divide that cubic by 
& — 5, and the quotient gives the quadratic 
X^ + 6x + 8 — 0, whofe two roots are — 2, — 4. 
So that the four roots of the biquadratic are 
+ 3. + Sy mo 2, —4A4. 

— §57.. This Rule fuppofes that you can find 
all the divifors of the laft term; which you may 
always do thus. | 


^ Jf it is a fimple quantity, divide it by its leaft 
drvifor that exteeds unit, and the quotient again 
i 5 its leaf divi Yor, proceeding thus till you bave 
& quotient that is not divifible by any number 
greater than unit.” This quotient, with thefe 
divifors, are the firft or fimple divifors of the 
quantity. And the products of the multipli- 
cation of any 2, 3, 4, €¢. of them are the 
compound divifors, 


As, to.nd the divifors of 60; firft I divide 
by 2, and the quotient 30 again by 2, then the 
. next 
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“ext quotient 14 by 3, and the quotient of this 

divifion 5 is not farther divifible by any integer 

above unit; fo that | 
The fimple divifors are ...... 2, 2, 3, §. 
The products of two, . . . « . 49 6, 10, 15. 
The products of three, . . . . . 32, 20, 30. 
The products of all four, . .. ., :. . 60 


The divifors of go are found after the fame 


manner, 


Simple divifors, ........2, 5 3 Se 
The produéts of two, . ... . 6, 9, 10, 16. 
The products of three; . . . . 18, 30, 45. 
The product of all four, . . .. ..... 9o. 


The divifors of 21227. 


The fimple divifors, . ... . . 3, 7, a, &, & 
The products of two, 21, 32, 3^, 74,7, ab, bb. 
'The products of three, 214, 215, 32b, 325, 

. 745, 7bb, abb. 
The products of four, 214), 2155, 3abb, 7abb. 
The product of the §,.....-. « 214bb. 


§ 58. But as the laft term may have very 
many divifors, and the labour may be very 
great to fubftitute them aH for the unknown 
quantity, we fhall now fhow how it may be - 
abridged, by limiting to a fmall number the 
divifors you are to try. And firft it is plain, 
from § 42, that ** any divifor that exceeds the 

greateft 
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greateft negative coefficient by unity is to be 
neglected.” Thus in refolving the equation 
x*— 2x5 — 25% 4 26x + 120 = 0, as 26 is 
the 'greateft negative coefficient, we conclude - 
that the divifors of 120 that exceed 26 may be 
be neglected. 


But the labour may be ftill abridged, if we 
make ufe of the Rule in § 39; that is, if we find 
|. the number, which fubftituted in thefe following 
_ expreffions, 


A — KF — 2px^ + 26x -* 120, 
2x — 3x — 25x + 13; 

6x* — 6x — 25, 

2x4 =m J, 


will give in them all a pofitive refult; for that 
number will be greater than the greateít root, 
and all the divifors of 120 that exceed it may 
be neglected. 


That this inveftigation may be eafier, we 
ought to begin always .with that expreffion, 
where the negative roots feem to prevail moft; 
as here in the quadratic expreffion 6x* — 6x — 25 ; 

- where finding that 6 fubftituted for x gives that 
expreffion pofitive, and gives all the other ex- 
preffions at the fame time pofitive, I conclude 
that 6 is greater than any of the roots, and that 
all the divifors of 120 that exceed 6 may be: 
heglected, — 
. Ó If 
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If the equation x! + 11x* + 10:— 72 — ois ' 
propofed, the Rule of $ 42. does not help to 
abridge the operation; the laft term itfelf be- 
ing the greateft negative term. But, by § 39, 
we enquire what number fubftituted for x will 
give all thefe expreffions pofitive : 


xp LIX” 4 r0x — 72, 
3x” 22x + 10, | 
ge c d. 


Where the labour is very fhort, fince we need 
. only attend to the firft expreffion ; arid we fee 
immediately that 4 fubftituted for x gives a po- 
fitive refult, whence all the divifors of 72 that 
exceed 4 are to be rejected; and thus by a few 
trials we find that -- 2 is the pofitive root of 
the equation. Then dividing the equation by 
x — 2, and refolving the quadratic equation that 
is the quotient of the divifion, you find the other 
two roots to be — 9, and — 4. | 


$ 59. But there is another method that re- 
duces the divifors of the laft term, that can be 
ufeful, fill to more narrow limits. 

Suppofe the cubic equation x! — px” 4 4x — r 
= ois propofed to be refolved. Transform it 
to an equation whofe roots fhall be lefs than 
the values of. x by unity, affuming y = x —— 1. 
And the la(t term of the transformed equation 
will be 1 —p + 2 —r; which is found by fub- 
ftituting unit, the difference of x and y, for x, 

in 
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in the propofed equation; as will eafily appear 
from § 24. where, when y = x — e, thelaft term 
of the transformed equation was e? — pe* + 4e — r. 

Transform again the equation x! — x^ + gx 
— r — 0, by affuming y = x + 1, into an equa- 
tion whofe roots fhall exceed the values of « 
by unit, and the laft term of the transformed 
equation will be — 1 — ? —4 — r, the fame 
that arifes by fubítituting — 1, the difference 
betwixt x and y, for x, in the propofed equa- 
tion. '* | 

‘Now the values of x are fome of the divifors 
of r, which is the term left when you fuppofe 
x — 0; and the values of the y’s are fome of the 
divifors of + 1 —? --2 —r,andof — 1 —2? —4—r, 
refpectively. And theíe válues are in arithme- 
tical progreffion increafing by the. common dif- 
ference unit; becaufe x — 1, x, x + 1, are in 
that progreffion. And it is obvious the fame 
reafoning may-be extended to any equation of 
whatever degree. So that this gives a general 
method for the refolution of equations ‘whofe 

roots are commenturabie. 


RULE. 


“ Subftitute in place of the unknown quantity fuc- 
ceffively tbe terms of the progreffon 1, 0, 
— 1, &c. and find all the divifors of the fums 
that refult; then take out all the arithmetical - 
progrefions you can find among thefe divifors, 

s whofe 
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whofe common difference is unit ; and the values 
of « will be among the divifors arifing from tbe 

fubfiitusions of x = o that belong to thefe pro- 
grefions.” The values of * will be affirmative 
when the arithmetical progreffion increafes, 
but'négative when it decreafes. 


EXAMPLE. 
§ 6c. Let it be required to find one of the 


‘roots of the equation x? —x* + 10x + 6 =o, 
' ‘The operation js thus: 


Sep. SCR. |Dieiors. Arttb. prog. decr. 
HT TL] wee cree . 1,2,4. 
x= o aat -IOx J-6zz 4 6|1,2,3,6 





4 . ' 
girar — 3 


Where the fuppofitions of x = T, = =o,x=—1 
give the quantity x* — x* ~ 16x +. 6 equal to — 4, 
6, 14; among'whofc divifors we find only one 
arithmetical progreffion, 4, 3, 2; the term of 
which oppofite to the fuppofition of x = o, be- 
ing 3, and the feries decreafing, we try if — 5 
fubfticuted for x makes ‘the equation vanith ;. 

which fucceeding one of its ropt$ muft be — 3... 
Then dividing the equation by & + 3, we find 

the roots of the (quadratic) quotient 


x^ — 4X + 2m 0are 2+ ya. 
$ 61. If it is required to find the roots of the 
equation &* — 3X^ — 46x — fi = o, the ope- 
ration will be thus: 


o. Suppof. 


* 
é 
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Suppof.| Refults Divifors. 


x= 1]— 120]1,2, 3,4, $,6, 8, 10, 12, 15, 20, 24, 30, 40, 60, 120. 
X-— Of 721, 25 32 4 95 8, 9, 125 18, 24, 36, 7? 
=—1]/— 30lr 2, 3, 5; 6, 10, 15, 30- 


- 





Of thefe four arithmetical progreffions havifi& 


their common difference equal to unit, the firft 


\ 


gives 


e 
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ives x = 9, the others give x = — 2, x = — 3, 


X — — 4; all which fucceed except x = — 3: fo 
that the three values of x are + 9, — 2, — 4. 


4 





CHAP. VII. 


Or THE RESOLUTIONS or EQUATIONS sr 


FINDING tHE EQUATIONS or a LOWER 
' DEGREE THAT ARE THEIR DIVISORS. 


$ 62. O. find the roots of an equation is the : 
fame thing as to find the //mp/e equa 
tions, by the multiplication of which into one 
another it is produced, or to find the fimplé 
equations that divide it without a remainder, 


If füch fimple equations cannot be found, 
yet if we can find the quadratic equations from 
which the propofed equation is produced, we 
may difcover its roots afterwards by. the refolu- 
tion of thefe quadratic equations. Or, if nei- 
ther thefe fimple equations nor thefe quadratic 
equations can be found, yet, by finding a cudi¢ 
or biguadratic that is a divifor of the propofed 
equation, we may. deprefs it lower, and make | 


the folution more caly. : 


o a Now 
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Now, in order to find the Rules by which 
thefe divifors may be difcovered, we fhall fup- 
pofe that 


mx «n .fimple 
mx —mnx-cr far he} aoa 
eo gx — nx ATK S cubic 
divifors of the propofed equation; and if E re- 
prefent the quotient arifing by dividing the pro- 
pofed equation by that divifor, then 

Exmx—n, 

Ex mx — ne +7; 
or, E x mx! — nx + rx os, will reprefent the 
propofed equation itfelf. Where it is plain, 
that © fince m is the coefficient of the higheft 
term of the divifors, it muft be a divifor of the 
soefficient of the higheft term of the propofed 
equation," 


§ 63. Next we are to obferve, that, fuppofing : 
the equation has a fimple divifor mx n, if 


. we fubftitute in the equation E X mx — A, io 
place of x7 any quantity, as 2, then the quan- 
tity that will refult from this fubfticution will 
neceflarily have ma — a for one of its divifors; 
‘fince, in this fubftituuon, wx — m. becomes 
ga — kh, 

If we fubfticute fuccefüively for x any arith- 
metical progrefüon, 2, 4 — e, 4 — 2e, &c. the 
quantities that will refult from ‘thefe fubftitutions: 
will have among their divifors 
. . 6 
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"d — 9 ' 

"a -— me -—n, 

na—-—2ome-—n, which are alfo in arithmé- | 
tical progreffion, having their common difference 
equal to me. 

If, for example, we fubftitute for x the terms 
of this progreffion, 1, o, — 1, the quantities 
that refult.have among their divifors the arith- 
metical progreffion m — 5», — 2, —m—n; 
or, changing the figns, » — m, sm, n+ m. - 
Where the difference of the terms is m, and the 
term belonging to the. fuppofition of x=0 

is 9. 


$64. It is manifeft therefore, that when an 
equation has any fimple divifor, if you fubfti- 
tute for x the progreffion 1, o, — 1, there will 
be found amongft the divifors of the fums that 
refult from thefe fubftitutions, one arithmetical 
progreffion at leaft, whofe common difference. 
will be unit or a divifor ‘m of the coefficient of 
the higheft term, and which will be the coeffici- 
eht of x in the fimple divifor required; and 
whofe term, arifing from the fuppofition of 
x = o, will be 7 the other member of the fimple _ 
. divifor mx — 2. 4 

From which this Rule is deduced for difco- . 
vering fuch a fimple divifor,. when there is. 
any, : 
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RULE. | 


* Subjtitute for x in tbe propofed equation fuce. 
ctffrvely the numbers 1, 0, — 1. Find all the. 
divifurs of tbe fums that refult from this fub- 
fitution, and take out all the arithmetical 
progreffions you can find amongft them, whofe . 
difference is unit, or -fome divifor of the. co- 
efficient of the bigheft term of the equation, 
Then fuppofe n equal to that term of any one 
progrefion that arifes. from the fuppofition of. 
« — o, aud m= the forefaid divifor of the 
coefficient of the bigbeft term of the equation, 
which m is alfo the difference of the terms of 
ibis progrefion; fo fball you báve mx — n 
for the divifor required." | 


You may find arithmetical progreffions giv- 
ing divifors that will not fucceed ; but if there’ 
is any divifor, it will be found thus by means of* 
thefe arithmetical progreffions. 


§ 65. Ifthe equation propofed has the coef- 
ficient of its higheft term = 3, then it will be 
5 — 1, and the divifor will be x — ”, and the 
: rule will coincide with that given in the end of 
the laft chapter, which we demonftrated after a. 
different manner; for the divifor being x — 7, 

the value of x will be + s, the term of the 
 progrefüon that is a divifór of the fum that. 
arifes from fuppofing x = o. Of this cafe we 
| gave 
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gave examples in the laft chapter; and though 
it is eafy to reduce an equation whofe higheft 
term has a coefficient different from unit, to one 
where that coefficient fhall be unit, by § 30; 
_ yet, without that reduction, the equation may be 
 refolved by this rule, as in the following - 


EXAMPLE, 


§ 66. Suppofe 8x? — 26x" + 11x +10 — 0, 
and that it is required to find the values of x; 
the operation is thus : 







Divifors. Progr. 
+ 3|053. 3 





I 3h. 
= peine rrom [rhe $ 


— I QV o7 35115557535] 7l 


The difference of the terms of the laft arith-- 


metical progreffion is 2, a divifor of 8, the co- 
efficient of the higheft term x* of the equation, 
therefore fuppofing m = 2,n = 5, we try the 
divifór 2x — 5; which fucceeding, it follows 
that 2» — 5 — 0, or ¥ = at. 


The quotient is the quadratic 4x^ — 3x — 2 





3t VAT and 3- wat | 


. 30, whofe roots are 3 





.à 


fo that the three. roots of the propofed equation 


are ai, IX 2d The other arith- 





n Q 4 metical | 


oe 
a | ee 
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metical progreffion gives x +4 2 for a divifor, 
but it docs.not fucceed. 


$ 67. If the propofed equation has no fimple 
divifor, then we are to enquire if it has not fome 
quadratic divifor (if itfelf is an equation of more 
than three dimenfions). 

An equation having the divifor mx* — nx + " 
may’ be expreffed as in the firft article of this 
chapter by E x mx* — nx + r; and if we fub- 
ftitute for x any known quantity a, the fum that 
will refult will have ma* — 2a + r for one of its 
divifors; and, if we fubftitute fucceffively for 
x the progreffion 2, 2 — e, 2 — 26, a— 3e, &ew , 
"the fums that arife from this fubfticution will 


haye 


i 
sme a—dd —»^»X*Xa—ce-tr, 
2 
mx a—2l —~ xX a—26 f, 








Mm X G— 36 —nXa-3 +7, 
&c. 


. amongft their divifors, refpectively.. 


Thefe terms are not now, as in the laft cafe, 
in arithmetical progreffion ; but if you fübtra& 
them from the fquares of the terms 4, 4 — e, 
4 — 26, à — 3e, &c. multiplied by m a divifor : 
of the higheft term of the > propofed, equation, — 
that is from | 


a 


- ea 
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ma, | 
mx*xa—e), 

m X a — 20, 
m X à — 3d , &c. the remainders, 


mene 


2g -—?, 


hj 


2 Xx:a—e-—r, 

n X 4 -—26 —r, 

n X à — 3e — r, &c. fhall be in | arithme- 
tical progreffion, having their common diffe- 
rence equal to z X e. 


If, for example, we fuppofe the affumed pro- 
greffion.g, 4 — £, a —— 2e, a — 3¢, &c. to be 
2, 1, 0, — 1, the divitors will be 


4m ORE qw AO) 
"- n" MA fubtracted ^ refpectively, 


+ from 
Mints, 9» 


leave 27 —r, 
2.07. gp-—r, 
-— rs 
—  —r, an arithmetical progreffion, whofe 
difference is + 7; and whofe term arifing from 
the fubftitution of o for * is — f 





From which it follows, that by this operà- 
tion, if the propofed equation has a quadratic 
divifor, you will find an arithmetical progref- 

4 .. fion 
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fion that will determine to you » and r, the co- 
efficient s being fuppofed known; fince it is 
unit, or a divifor of the coefficient of the higheft 
term of the equation. Only you are to obferve, 
that if the firft term mx’ of the quadratic di- 
vifor is negative, then, in order to obtain an 
arithmetical progreffion, you are not to fub- 
tract, but add the divifors — 4m — on 4 r, 
— hmm N+ ^» trn—m * n * r, tQ the terms 


Mn My Q, fh. 


4 68. The general Rule therefore, deduced: 
from what we bave faid, is, ! 


te Subiitute in the propofed equation for x the 
 ferms 2, 1, 0, ——1, &c. fuccefively. Find- 
all tbe divifors of the Jums that refult, add- 
. ing and fubtratting them from the fquares. of 
thefe numbers, 24 1, O, — 1, &c. multiplied by 
a numerical divifor of ‘the bigbefl term. of-the 
propofed equation, and take out all tbe arith- 
metical progreffions that can be found among ft- 
thefe fums and differences. Let r~be that 
term in any progreffion that artfes from the 
fubftitution of x = o, and let x: n be. tbe di iffe- 
ence. arifing from fubtrafting that term from 
the preceding t8rm in the progreffion; lafiy, let - 
m be the aforefaid divifor of the bigheft term; 
‘then fball mx* + nx — r be the divifor that 
ought to be tried." And one, or other of 


1 the 


’ U 
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the divifors found in this manner will fuc- ~ 


ceed, if the propofed equation has a qua- - 
dratic divifor. -. 


$ 69. Suppofe, for example, the biquadra- ' 
tic x* — sx? + 7x* — 5x — 6 = ois propofed, 
which has no fimple divifor; then to difcover 
if it has any quadratic divifor, the opegation is 
thus; 


Sappy. 
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Suppo jun. 











'— o|— zat, 
= H— Sir, 
= O— .6|t, 


x -—-—I|4 ris, 








e “ . ' < 
Divifors. . |B" 
a 


2; 3 45 6, 12. 4. — 8, —2, o; I; 2; 3» 535 6, 7» 9, IO, 16. 
2, 4, 9. I 15——3—1,0,2, 3; 5; 9. 
2, 3 6. Ol— 6,—3,—2,— 1, I, 2, 3, 6. 











2; 3545 6, 12.| 1]— 11,—5,—3,—2,—1,0,2,3,4,5,7,13. -1 —5 













The 
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The firft arithmetical progreffion gives the 
divifor x* — 3x — 2; the fecond givesx* — 2x 4 32 
both which fucceéd, fo that the roots of the two 
equations X am 3 — 2 = 0, and x* — 2x + 3220, 


. - — 
viz. EVN and 1 + /—42, arethe four roots 


of the propofed equation, the two laft- of which 
are impoffible. The divifors which the other 
arithmetical progreffions give, do not fuc- 
ceed. ! | 


$ 70. After the fame manner a Rule may be 
difcovered for finding the cubic divifors, or 
‘thofe of higher dimenfions, of ‘any "propofed - 
‘equation, 


Suppofe the cubic divifor to be sx! — nx* 
+ rx — 5, and by fuppofing x equal to the terms 
of the arithmetical progreffion, it will be as 
follows: _ 






Cubes of 
terms of 





, Suppof. Refults, 


= 3la1m — ont 3r —: 
<== 2| 8m— 444 2r—:; 












Where the fir(t differences are not themfelves in. 
arithmetical progreffion, as in the laft cafe, but 
the differences of its terms, or the fecond dif- 
ferences, are in arithmetical progreffion, the 

common 
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4*— mx + n=O 
xx —ke +] =0 


wt— ket] pm m | 
uM +2 | —gq[**^5-0 
+ mk 
the terms of which will be equal, refpe&ively, 
to the terms of the propofed equation. 
In this equation, / and s being divifors of 
the laft term s, we may confider one af them 
(viz. 1) as known ; .and in order to find m or €, 
we need only compare the terms of this equation 
with the terms of the propofed equation refpec- 
- tively, which gives, 
T. kt+tu= p- 
2. m+l+n=q 
3°. ml + nk= r. 
4°. nl = $ 
Now in order to find an equation that fhail 
involve only &, and known .terms, take the two 
values of z that arife from the firft and third 
equations, and you will find, | - 





— nk 
Mt = Pp — k =" (becaufe z = =; by equae 

ee oua | 
tion the fourth) = —- = = ; whence 


! - Perl | 
 pPh RP = rim hs, and k= 2", and 
the quadratic x^ — kx + / — o becomes . 


pL PP +l=eo0, 
L>ms 
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"fo apply this to practice, you mu& fubfti- 
tute fucceflively for / all the divifers of s, the 
laft term of the propofed equation, till you find 
pP—rl 
P — 

» divide the propofed equation without a remain- 


der, 





one of them fuch, that x^ — x x + J can 


EXAMPLE: 


§ 73. If the equation x* — 6x? 4 205^ — gue 
‘+ 35 z ois propofed. "The divifors of 35 are 
1, 5, 7, 35; if you put / = 1, the quadratic 
that arifes will not fucceed. But if you fuppofe - 
J= 5, then the equation x* — kx + /, that is 


E 


OX ye X + 1 — o becomes 


x — n a 6 xa uns, ¢ § tow wte sg, 
which divides the propefed equation without a 
remainder, and gives.the quotient X* me 4X 4-7 
= 0. 

** In this operation: it: is uhneceffary. to try 
apy divifor /, that exceeds the fquare root of 5, 
the laft term af the propafed equation.” And, 
if the propofed equation is literal, * you need 
only try thofe divifors of the laft term that are | 
of two dimenfions." 

If, in any fuppofition of 7, the value of &, 
ph = 

P— 
| pofition is to be rejected, and ancther value of / 
tQ be tried. 

P ' $74. 


? becomes a fraction, then that fup- 





viz 
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$ 74. By comparing the fecond and fourth equa-.— 
tions of the laft article, you may obtain another 


valueofk. Fors 2 4—/-—mk — 7, fo that 


(m being equal to p —k) 7 =q—/— pk + &, 
and k* — pk 4 4 — 1— = =0, Which gives 


— ipu / ipp—gq+tl+ T So that the 


quadratic divifor required becomes 








x” me Ly tJ/ip—qelsixxtizo 
This divifor muft be tried when 7 = -, and 


° x 
at the fame time / = re the former expreffion. 


not ferving in that cafe. . 
. By this formula, divifors may be found whofe 
fecond terms may be irrational. 
How the divifors of higher equations may be 
found, when they have any, may be underftood 
from what has been faid of thofe of four dimen- 
1011s, : 


Sup- 
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SUPPLEMENT ro CHAP. VII, 


Or THE REDUCT ION oF EQUATIONS BY 
SURD DIVISORS. - 


N equation of four, fix, or; more dimen- - 
; fions, although it may admit of no rational 
divifor, may have one that is irrational. As 
the biquadratic x* + px? + gx 3 r2 +5 =0, 
which we fuppofe to be irreducible by any | 
rational divifor, may yet, by adding a {quare 
jue 4+ okie + P multiplied into fome quantity My 
be completed into a fquare x* + px + 9)* 
In which cafe we fhall have x* + px + Q= v 
X Ex + 1, and x is found by the refolution of 
an. affected quadratic equation... 
To reduce a biquadratic equation in this man- 
ner, we have the following : 


RULE 


. If the biquadratic i is x* 4 px? 4 ge 4 rà +520, 
where 2; 9, 75 5; reprefent the given coeffici- 
"ents under their proper figns, put q — 19^ =a, 
y— lap 8, s — da =. And for 2 take — 
Some integer common divifor of & and a0, that 
s not a (quare number, and which, if either p 
er ris an odd number, muft be odd, and, di- 


* Arith. Univerf. page 264. 
Pa UU vided — 
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vided by 4, leage the remainder unity. Write 
likewife for & Jome divifor of Ls if pian 
even number, or the balf ef an odd divifor 
if pis odd, or O if 8 = O.. Subtrag = = 
from = P bd let the remainder bed dr 


9 put a and fry if, dividing Q+—§ By 
mn, the root of the quotient is rational and equal. 
to lj if it is, add n x^ + 2aklv + nb to 
botb fides of tbe equation, and. exiratiing the 
' X 

root ou f ad bave x o4 ip + Mix = 5A 
x kx 4] Ac 


EXAMPLE I. 


a ^ 
t 
E 


Let the equation. propofed. be y + 12% — _ 
= 0, and becaufe p od —0,f2:12,5 — — 17, 
we fhall have ; 20,8 — 12, £— — 17. And gs 
and 2¢, that is 12 and — 34, having only 2 for 
à common divifor, it muft be z = 2, Again, 


= 6, whofe divifors 2, 3 6, are to be füc- 

cive put for &, and — — 3; - Pl I; —! 
for / refpectively, - DE 

But = T LA *y that 1 is P, is equal to 2, and 








z-i = =I, And when the even divifors € 


and 6a ate fubftituted for k, 2 becomes 4 and 36, 
and 


———- ——————- ~~ — 


D 
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and Q* — s being an odd nuraber, is not divi- 
fible by 7 (— 2). Wherefore 2 and 6 are to be 
et afide. But when r and 3 are written for k, 9. 
is 1 or 9, and 2* — s is 18 or 98 refpe&ively ; 
which numbers can be divided by 2, and the 
roots of the quotients. extracted, being + 3 and. 
+ 7; but only one of them, viz. — 3, coincides 
with /. I put therefore = 1, / — — 3, Q=1; 
and adding to both fides of the equation. 
abe p onkix 4 nl], that is, 2x* — sax + 18, 
there refults x^ + 2x^ -- 1 — 2x^ — 12x + 18, , and 
extracting the rootof each, x^-- 1 —-- 2 x x—3. 
And ágain, extra&ing the root of this laft, the 
four values of x, according to the varieties in 
the figns, are 





—1V2d4N '3v2-2, —EL/2-— gva-is 


Los e] - 3V2— i tya—J 3 32-7 | 





being the roots of «* + 12x — 17 = o, the equa. 


tion at firft propofed. 


SEXAMPLE, II. 


Let the equation be x* — 6x? — 58x" — 114% 
on 11 = 0, and writing — 6, — 68, — 114, — 1I 
for f, 93:75 5,  refpe&tiyely,. we have —,67 = a; 
— 315 = £, and — 11331 — p The numbers 


8 and 25 that i is: — -5 and - — $533, have but 


ong common divifor ; that is z = 3. And the 
3. divifors 
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“ite of g . 

divifors of — 105 = — are 3, 5, 7, 15, 21, 555. 
and 105. Wherefore I firft make trial with 
3 = &, and dividing z or — 105 by it, get 


the quotient — 35$, and this fuübtra&ted from 
spk =— 3X 3,leaves 26, whofe half, 13, ought to 


—6 
LIA ; or Tl 27 


b: equal to 7. But —— , that is, 


— 20, is equal to 2; and Q'— § = 41, which 
is indeed divifible by z = 3; but the root of 
the quotient 137 cannot be extracted. There- 
fore I reject the divifor 3, and try with 5 = &; 


by which dividing = = — ros, the quotient is 
— 21, and this taken from ipk = — 3 X 5, leaves 
6 — 2/4 At the fame time; Q (= 2t s = 
75 — 67 _ 





= 4. And 9* — 5, or x6 + 11, is 
divifible by z, and the root of the quotient 9, 
that 1s, 3, coincides with /. Whence 1 conclude 
that putting /= 3, &— 5, Q=4,2=3, adding. 
to both fides of the equation the quantity 
nk’x? + onkix + ni, that is, 750° + gox + 274 
and extracting the roots, it will be 


w+ olpx + Quvn xX kx + kx Lor 
C4 axe getk yy x 6K 4 
EXAMPLE II | 
In like manner in the equation x* — 9x 4c 
15x — 27x 9-— o writing — 9, 15,727; 4 9; 
ME 4 '. s for 
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for f, q, r, 5, there refulte = — $1, 8 — — $oi, 
(7 24;. The common divifors of g and 21, 


. o I | 
.that is, of + and 3, are 3, 5, 9, I5, 27, 45, 


135; but 9 is a fquare, and 3, 15, 27, 135 di- 
vided by 4 do not leave unity for a reinainder, 
as is required when p is an odd number. Set- > 
tiag thefe afide there remain only 5 and 45 to 
be tried for », Firft let 2 = 5, and the halves. 


of the odd divifors of : = T that is, -, 


81. . 
2, 2, - =, are to be tried for &. If £ — PO 


the quotient — 7. of ^ divided by &, taken from 


, 9 = al: = tt at 
3Pk or — 7, leaves 18 = 2/: and Q (= , ) 


= — 2, 2* — 5 = — 5, which is divifible by 5, 
but the root of the quotient — 1, which fhould 


be / = 9, is imaginary. Put next £ = 3, and 


the quotient of z divided by £, or of — * by 


3 1s — 2 This fubtracted from 3 pk = — 
257 4 


27 
a? 


leaves nothing, that is / - 0. Again, 


a £^ 
(8, (2 7) and $* — s = o, and 





gt) Bo ara s 
i (=f ——7/ =.0. From which coincidence : 
I infer that 2 2 5, E = 3, / — oy and adding : 


ük'x^ 4. onlkx + nb, that is, $3x"to both fides of 
the equation, I find x^ — 4zx + 3^7«5*Xx«. 
P4 Literal 
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Literal equations may be treated much in: 
the fame way. And, if you put s = 1, the 
fame Rule will give you the raiíoza] divifor of 
a biquadratic equation, if it admits of one. Thus 
for the equation x* — x' — sx* + 12x — 6 =0,. 


putting 2 — t, I find £ = à, l2 2, and 


the equation is reduced to the two quadratics 
&* 3x + 30, and x” + 2x 2 20. 


When the divifors of E are fo many that it. 


would be troublefome to make trial with them 
all for &, their number tnay be reduced by find- 
ing all the divifors of as — iz. For to one of. 
thefe; or to its half when odd, the number 29 
muft be equal. 
The ground of this Rule is as follows, 
If a biquadratic equation x* + px* + qx” + rx 
+ 5 = 0, in which 9, g, r, 5, are the given co- 
efficients with their figns, and the equation is . 
fuppofed clear of fractions and furds; if this 
equation can be completed into a fquare, in 
the manner already. defcribed, we fhall have 
X pe te b orx bos + nk + ankle 
4 nk = x + px + QY, that is, x* + 
026 +g + mkt x x +rt anki xu ts + ni 
Lat px o9 + ip Xx pO xx + QB. 
And comparing the terms, we get thefe three 
equations, 
gt 0 — 29 + AP. 
: 2. f 
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2. r 4 ankl-= pQ, 
3544 w= g ; 
in which 'thére being four unknown quanfies 
they can be found only by trial. 
The values of 2, taken from the firft and fe- 
cond equations and made equal to each other, 


229 spi= 
aMi-—ipb 








pive n= - (writing, as in the Rule, 





g—-<P — 4, andr— jap = &) = hy Ipk—al 


Whence, if the quantities #,-£, /, Q, are to be 
found, it follows, (1°.) That s being a divifor 
of 8, giving the quote k x pk — al 2] kwillbea | 


divifor of © —, giving the quote ; pk — 2]; and 


that fubtra&ting this quote from ipk, / will be 
equal to half the remainder (2°.) In the firft 


equation we had 2, = ———, = and, from the third, 
P: = E. (3°.) Becaufe 9 la ilz and 


1,2 
EE AL 2554 


* = QO unu 
nl = Q» 2 /^— 1 gk? ink — Xap in 2)? 











(if 4 =so 7%) = = Fess mer that is, # 
divides at by &* x « + ink’-—-2/% And ifthe ' 
feveral values of the quantities s, k, /, 2 , anfwer 
to thofe conditions, or coincide, it is a proof 
that they have been rightly affumed; and that 
adding to the given equation the quantity 
fx kx + yit will be completed into the 


fquare &* + zpx + oy. | It 


- 
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It was faid that 2 will always be fome divifor 
ofas —ir. Foras =aQ*— enl", and taking 
from both i? —ip'Q:—pQnkl + m^ ET, feeing 
the remainder « Q* — a + si? x n — 159» + 
- PQnk] = «Q' — 29 x gl — 1p Qe + PQukl, 
has in every term; the thing is manifeft. 

It is needlefs to be particular as to the feveral 
limitations in the Rule, feeing they follow eafily 
from the algebraical expreffions of the quan- 
tities. You are not, for inftance, if you feek 
afurd divifor, to take # a fquare number, for 
if 5 is a fquare number, /z X kx + / would be 
rational. Or if z is a multiple of a fquare, as 


» X s^, then, at leaft, m X kx +/ would be 
rational, and # would be depreffed to ». 


- Let us examine one cafe, when p is even aud 
Y add; and by the Rule » muft be an odd num, 
ber, a multiple of 4 more unity. 

I. Seeing 8 =r — jap, 0r & + Lap —, of 
the numbers 8 and .ip one muft be even and 
the other odd, that their fum r may be odd. If 
gis odd, its divifor # muft be odd likewife. 
Suppofe & to be even, then ip, and confe. 
quently 7? and « are both odd. But if « is odd, 
af = 25 — io^ will be half an odd number, and 
mits divifor is odd, - 

In this cafe 9. is half an odd number. For 
let it be an integer, pQ will be an even num- 
ber. But if 9 is an integer, fo muft /, becaufq 

BEER 


—— 
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stall’ = 9 and 25k] muft be even. And 
z + anki (an odd number) = pQ an even num. 
ber, which is abfurd. 


2. Let JV reprefent any number in'géheral, 
I an odd. number; then I fay, “ every odd 
number is a multiple of ‘four, more or.lefs unity," 
that is, I= =4Nx+1. * The fquare of an odd 

number is 4 + .1," (that is fome multiple of 

, more unity ;) and ** if from fuch a fquare 
there be taken any multiple of 4, the remainder, 
if greater than unity, will be 4N + 1.” 
. Hence it follows that z — 4N -- 1. For fee- 
ing z]^ = Q* — s; becaufe/and 9 are the halves 


|. ef odd numbers, we have, according to the pre- 


x T°. _ 4s, 





> or without the 





fent notation, - 


common dgaominator nx [* = I* —4s, that is, 
ax4N+% = 4N + 1, and confequently, 
a= 4N + I. Fogitisnot 4N — 1 but4N + I 
that ei can give the product 4 JN + 1. * 


Sots 
* In the former Editions, there were here infertéds two, 


Rules for the Cafe of £o: which, though true, Mr. Thon 


t, 7 


are re ómitted. 

It is only to be regretted that Mr. Sinpfon- fhobld, 
through inattention, have placed this inaccuracy, not to 
the account of the Editor, as-he-ought to have done, but 
to that, of Mr. MacrawRiN, The whole explanation - 
of Sir J/aac's Method of Reducing Equations: by. means of 
Surd Divifors, is (pag. 213. .) profefledly. a, Supplement ; ; as. 


pp likewife the Addition to Chap 14. Par?l, And the 


Editer 


z ‘ 
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In like manner the other lirnitations may 
bé determined: and what has been faid may, 
lead to the invention: or demionftration of 
fimilat Rules for the higher equations of 
éven dimenfions, if any one pleafes to také 
the trouble. 








CHAP. VIII. 


Or rue RESOLUTION or EQUATIONS BY’ 
CARDAN’s RULE, AND OTHERS OF THAT 
KIND. 


$75. XX 7E now proceed to thew how an 
expreffion of the root of an equa- 
tion can be obtained that fhall involve only 
known quantities. In Chap. 1x. Part. 1, we 
fhewed how to refolve //mpie equations; and 
in Chap. 13. we fhewed how to refolve any 
quadratic equation, by adding to the fide of the 
equation that involves the unknown quantity, 
what was neceffary to make it a complete fquare;, 
and then extracting the fquare root on both fides. 
In § 27. of this Part, we gave another method 
Editor thought he had, in'his Preface, fafficiently intimated 
that a few fuch infettions had been made, and the reáfon why > 


though he cannot recollect any others worth mentioning ; if 
- itis not 5 123; 124 of Part I. ] 


of 
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of refolving. quadratic equations, by taking away 
the fecond term: where it appeared . that if 


x —P +.9= t= ap t VaR — 9. xP —4- 


$76. "Ehe fecond term can be taken away. out 
of any cubic equation, by § 2 55 ; fo that they all 
may be reduced to this form, x* * + qx tra o. 


Let us fuppofe that x a+b; and! qx mn 
sh 341b X jah’ +. bi +.9x pora Xa 
x4-rà4À.qx4r—a 32D ger 
(by fuppoling 342 = —4) =a t / trzo 


3 
But ? = —3 and 2! =i and confeg 
qe 


g? 
quently, a* — 5+ r0; or, 2° trs lv. | 


274 
g 


Suppofe.a* = z, and you have $^ + rz = 7L 
which is a quadratic whofe refolution gives 





Pe 
E 


— 1 Y 0. 
zIm—irc BET = a, ts" 
3 2 ; 3 
ud aj — ira inet a 
——À 
*matb=e js rk iin 


-—— e: : in which CX= 


3 xj —irs i nef 


preffions there are only known quanticies. 


$77. 





- 


* 


24. A TREATISE of Parr Il, 
$77. The values of x may t be found a little 
_ differently, thus : ; 


Since a’ —-—ir + mad it lows 





that tr= kir i tpi IL, and 


= 
3B (=—at—r) = tr ira + 2-3 fothat 


anf —irx in ur and x(=4+6)= 


M oxueei Mun ? " Je] riis 


which gives but one ! value of x, becaufe when, 





! ira His po. 
in the value of a, the furd ./ z^ 27 15 PO- 


fitive, it is negative in the value of 2, and there 
is only the difference of this fign in their values. 
So that we iwemy core conclude 


$ 78. * The values of x may be iore 
without exterminating the fecond term. | 
.. Any cubic equation may be reduced to this 
form, / 


x = 3px" — 39x — ary. 
T 3p -— Pp \. o; 
* 324 


* Vid, Phil. Tranf. 309. ! 
which, 
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, which, by fuppofing x = z + f, will be reduced — 


.to zik — 39% — 2r = 0, In which the fecond 
' term is wanting. But by the laft article, fina 
£!ck — 39% — 2r o, it follows that 

um r LIP ga Vr—J/r— 7 (if you 
fuppole that the cubic root of the binomial. 
rt rqQismdtyn)—-ma«tvstim—wVa 
— 25m. And fince x = z + f, it follows that 
«=p tam. 


§ 79. But as the (quare root of any quantity 
is twofold, * the cube root is zbrecfold," and 
can be expreffed three different ways. 

Suppofe the cube root of unit is required, 
‘and let 5* = 1, or y! — 1 = o, then fince unit 
itfelf is a cube root of r,. one of the values of 
J 1s 1, fo that the equation y — 1 — o fhall divide 
the firft equation y? — 1 = o, and the quotient 





J yc 1 — o refolved, gives y = a, 
fo thatthe three expreffions of?/ 1are 1; = ty 3 | 





and Liv -j And, in general, the cube 


root of any quantity 4” a be 4, or 


-uy- x A, or — ———d 3 x 4 fothatthe. 


cube root of the binomial r + /r — 4* may be 


mh + 2/4, as we fuppofed above, or —————— 


X m 


-HMP 


@.- sa ms mA iL. lll - 
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xmi 2, Or i x + ft And 
hence we. have three expreffions for x, viz. 
EA Kp + 2n, 
2*. &zp—- H+ /—3, 
3- wap f): — M — 305 
and thefe give the three roats of the propofed 
cubic equation. | 
EXAM P L E I. | 
§ 80. Let it be required ta find the roots of 
the equation x? — 12x" + 41x — 42 =O. 
Comparing the coefficients of this equation 
with thofe of the general equation 
x PX" — 39 "niet MES 
t35j — a = 0, you find, 
^ x o3 | a 





"pma fo that ss. core P= 4s 
3. ane aro ar) às erm 
and confequenily, r* — Q. ur ar | 


andr + JP = —4 ieu Now the 
cube root. of this binomial is found to: be 


—i ien avn)h Whence, 

1°. empiamcalama 
mj-m-—wW-—3-441—-V4-5—-224. 

YorcbomaV c —44227. 


* SeCtion 132. Part I, 
SO 


^v 
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So that the three roots of the propofed equation 


are 2, 3, 7- 


You may find other two expreffions of the cube . 








root of 3 + J—1, befides — 1 M-$ 


VIZ. TAN and.- — :— —5, but 


thefe fubftituted for m + vn give the (ame Va- 
lues for x, as are already found. 


| EXAMPLE I 

. In the equation x? + 15x* 4-'84x — 100 = 0, 
you find ? = — 5, 4 — — 37 = 135, and 
r4 n -p —d m135- V/18252, whofe cube root 


1s.3,-- 12; fo that x (—9 + 28) = —5+6=1. | 


'The other two values of 4, Viz.— 8 + / — -3$ 


'—8—V/ —56, are impoffible. 
After the fame manner, you will find that the 


roots of the equation «°-+4* — 166x + 660 =o, 
are — 15,7 +05. The Rule by which we may 
difcover if any of the roots of an equation are 
impoffible, fhall be demonftrated afterwards. 


r 


: $82. The roots of biquadratic equations may ~ 


' be found by reducing them to cubes, thus :' 


Let the fecond term be taken. away by the 


Rule given in. Chap. 3.. And let the. equation 


that refults be 
4k b gx $ret so. 
And let us fuppofe this biquadratic to be the 
product of théfe two quadratic equations, 
+ 
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beat fre 
w—ex + f7=0 








Where e is the coefficient of « in both equa- 
tions, but affected with contrary figns ; ; becaufe 
when the fecond term is wanting in an equation, 
the fum of the affirmative roots miutt be equal to 
the fum of the negative. 


Compare now the ptopofed equation with the 
above product, and the refpective terms put 
equal'to each other wilt give f + g -—¢* = v, 
eg —F= r,fg = 5. Whence P follows, that 


fxXxgzgqee, asd g — f = L, and cpefe- - 


qunlyf*gtg—f(-o-gse* =, 
gree — 


and g = ; ~; the fame way, you will 





q+e—— 


find, by fubtraction, Gr. f = -, apd 





fxg(zs- -ixd + 290 pets and 
multiplying by 425 and ranging the terms, you 
have this equation ^ — ' 

€ 4 ag ad — 4s BE xe; —P = O, 
Suppofe e =, and it becomes y^ 4 ag5* + 
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Q*— 45 x y=?*=0, 4cubic equation whofe roots 
are to be difcovered by the preceding articles. 
Then the values of y being found, their fquare 
root will give e (fince y = €); and havinge . 
you will find f and g from the equations . 


Lidia qte+s 
f= 


£ ——- ‘Laftly, ex-- 
tracting the roots of the equations x* + ex + f/—o, 
x* — ex 4+ g = 0, you will find the four roots of 
the biquadratic x^* + gx" +rx+s=0; for reither . 
' += — it Vie -f —f,or,x- thetVie ng. — Ze 


. $83. Or if you want to find the roots of 
the biquadratic without taking away the fecond 
term’; fuppofe it to be of this form, 

dba T LA Ln eye 
+ ag S” ann -9 
and the values of x will be 





Kz$alc 2 q—4 V 


a 


" 
andes p+ acu] p t4—244— 


a” is equal to the root of the cubic, 
- FP ata + Bl yr 0. 


The demontiration 1 is deduced from the laft 
article, as the 78th is from the preceding. 


Q à CHAP. 
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CHAP. IX. 


Or tHE METHODS sy which vou May 
APPROXIMATE To tue ROOTS or NU- : 
MERAL EQUATIONS zv tHerr LIMITS. 


§ 84. | HEN any equation is propofed 


to be refolved, firft find the Ii- 
fits of the roots (by Chap. 5.) as for example, 
if the roots of the equation s* — 16x + 55 = 0 
are fequired, you find the limits ate o, 8, and 
17, by $ 48; that is, the leaft root is between 
o and 8, and.the greateft between 8 and 17. 

In order to find the firft of the roots, I. con-- 
" fiderthat if I fubftitute o for xinx* — 16x + $6, 
the refult is | pofitive, Viz.'-- £5, and confe- 


quently any number betwixt o and 8 that gives. 


a pofitive refult muft be lefs than the leaft root, 
and any number that gives a negative refult 
muft be-greater. Since o and 8 are the limits, I 
try 4, that is, the mean betwixt them, and fup= 
pofing x — 4, x* — 16x - 55 — 16 —64 4553, 
from which LI. conclude that the root is greater 
than4. So that now we have the root limited 
between- 4 and 8. Therefore I next try 6, and 


fubftituting i it for x we find xF — 16x + 55 = 36. 


— 96 + 55 — — 5; which refult being negative; 
I conclude that 6 is greater than the root re- 
quired, which therefore is limited now between 4. 


T — & 


- 


—— —— — 
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and 6. And fubftstuting 5, the mean between 
them, in place of x, I find x^ — 16x + 55 
z 25 — 80 + 55.= 0; and confequently $ is 
the leaft root of the equation. After the fame 
manner you will difcover 11 to be the greateft 


. root of that equation, _— 


. $85. Thus by diminifhing the greater, or - 
increafing the leffer limit, you may diícover the 
true root when it js à commenfurable quantity. 


. But. by proceeding after this manner, when you 


have two limits, the one greater than the root, 
the other leffer, that differ from one another but 
by unit, then you may conclude the root i$ - 
incommenfurable. I 


- We may however, by continuing the ope- 
ration in fractions, approximate to it, As if the 
equation própofed is x* — 6x + 7 = o, if we fyp- 
pofe x — 2, the refult is 4 — 12 -- 7 — — 1, 
which being. negative, and the fuppofition of 
* = 0 giving a pofitive refult, it follows that 
the roor is betwixt o and 2. Next we fuppofe . 


OX 1; whencex*—6447>1-647=+42, 
‘which being pofitive, we infer the root is be- 
. twixt 2 and 2, and confequently incommenfu- 


rable.. Ih order to approximate to it, we fuppofe 
i . [4 I 
w= 14, and find «* — 6+ 7 = 27-9 + 772 


and this refult being pofitive, we infer the root 
suit be berwixt 2and 14. And therefore we 


Q3 - try 
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try 14, and find »* erem 9. 2 + 4 
fo that we conclude the root to be betwix 
1iand 11. And therefore we try next 14, 
which giving alfo a negative refult, we conclude 
the root is betwixt 1% (or 1$) and 14. We try 
therefore 1,°,, and the refult. being pofitive, we 
conclude that the root muft be betwixt 1,% and 
aig, and therefore is nearly 154 | 


$86. Or you may approximate more eafily 
by transforming the equation propofed into an- 
other, whofe roots fhall be equal to 10, 100, or 
1000 times the roots of the former (by $ 29.) 
and taking the limits greater in the fame pro- 
portion. This transformation is eafy ; for you 
are only to multiply the fecond term by 10, 100, 


" or 1000, the third term by their fquares, the 


fourth by their cubes, C?c. The equation of the 
lat example is thus transformed into x* — 600x 
+ 76000 = 0, whofe roots are 100 times thé 


root of the propofed equation, and whofe li- 


mits are IOQ and 200. Proceeding as before, 
we try 150, and find x' —- 6eox + 70000 = 


22500 — goooo + 70000 = 2500, fo that 150 


is lefs than the root. You next try 175, which 


giving a negative refule mutt be greater than 


the root: ‘and thus proceeding you find the 
root to be betwixt.158 and 159: from which 
| 2 , you 
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you infer that the leaft root of the propofed equa- 
tion x* — 64 4 7 zo is betwixt 1.58 and 
1.59, being the hundredth part of | the root of 
4° —— 600x + 70000 = a, 

§ 87. If the cubic equation x? — 1 x? + 63" 
— 50 = o is propofed to be refolved, the equa- 


tion of the: limits will be (by § 48.) 3x7 — joe 
9 63:30, or x^ — 10% + 21 = o, whofe roots : 


are 5, 7, and by fubftituting © for x the value 
of x — 15x” + 63% — 59 is negative, and by 
fubftituting 3 for x, that quantity bedomes po- 


fitive, x = s gives it negative, and x = 2 gives 
3t pofitive, fo that the root is between 1 and 2, 


and therefore incommenfurable. You may pro- 
ceed as in the foregoing examples to approximate 
to the root, But there are other methods by 


‘which you may do that more eafily and readily; 


which we proceed to explain. 
$88. When you have difcovered the value of the 


‘root to be greater than an unit (as in this example, 


you know it is a listle above 1) fuppofe the diffe- 
rence betwixt its real value and the number that 
you have found nearly equal to it, to be repre- 
fented by f; as in this example, let x = 1 -* f. 


. Subítitute this value for x in this equation, thus, 


P= re Yt A tH? 
— 15K = — 15 — of 15 f° 
+ 63x = 763 63f. 
— 50 = + 40 


OO 
Hmm 15x* 63x — ~ §0=—1 + 36f— 19f* tfo. 
. Q4 Now 
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Now becaufe f is fuppofed lefs than: unit, its 
powers f f*, may be neglected in this appro- 
ximation; fo that affuming only the two firft 


0. I 
terms wehave — 1 + 36f=0, or, f£ — 36 z.027; 


fo that x will be nearly 1.027. 
You may have a nearer value of x by con- 
fidering, that feeihg — 1 + 56f — 12/^.-- f? zo, 
it follows that 
f= Fost (by fubftituting — , for fJ 
nearly ee - Lom © 02803. 
~~ 3O—1eXeetreXys — 4022577 | 
§ $9. , But the value of f may be correfled 
and determined "more accurately by fuppofing 
g to be the difference betwixt its real value, and 
that which we laft found nearly equal to it, 
So that f=.02803 +g. Then by fubfticuting 
this value for f in the equation 
fi i2f?+36f— 1=0, it will ftand as follows, 
foc See eer te) 
DAI eC wp EUM j^ 
-Z0.0903261374--35- 3296378 — 11 .9159g* Fg co- 
of which the firft two terms, neglecting the 
reff, give 35.329637 X g = 0.000326: 374,:and 
|... 0003261374. 
E 7 35. 329037 
fo. 02803923129 ; ; and x& 1p f — 1. 02803923127 5 
which is very near the true root of the equation 
that was propofed. ' 


= 0.00000923127. 'So that 


If 


—— — - 


Mol at 
^- 
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If ftill a greater degree of exa&nefs is re- 


‘quired, fuppofe, b equal to the difference be- 
 twixt the true value of g and that we have al- 


ready found, and proceeding as above you may 
corre the value of g. 2H 


$ 9o. For another example; let the equation 
to be refolyed be #7 — 2x — 5 zo, and by 
fome.of the preceding methods you difcover one 
of the roots to be between 2 and 3. Therefore 
you fuppofe x = 2 + f, and fubítituting this 
value for it, you. find 
= $+ 12/4 6f* +f | 
—ax——4-— of {=o 
—-5 =75 
D =— 14+ 10f + 6f +f; 
from which we find that 10f — 1 nearly, or 
f = 0.1,» Then to correct this value, we fup- 
pofef=-o1 +g, andfind —— 
f' = 0,001 + 0.03g + 0.38% + g° 
.6P-2 006 + 12 ¢4+6. 97 
lof = I. 410. £g | 


ome I ze. 








‘ 


Oe eEeEeeee 


= 0.061 11.237 + 6.32" + £^, 
—0.061 ' 


fo that g = Tay = 0.0054. 














Then by. fuppofing g = — .0054 +4 4, you 
fnay correct its value, and you will find that the 
root required is nearly 2.09455147. 

! $ 91. 


/ 


a 
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§ 91, It is not only one root of an equation 
that ean be obtained by this method, but, by 
making ufe of the other limits, you may dif- 
. cover the other roots in the fame manner. The 
equation of § 87, x! — 15x* + 63x — $0 ZO, 
. has for its limits o, 3, 7, $0. We have already 
found the leaft root to be nearly 1.028039. If 
it is required to find the middle root, you pro- 
ceed in the fame manner to determine its neareft 
limits to be 6, and 7; for 6 fubftituted for « 
gives a pofitive, and 7 a negative refult. There- 
fore you may fuppofe xz 6 + f, and by fub- 
ftituting this value for » in that equation, you 


find f* 4. 3/* — 9f 4 — o, fo that f= $ | 
nearly. Or finee f = ERR it is (by fub- 


Rituting | + for f) f = EET T ioo whence 





x 64 io: nearly. Which value may ftill 


be corrected as in the preceding articles. After 
the fame manner you may.approximate to the | 
value of the higheft root of. the equation. 

$ 92. “ In all thefe operations, you will ap- 
X proximate fooner to the value of the root, if you 
take.the three laft terms of the equation, and 
extract the root of the quadratic equation cons 
, fitting of thefe three terms." E 

^T hus, in $ 88, inflead of the two laft terms 
of the equation f? — 12 f* + 36f — 1.— o, i£. 

‘ . i . ‘ ' you 
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you take the three laft and extract the root of the 
quadratic 12/* — 36 f 41-0, you will find. 
f 7.018031, which is much nearer the true 
"value than what you difcover by fuppofing 36/ 


^ ————D zz Q0. 


It is obvious that this method extends to all 
equations. 


$93. *''* By affuming equations affected with 
general coefficients, you may, by this method, 
deduce: General Rules or Theorems for approxi- 
mating to the roots of propofed equations of 
whatever degree." 

Let f* — f^ qf — r =o reprefent the equa- 
tion by which' the fra&ion f is to be deter- 


" mined, which is to be added to the limit, or 


fubtracted from it, in order to have the near 

valueofw. Then4f — r = owill give f = - 
0-07 TE, 

But fince f= Poot? by fubftituting ; for 

f we have this Theorem for finding f nearly, 


viz. 
u rr Ed xr | 
f= rp. — — par t+ or" 
uud 4 
4 q 


After the fame manner, if it is a biquadratic, 


‘ by which fisto be determined, as f* — 9f? + 2/* 


— rf t 5 — o, then f being very little, we fhall 
have f= =; which value ‘is corrected by con- 
fidering 


N 


tions, or of equations of any dimenfioh whatever. 


238 A Treatise of Parr II. 


ing * for f. d= ee whence we have 


by. fabfticut- - 


r TX D D. 
this Theorem for. all biquadratic equations, 
r xs 


V 


fms ae 
§ 94. Other Theorems may be deduced by. 
affuming three terms of the equation, and 


extracting the root of the quadratic which they 
. form. 


Thus, to find the value of f in the equation 
fi —2f + of —r = 0 where f is fuppofed to 
be very little, we neglect the firft term f?, and ex- 
tract the root of the quadratic pf* — gf +r=0, 


or of fem f tror we 


Pp p 
TT 
- 1 4 q _ItVe¢ 
f= Lm Jat —- -— oO —— — S nearly. 


But this value of f may be corrected by fup- 
pofing it equal to -m, and fubftituting sm? for f? 
in the equation f? — pf* + qf — r = o, which 
will gives — pf? + qf —r = 0, and pf? — 

gf + r— 2 = o; therefolution of which qua- 

dratic equation gives f= T Eo 
very near the true value of f. 

After the fame manner you may find like 


Theorems for the roots of biquadratic equa- 


$95 


= 
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§ 95. In general, let x» 4 px + qx + 
ree—3 + Fe. + A= reprefent an equation of 
any dimenfions »; where A is fuppofed to repre- 
fent the abfolute known term of the equation. 
Let & reprefent the limit next lefs than any of 
the roots, and fuppofing x. k-+ f, fubfticute 
the powers of k + f inftead of the powers of 
x, and there will arife-& + f* 4p xk +4 "7 + 


ge kt ft ar xkt f^ Se. + 4 —0,0r 


by involution, difpofing the terms according to 


' the dimenfions off. ....... 








ToC 8 & 
FF 070 m 
Y tot 
FOX. 
iit 
a 
e . Rd »* 
Ey || Fn i 
' Go 
*ok Rox 
. ÀA.4 ot T 
x X X 
9 - SAS. 
+ + + G3 C 
-* MA 3» x 
OX -* x 
+ poc "i 
MB 1| i| "i 
Ww 6 Le] - oe ~~ 
X X ^x 1 
. x a 4 
eft »[r SIE oss 
A o3 IN a! 
14 | Tt 
Us 4 o. 
SS WS E 
- EL EE EM MM 
2. eu. T t8, 2.2 
- t-———m—árMG M, 


440 A Tarrazrex of Parti. 


where negleSing all the powers of f after the 
firft two terms, you find , 


- n. 










gud p-— 
Tux d+ EP hod 


wane 





yl m x 4.2934 ] 
gone] 


pees ux d4- 


—uxX b+ 
is Lapi ni X 4t gt % 5+ 


IG) m mK 2 etm urd + 
U$) see VU X44. 


E. 
whence particular Theorems for extra&ing the 
roots of equations may be deduced. 
$ 96. “ By this method’ you may difcover 
Theorems for approximating to the roots of 
- pure 


[ ; 

Cian ‘ALGEBRA. 4% 
pure powers ,". as to find the rost of any ‘num- 
ber 4; fuppofe & to be the neareft lefs root in 
integers, and that & + ^ is the true root, then 
fhall ze fn x —— bof Gs = A; 
and affuming only the swo firft terms, 

4— P PE . ! 
f-—zz-; or, more nearly, taking the, three 
firft terms, | | 

L A-d4 0 3 mun 475 LL 
a MUI D 
Son ALTE T — 
E, dui TTE XA nt + ——x Am 





, am . 
utting » a: 4 — i) = —,; which is 

(P E ): nit +-—— xm 

a rational Theorem for approximating to f. 
You may find an irrational Theorem for it, 

by affuming the three firlt terms of the power 





. of k + fy viz. Eb nf +n xe oe 


Rw 


For nk"~'f t5 X — eR =A v= ms 


and refolving this quadratic equation, you find 


| k x J- 2m " P" 
[775 I — nxn-ixe— a—il —— 


£ 4. imn am ne 
=u pal ————————————— —À , 
ro | nXn-ip4- 











In 
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In the applieation of thefe Theorems, when 
a near value of f is obtained, then adding. it 
to k, fubftitute the aggregate-in the place of & in 
the formula, and you will by a new operation 
obtain a more, correct value of the root re- 
quired ; and, by thus proceeding, you may ar- 
rive at any degree of exactnefs. | 
Thus to obtain the cube root of 2, fuppofe 
im I 
k — t, and f( T m) Tp 0.25. 
In the fecond place, fuppofe k = 1.25, and f 
will be found, by a new operation; equal to 
0.009921; and confequently, 4/2 = 1.259921 
nearly. By the irrational Theorem, the fame 
value is s difcovered for */2. 


¢ 


CHAR. 


4, 
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' \ ! 


- 


CHAP. X. 


Or tuz METHOD or SERIES sy wHicH you 
MAY APPROXIMATE TO THE ROOTS or LI- 


TERAL EQUATIONS. 0 IE 


s 97. VF there be only two letters, * and 2, in. | 


the propofed equation, fuppofe a equal 
to unit, and find the root of the numeral equa- 
tion that arifes from the fubfticution, by the rules 
of the laft chapter. Multiply thefe roots by a, 
and the products will give the roots of the pro- 


pofed equation. 


"Thus the roots of the equation x* — 16x 4- 
£6 = O are found, in § 84, to be £ and 11. 
And therefore the roots of the equation 
x* — 164% + 554° = 0, will be 5a and 114. 
The roots of the equation x! + a'« — 22 = 0 
áre found by enquiring what are the roots of the 
numeral equation x! +.* — 2°= o, and fince 


one of thefe is 1, it follows that one of the roots: ' 


of the-propofed equation is @; the other two are 


: imaginary. 


$ 98. If the equation to be refolved involves 
more than two letters, as x’ + OX — 20 + aye 


'- y! = 0, then the value of x may be exhibited . 
in a feries having its terms compofed of the : 
powers of a and y with their refpective 'coef- 

ficients ; 


e 


fae. 
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ficients; which will ** converge the fooner tbe le/s 
y is in refpect of a, if tbe terms are continually 
multiplied by the powers of y, dnd divided by 
thofe of 8." Or, ** will converge tbe fooner the 
greater y 15 in refpeBl of a, if the terms be cón- - 
tinually multiplied by the powers of a, and divided 
_ by tbofe of y." Since when y is very little in 
refpect of a, the terms y, " " D L A zy &c. 
decreafe very quickly. If y vanifh in refpect 
of a, the fecond term will vanifh ih refpe& of 


the firft, fince " Yu: * a, And after the | . 


fame manner p^ vanifhes i in refpedt of the term 


immediately preceding i it. ] 
But when y is vaítly great in rep of a, 


then a is vally great in refpect of ^ y? and = — in 


fpe& of 5; fo that th eat at 
reipect o 2 o that the terms 2, —- > 3 
F yu yh y yp 
as . . . 

ye &c. in this cafe decrease very {wiftly. In 


either cafe, the feries converge fwiftly that con- 
fift of.fuch terms; and a few of the firft terms- 
will give a near value of the root required, - 


§ 99. If a feries for «is required from -the 
propofed equation that fhall converge the fooner, 
the Jefs y. is in refpect of 2; to find the firft 
term of this feries, we fhall fuppofe y to va- 
nifh; and extracting: the 1 root of the equation, 

i 


/ 
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x + ax — 24 = 0, confifting of the remaining 


parts of the equation that do not vanifh with y, — 


we find, by § 97, that & 2; which is the true 
value of x when y vanifhes, but is only near its 


. value when y does not vanifh, but only is very 


little. ‘ To get a value ftill nearer the true yalue 
of x, fuppofe the difference of a from the true — 
value to be p, or that x = 4 f, And fub- 
ftituting 4 + p in the given equation for x, you 
will-find, | 


ge a+ 3a) + 3ap* tp 
coax cc; + ap 


— 24! = — as! >= 2 

+ ayn = ay + apy 

- y ——)y 2E J 
————— Qum enm Onspeectij 








(0 map gap tet 
+ ay + PY — Jt 


But fince, by fuppofition, y and p are very 
little in refpect of a, it follows that the terms 
40°), ay, where y and p are feparately of the . 


. leaft dimenfions, ase vaítly great in refpe& of 


the reft; fo that, in determining a near value 


. of p, the reft.may be neglected: and from. 
44'p d ay — 0, we find p-= — iy. So that. 


w=a44p=a— & y, nearly. 

Then to find a nearer value of p, and cons 
fequently of x, fuppofe p——iytgo and fub- 
ftituting this value for it in the latt equation, 
| you will find, ! | 
R 2 | 


To a ee ^ "anm 
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Pm o— t+ eg - it 
| 8p = rea — $434 t 344 €—— 

44 p — — ay + 44'q (OV co 
ap=— Loy: t 43q T 
ay = a*y P: 
—-yoe y J , 

== $y 4i tg 
-— Pa — 104 + 3aq’ = 0. 
+ 444 . 


And fince, by the. fuppofition, q is very little © 
in refpect of p, which is nearly = oc iy there- 
fore y will. be very'little in refpect of y; and 
confequently all the terms of the laft equation 
wilt be very little in refpe& of thefe two, viz. 
— ys@y*, + 444, where y and 4 are of leaít 
dimenfions feparately : particularly the term 
— $25 is little in refpe& of 407g, becaufe ¥ is 
very little in refpect of a; and it 1s little in 
refpect of — *,ay*, becaufe q As. little i in refpedt 
of y. 


.. Neglect therefore the other terms, and fup- 


poing — pu + 444 = o, you will have 


= 3 % = § qi fothatx =a—ayt exo 
And by Proceeding in the fame manner you. will 


31» ,. 509* . 
find x —-4 —-4 4 + ve — Sue t 163842 163844 E 
Be. ° 


- 


2n 100. When it is required to find a feries 
for x-tbat fhallconverge fooner, the greater y is 


~~. | s in 
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in refpect of any quantity g, you-need only fup- 
| pofe a.to be very little in refpedt of y, and pro- ' 
. ceed by the fame reafoning as in the laft example 
on the fuppofition of y being very little. 

Thus, to find a value for x in the equation 
x —ax4ax—y = o that fhall converge the 
fooner the greater y is in refpect of a, fuppofe 
| 4.to vanifh, and the remaining terms will. give: 
y -—0,0rx-jy. So that when y is vaftly 7 

great, it appears that x — y nearly, 
^, But to have the value of * more accurately, 
put cs y + f, then. 


LM ' 4 9°? + p» +P" 
— CES ay — a? 
"a og a I e — 2 
aes =— 9 ] 


CmabTDÉ +p’ = ay — gp 
uu. ctu + 2yp: 


2 where the terms 35^? + ay” become vaftly greater 
^ chin tlie reft, y being vaftly greater than 4 or f; 
and confequently ? = — $24 nearly. | 

" Again, by fuppofing p = — $a 4- g, you will - 
| transform the laft equation into B 


@Quaaametes 








$4 yet 399° "Uj ^ 
—» — 194—204 L0; 
—414547. — , 

where the two terms 39 y —a J muft be vattly 
greater than any of the reft, a being valtly lef 

E R 3 than 
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than y, and 4 vaitly lefs than .2, by the fuppo- 
a 


fition; fo that 3¢y*° — ay tm =O, and g's 


nearly. By proceeding in this manner, you may 
correct the value of y, and find that 
" a? +7, a3 Bat at Ree 
&cy—3194uy T guy gay. S0 
which feries converges the fooner the greater y is 
: fuppofed to be taken in refpe&t. of 4. 


$ 101. In the folution' of the firft Example 
thofe terms were always compared in. order to 
determine p, 4, r, &c. in Which y and thofe 
quantities Bt fs &c. were.Jeparately of fewett 
dimenfions. But in the fecond Example, thofe 
terms were compared in. which ¢ and the quan- 
tities p, 4, r, &c. were of leatt ‘dimenfions de- 
parately. -And.thefe always-are-the proper terms 
to be comipatxd together, 'becaufe- they. become 
vaflly greater than the reft, in the relpective 
hypothefes. ) 

In general to determine, the. firft, or ,ADy, 
term in the feries, Such terms. of. the equation are 
tq be a fumed togetber only, as will be found to be- 
come vaftly greater than ihe. oiber ferm ; that 1 Is). 
which give a value of x, which fubftituted for it 
in all the terms. of the equation fhall raife the 
dimenfions of the other terms all above, or all ' 
below, the dimenfions of the. afumed terms, 
according as y is fuppofed to be vaftly little, or 
vaftly great, in relpe& ofa | 

Thut 
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"Thus to determine the firft term of a con- 
verging feries expreffing the value of x in the laft 
equation x3 — a^x + ayx — y! = o, the terms 
4 y and — y! are not to be compared together, 


for they would give x zi which fubftituted , 


for x, the equation becomes 

K 
| ay ty y= 0, 
where the fi term is of more dimenfions than - 
the affumed terms ayx, — y^; 'and the. fecond of 
fewer: fo that the two firít terms cannot be neg- 


‘le&ted in refpect of the two laft, neither when 


y is very great nor very little, compared with a. 
Nor-are the terms x^, ayx, fit to be compared 
together in order«to obtain the firft term of a 
feries for x, for the like reafon. 

But x! may be compared with — z* xy as alfo 
— ax with 2 5* for that end. Thefe two give 
the. firft term of a feries that converges the 
fooner. thé lefs y 1s; as #? = y* gives the firft : 


term of a feries that converges the fooner the 


greater y is. The laft feries was given in the 


' preceding article. The comparing x* with — a*x 


gives thefe two feries, 
weg ety 7m 599" 
= 4 *J 7 8a. 164 1284! ; & t 
D'. c | I xv + 9y° A * 6o i 
S6 mma by 92 16a? 128 mea & 
The comparing — a'x with — y* gives 
. 7 y! y y y 


R 4 | And 


M c 
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. And thefe feries give three values of « when 
' y is very little; the laft of which is itfelf alfo 
'very little jn that cáfe, as it appears indeed from 
the equation, that when y vanifhes, the three 
values of x become --.2, — a, and o, becaufe - 


» when y vanifhes, the equation becomes x^ — a*x 


= 0, whofe roots are 4, — 24, 0. 


. S$ 102. It appears fufficiently from what we 
have faid, that when an equation is propofed in- 
volving x and y, and the value of xis required 
in a converging feries, the difficulty of finding 
the firft term of the feries is reduced to this; 
© ‘to find what terms affumed in order to deter- 


- mine a value of x expreffed in fome dimenfians 


of y:and a will give fuch a value of it, as fub- 
ftituted for it in the other terms will make them 
all of more dimenfions of y, or all of lefs dimen- 
fions of y, than thofe affumed terms,” 


~s 


To determine this, draw BA and ACa at right. 
angles to each other, complete the parallelo- 
gram ABCD and divide it into equal fquares, - 
as in the figure. In thefe fquares place the 
powers of x from A towards-C, and the powers 
of y from, A towards B, and in any other, {quare 
place that power of x that is directly below it in 
the line AC, and that power of.y that is in a | 
parallel with it in the line AB; fo that the ins. 
' dex-of x in any fquare may exprefs its diftance | 
from the line AB, and the index of y in any: 

; Ll fquare 
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{quare may exprefs ics diftance from the lme 
AC.' Ofthis {quare we are to obferve, . . 





AS qoe] 
"n 
A —— - E “ee, . "e. P * 


Y. That the terms are not only in geome- 
trical progreffion in the vertical column A B, or 
the horizontal AC, and their parallels; but al- 
fo in the terms taken in any: oblique ftraight 
line. whatever; for in any fuch term it is ma- 
- nifeft that the indices of-y and x will be in'arithe 
metical progreffion. The indices of y, becaufe 
thofe terms will remove equally from the line 


AC, "or approach equally to it, and the indices 
‘of 


~ 


\ 
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of y in any fuch terms are as their diftarices 
from that line AC; The indices of x will alo 
: be in arithmetical progreffion, becaufe thefe terms 
"equally remove from, or approach to the line 
AB. Thus for example, in the terms y’, yx, 
Ju, yx, the indices of y decreafing by the 
common difference 2, while the indices of x in- 


‘creafe in the progreffion of the, natural num- 


. , . S . 
bers, the.common ratio of the terms is y Te 


I 


follows, 


' 2. From the laft obfervation, that ** if any 
two terms be fuppofed equal, then all the terms 
in the fame ftraight line with thefe terms will be. 
'equal;" becaufe by fuppofing. thefe two terms 
equal, the common ratio is fuppofed to be a ra- 
tio-of equality; and from this it follows, that 
“if you fubftitute every where for x the value 
that arifes for it by fuppofing any two terms 
, equal, expreffed in the powers of y, the dimen- 
fions of y in all the terms that are found in the 
fame ftraight line will be equal ;” but ** the di- 
menfions of y in the terms above that line will 
be’ greater than in thofe in that line;” ‘and 


* the dimenfions of J in the terms Jelow the faid — 


line will be /e/s than its dimenfions in that line." 
"Thus, by fuppofing y’ = y^, we find #* = 55, 


or x =.9*; and fubftituting this value for # - 


in all the {quares, the dimenfions of y ig the 
. terms y^, y*x, yx, "d » which are all found in 
the 


F. 


-— 


' 
a 1 
we BEC 


\ 


- L4 
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the fame ftraight line, will be 9, but the diment 
fions in all the terms above that: line will be more 


than 7, and in all the terms. below that line will 
be lefs than 7. 


$103. From thefe two oblervatians we: Tay | 


 eafily find & method for difcovering whát,terms 


ought to be affumed from, an equation in. order 
to give à value for x which, fhall make ‘the- other 
terms all of. bigher, or all of dower dimvenfiogs-of 
y than the affumed terms: viz. ** after:all the 


. terms of the equation are ranged in their proper 


ME | highér Yimnenfions of y, than. thofe terms: and n 


fquares. (by the.laft article) fügh terms age togbe 
affumed as. lie i in a ftraight Jine, fo that the other 


‘terms either lie all above she fireighe: lüfor 


fall all below it," - i eT Tee, 
. For example, foppofeshe equation, prüpofedais 
y — ay - yx) a^ yu* — ax® = o, thén mark 


jng with an afterifk the fquares ij the: lak article 


which contain the fame dimenfions of x qnil y as 
the terms in the equation, - imagine a ruler ZE 
to revofve about the firft fquare marked at y, 
and as it movés from A towards C, it will firft. 


. meet the term 4y*x, and while the ruler j joins, 
thefe two terms, all the other terms lie above it:. 


from’ which you ‘infer, that by Tuppofing thefe 
terms equal, you fhall obtain a value of x, which 
fubftituted for it, will give ; all: the other terms of 


hence we conclude that the value of x deduced: 
from foppofing thefe terms equal, Viz. d is 
the 
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the firft term of a feries that will converge the 
fooner the Jefs y is in refpe&t of a. . 


. Jf the roler be made to revolve about the fame 
fquare the contrary way from D towards C, it 
will firft’ meet the term y*x*, and by fuppofing 
y! yt = 0, we. find y = x, which gives the 
firft term of a feries for x, that converges the 
fooner the greater that yis. And this is the ce- 
_ lebrated, Rule invented by Sir J/aac Newton for 
.. this purpofe. ! 
. § 104. This Rule may be extended to equa- 
tions having terms that involve powers of * and 
3 with .fracfienal or fard indices; “ by taking 
diftances from A in the lines AC and AB pro- 
portional to. thefe fractions and furds," and 
thence determining the fituation of the terms 
of the. propofed equation in the parallelogram 
ABCD. | 


It is to be obferved alfo, that - when the line 
joining any two terms has all the other terms: 
- en one fide of it, by them you may find the firt 
term of a converging feries for x, and thus 
** various fuch feries can be deduced from the- 
. fame equation." As, in the laft Example, the, 
| line joining y*« and y.x* has all the terms above 

. it; and therefore fuppofing — ay'x + a°yx* = o, 


‘we find C= =f, and x = 2x which i is the firt 
a - 


term, 
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term ‘of another converging feriesfor x. Again, - 


the ftraight line j Joining yx* and x* has all the 
other terms above it, and therefore, fuppofing 


ayx* -—- ax = o, we find ay = x*, and x = aby : 
the firft term of another feries for x, converging 
alfo the fooner the lefs y is. There are two. 
feries converging the fooner the greater y i$, to 
be deduced from fuppofing 5! =- — yx OF 
y's" = ax®. And to find all thefe feries, ** de- 
fcribe a polygon Zabed having a term of the 
equation in each of its’ angles, and including all 
the other terms within it, then a feries may be 
found for x, by: fuppofing any two terms equal 
that are placed in any two adjacent angles of the 


/ Polygon.” 


§ 105. Ifthe ruler ZE be made to move 
parallel to itfelf, all the’ terms which it will 
touch at onse will be of the fame dimenfions of 
3: for they will bear the fame proportion to one 
another as the terms in the line ZE themfelves. 
The terms which the Ruler will touch firft will 
have fewer dimenfions of y, than thofe it touches 
- afterwards in the progrefs of its motion, if it 
moves towards D; but more dimenfions than 
they, if it moves towards A. The terms in the - 
ftraight line, ZE, ferve to. determine the firft 
term of the converging feries required. Thefe’ 


. with’ the terms it touches afterwards ferve to . : 


determine the fucceeding terms of the converg- 
ing 


\ 
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ing feries; all the; reft vanifhing compared with 
thefe, when y is very little and the ruler moves 
froin A towards D, or when y is vaftly great ar and 
the ruler moves from D.towards A. | 
106. The fame Author gives another me- 
thod for difcovering the firft term of a feries 
that fhall converge the fooner tbe lefs .y- is. 
* Suppofe the term where y is feparately of. 
fewelt dimenfions to be Dy’; compare itfuccef- . 
fively with the other terms, as with Ey"x, and . 





obíerve where — = is found greateft s and put- 


ting ^ —r— m p" will be the firft term of: a 


feries that fhall converge the fooner the lefs y is: 

for in that cafe Dy! and Eymx: will be ity 
ereater than any other terms of.the propofed 
‘equation. Suppofe Fyx* is any other iem ef 


the equation, and, by the fappofition, —" 2? (a) 


— e 
18 greater than M, and content, multi 


plying by £, you find z£ greater than / — e, and 
nk + e greater than 7; .now if for x you fubftitute 
Ay, then Fytxt = Fftyntte, which therefore will 
-yvanifh compared with Dy! (fince nk + eis greater 
than /) when y is infinitely little. Thus there- — 
fore all ‘the terms will. vanifh compared with .. 
Dy! and Eyrxs which are fuppofed equal;, and. 

confequently they will give the’ firft term of a 

feries that will i converge the fooner the lefs y is. 


$ 107. 
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‘is found", . 





§ 107. If you obferve. ** when ^ 


leaf of all, and fuppofe it equal to " then will 
Ay* be the fitft term of a feries that will con- 
verge the fooner the greater y is.’ For in that 
cafe D! and Erw v will be infinitely greater th than 


Pyxh, becaufe ' 


it follows that #k is ;lefs than / — e, and nk + e lef 
than /, and confequently Py (= F9 * *) 
vaftly lefs than Dy’, when y is very great. ^ 





uae 2) being lefs than —~ 


After the fame manner, if you compare any: 
term Dy/x) where both x and y are found, 
with, all the’ other terms, and obferve where 
l— 

5 zu 
1— 

5 =F . ; 
converging feries, For fuppofing that Py'«* is 


aa (=a). 
is greater than “—,' then thall nk — nb be. 


is found greatef or’ leaf, and fuppofe 





= #, then may fy be the firft term of a 





any other term of the equation, if 


greater than / — e, and nk 4 e greater than / 4- b.-- 
But rk + éare the dimenfions of y in Pyex* when - 
‘a = yn, and. / + nb are the dimenfions of y in. - 
Eynon, therefore Pyrx* is of more dimenfions of » 
than.Ey7x*, and therefore vanifhes compared tod: 
it when y is fuppofed infinitely lice In the. 


fame manner, if —— : — i is. lefs than 7 ;, then 
will 


/ . 4 


, 
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will Ey"x! be infinitely greater than y^? when 
j is infinite, 


§ 108. When the firft term (4) of the fe- 
ries is found by the preceding method, then by 
fuppofing « = Ay" + p, and fubftituting this bi- 
nomial and its powers for x and its powers, 
there will arife an equation for determining .5. 
the fecond term of the feries. This new equa- 


'. tion may be treated in the fame manner as the 


equation of x, and by the Rule of § 103, the 
terms that are to be compared in order to ob- . - 
taina neat value of p, may be difcovered; by 


means of which terms ? may be found: which 
- fuppofe equal to By^t', then by fuppofing | 


p = Byt*t" + q, the equation may be trans- 
fotmed. into one for détermining 4 the third 
term of the feries, and by proceeding in the fame. 
manner you may determine as many terms of the 


ferjes'as you pleafe; finding xc Ay” 4 Byte 
Cyr ter y Dyty &c. " where the dimen- 


fions of y afcend or "deícend according as r 
is pofitive or negative ; and always, ** in arith-. 
metical progreffion, that this value of x being. 


, fubftituted for it inthe propofed equation, the 


terms involving y and its powers may fall in with 


 . ene'another, fo that more than one may always 


involve the fame dimenfion of y, which may mu- 
tually deftroy each other and make the whole 
equation vanifh, as jit ought to do," | 


" 2.5 s. dt 
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- It is obvious that as the dimenfions of yd 
Ay" + By th + Cy t7 + Dy ty, &c. are in ani | 
arithmetical progreffion whofe difference is r, 
the fquare, cube, or any power s of Ay" + 
By *' R OP * 7 4 Dy * * 4. Ee. will confift of 
terms wherein the dimenfions of y will conftitute | 
. an arithmetical progreffion having the fame com- 
mon difference r; for thefe dimenfions will be - 
sn, sn +7, sn + ar, sn + 3r, &c. Therefore, 
if in any tefm Ey"x* you fubftitute for x the 
feries 45" + By" *" Cy" t 4 Dy"**, &c. 
the terms of tHe feries expreffing E5y"x' will - 
. confit of thefe dimenfions of y, viz. m + sx, 
fj sn +r, m sn ar, m + sn + 37, &c. and. 
‘by a like fubftitution in any other term as Fy‘x*,. 
the dimenfions of y will be e + nk, e+ nk + pe 
e+ nk + ar, e + nk + 3r, &c. The former fe- 
ries of indices muft coincide with the latter feries; 
that the terms in which they are found may be 
compared together, and be found equal with. 
oppofite figns fo as to deftroy one another, and. 
make the whole equation vanith. 


The firft feries confifts of terms arifing by . 
adding fome multiple of r to m + s», the latter 
rd adding fome multiple of r to e + ak; and that 

efe may coincide, : fome multiple’ of added: 
to m + sn muft be equal to fome other multiple 
of r added to e + mk. From which it appears: 
that the difference of m + in and e+ uk is always 

S . 'a mul- 


+ 
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a multiple of r; and confequently that r-is a 
divifor of the difference of dimenfions of y in 
the terms E: yn xt and Fy'x^, fuppofing x — Ay". 
It follows therefore * that r is a common divifor 
of the differences of the dimenfions of y in the 
terms of the equation, when you have fubfti- 
tuted 4" for x in all the terms.” And ifr be - 
affumed equal to the greatef# common divifor 
(excepting fome cafes afterward to be mentioned) 
you will have the true form of a feries for x... 
- And now the dimenfions 5^, y" t, Ut, 
y" ** &c. being known, there 'remains only, 
by calculation, to determine the general co- 
efficients A, B, C; D, &c. in order to find - 
the feries Ay" + By *' + Cy t 4 Dy t$ 4 
xc. zx. m 


. $ 109. This leads us to Sir Jfaae Newton's - 
Second general méthod of feries; which confifts 
in affuming. a feries with undetermined coeffici- 
énts expreffing x, as Ay" 4+ By" +" + Gy" Har 
&c. where 4,. B, C, &c. are fappofed as yet 
unknown, but » and r are difcovered by what we 
have already demonftrated; and fubítituting this | 
every, where for x, you muft fuppofe, in. the. 
new equation, that arifes, the fum of all the. 
terms that involve the fame: dimenfions of y to: — 
vanith, by which means you will obtain particu- 
lar equations, the /(z/? of which, will give A, 
the /econd B, the third C, &c. and thefe values 

being 
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being fubftituted in the affumed feries for 4, 


B, C, &e. the fertes for x will be obtained a as 
far as you pleafe. | 


Let us apply, for example, this method to 
the'equation (of $ 98. ) x) + ax — 20° + ayx —- y 
= ©.. Suppofe it is required to find a feries cons 
‘verging the fooner the lefs y is: its firft term 
(by § 9g or 102.) is found to be a, fo that 2 
= Q. Subftitute ¢ for x in the equation, and 
the terms become a’ + 2! — 24° + &^y — y, and 
the differences of the indices are 0, 1, 2, 35 
whofe greateft common meafure is. r, fo that r. 
zd. c AÍffume therefore x = A + By + Cy* 
+ Dy, &c. and fubítitute this feries for x in the 
equation, Then s | 


Om At BABY + 3.AB'y” 4° By 4 €Fe,. 

ct 34^ Cy. + 340 Dy! + &e. 

+ 64BOCy! + €3c, 

-ax=aAta By + aCy + Dy + Ie. 

+ ayn = ay + aBy + aC’ Oc 
—2a'=— 203 . | 

—-Ym....en sr. mExXxEJSS 


. Now fince x! + Z^x + ayx — 245 — y! = 0, it 
follows that the fum'of thefe feries involving y : 
muft vanifh. But that cannot be if the coef- 
ficient of every particular term does not vanifh. 
For every term where y is infinitely little, is in- 
finitely greater than the following terms, fo that 
5 2 . i 
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if every term does-not vanith of itfelf; the ad- 


dition or. fubtracion of the following terms . 


which are infinitely lefs than it, or of the pre 


ceding terms which are infinitely greater, can-. 


not deftroy it; and therefore the whole cannot 


vaniíh. It appears- -therefore that 4 + 4*4 — . 


£4' = 0, ‘is an equation for determining 4, and 
gives 4 = a. 
Ín order to determine B, you mutt. fuppofe 
the fum of the coefficients affecting y to.vanifh, 
viz. 34' B + wB + ad X y — o, or, fince A 


— 2, 4a°By + a’y —0, and B= -T 


"To determine C, in-the fame manner fuppofe — 
3 AB? 274 34° Cy’ 4+ a Cy? + aBy’ = 0, otf 


fubftituting for 4 and B their values already 
found, 4% + 44^ Cy — = o, and confe- 


quently C= T. And, by proceeding in the. 


a 


I uo v 
c fo that x — a — iy 


^ 7 N | . I 
ame manner, D= S124 





+ E 652 + y &c. as we. found before 


in § 99. 
§ 110. By this method you may transfer feries 
| from one undetermined quantity to another, and 
obtain Theorems for the reverfion of feries, 


fae 


Suppofe that x = ay + £y + cy! + dy* + Fe. 


and it is required to exprefs y by a feries con- 
fitting of the powers of x, It is obvious that 
when 


i/ 
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when x is very little, y is alfo very little, and - 
that in order to determine the firft term of the 
feries, you need only affume * = ay. And there- 


fore y = TT fo that & = 1. ‘By fubftituting = I 


. for y, you “fing the dimenfions of x in the terms — 
will be 1, 2, 3, 4, €%c. fo that r = 1 alfo. 
You may therefore affume y = 4x + Bx* + 

Cx: Dx* + &e. And by the fubftitutiop of 


this value of y you will find 
ay = alk +. aBx* + aCx + t. 
y= OAK c 2bAB + Se 
= 2 Scu o GC 
Ge. — | ‘Be. 


But the firft term being already found to be 


=, you have A= a and fince «B + 6A* = o, 


it follows that. B= - =. After the fame 

manner you. will find C = a. Whence 

. D a= ] Eh 
pate 4258 + Gk. 


-§ 111. Suppofe again you have ax 4: 0x" 4 
cx + dat 4 Fe. = gy + by’ + iy! + b* Se. to 
find x in terms of y. You will eafily fee, by 
§ 103; that the firft t term of the feries for x- | 


is 2 that & — 1, r— 1. T herefore affüme 


"= ty + By + Cy! Gic. and by fübftituting 
S3, |. this 


* 
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this value for x and bringing al the terms to one 
fide, you will have 


ax — ay + aBy + acy? 4G 


b» = PAY, + ab4By + &e. 
| ex! = c yl + Ge 
| Oe, | Sc. 
—f¥ = — 8) 


b om by? — eos — by 
I iy! = © oe © © f: — y 
Cor. . &e, 


From whence we fee, firít, that a7 = 5 and 


4 cn 2% ThataB + b4! — b — o, and 
b 


: bet 
(0 Bzlc-mS 3. ThataC 4 2AB pd! i 
1 — 2bAB — cA? 


— 0, and therefore: C= ——————. An nd 


a 
thus the three firft terms of the feries 4y + By 
+ Cy! Gc. areknown*, | 


$ 112. Before we conclude it remains to clear 


a difficulty in this method that has embarraffed _ 


fome late ingenious writers, concerning ** the 
value of r to be affumed when £we or mere of 

' the values of the firft term of a feries for ex- 

- preffing x are found equal;” a correction .of 
the preceding Rule being neceffary in that cafe, 

And the author ‘of that correction having oply 
collected: it from experience, and given it us 

* See Mr. De Morere, i in Phil. Trask 240. 
- | . without 


‘ 
. 
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without proof; it is the more neceffary to de- 
monftrate it here. | 


It is to be obferved then, that in order that the 
feries 2fy^ 4+ Bys t" Cyn +27 4 Dy t y + &Fe, 
may expres x, it is not only neceffary that when 
it is fubftituted for x in the propofed equation 
Dy + Eyeé + Ey = of the indices m + ^5, 


moons4r,mos cor, &c. fhould fall in - 


- with the indices e + sk, e -- nk t r, e + nk + ar, 
&c. in order that the terms may be- compared 
together to determine the coefficients A, B, C, 


' &c. but it is alfo neceffary, that in the particular 


equations, for determining any ‘of thofe coeffi- 
cients, as B for example, thofe terms that in- 
volve B fhould not deftroy each other. Thus 
the equation 3/£*B — 34°B — 44 = o can never 


determine B, becaufe 3,£ B — 34^B = o, and - 


thus B exterminates itfelf out of the equation; 
befides the contradiction arifing from — 4 = 0, 


when 44 perhaps has been determined already to 
. be equal to fome real quantity. 


In order to knów how to evite this abfurdity; 


let us fuppofe that the firft order of terms in the 
propofed equation are, as before, Dyi, Eyn xs, 
&c. and if 4 is found to be the firft term of a 
feries.for x, then the dimenfións of y in the firft 
order of terms, arifing by fubftituting in them 
Ay" for x, will be m +4 2s, and the dimenfions 
of 3 arifing by fubfticuting 4y* + Byr tr 4 
S 4 


p 


Cy 
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Cy* +2" &c. for x will be m + ns, m + ns +t; 
m-+ns + or, &c. Suppofe that Fyex* is the 
next order of terms, and, by the fame fubftitu- 
tion, the dimenfions of y ‘arifing from it will be 
(becaufe Fytxt= Eye x Ay" By t+ Cyst ort GL. v 
= FAlyt + + kFBAt—* ye entr &c.) e + nk, 
e+nk+r,¢+nk + 2r, &c. Now it is plain, 
that e + 2k mutt coincide with fome of the di- 
menfions m + 25s, m + ns br, m + ons 4e 2f, 
&c. that the terms involving them may be com- 
pared together. And therefore, as we obferved 
' in $ 108, r muft be the difference of e + z& and 
m + ns, or fome divifor of that difference. - Jn 
_general, r mutt be affumed fuch a divifor of that 
difference as may allow not only e + 7k to 
coincide with fome one of the feries m + NS, 
mous d rump ns + ar, &c. but as may make 
all the indices of the other orders befides e + nk 
likewife to coincide with one of that feries: 
that is, if Gy/x^ is another-term in the equa- 
tion, 7 muft be fo affumed that the feries f + nb, 
ftnub+r, f+ nb + 2r, &c. arifing by fub- 


flituting ; in it Ay" + Byt tr 4+ Cyr t*r &c.forx, - 


may coincide fomewhere with the firft feries 
m+ ns, modos 4 f, m+ns+2r, &c. And 
therefore we faid, in § 108, ** that r muft be aí- 
fumed fo as to be equal to fome common divifor 
‘of the differences of the indices m 4 zs, e 4 nk, 
f nb, which arife in the propofed equation 

. by 





ee Rn — m nl 
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by fubftituting in it for x the firft term already 
known 45*." For by affuming r equal to a com- 
mon divifor of thefe differences, the three feries 


mus Aurum Tus OF, mani 4 35s &c.. 
eM nk e p nbn, e nk-p or, e + nk + 37, &c. 
f nb, f+ ub ruf nb + 27, f + nb + 3r, &c. 


will coincide with one another, fince fome mul- 
tiples of r added to m + as will give e + ak and 
all that follow it in the /econd feries, and fome 
multiples of r added to m + us will alfo give 


f + nb and all that follow i it in. the third feries. 


It is alfo obvious, that, if no particular reafon 


-hinder it, r ought to be affumed equal to the 


greateff common meafure of thefe differences. 


. Forexample, if the indices m + ns,e -+ ak, 
* f + ab, happen to be in arithmetical progreffion, 


then r ought to be affumed equal to,the com- 
mon difference of the terms, and the firít of 
the fecond feries will coincide with the fecond of 


‘the firft, and the firft of the third feries. will coiri-" 


cide with the fecond of the fecond feries, and 
with the third of the firft, and fo on. / 


§ 113. Thefe things being well underftood, 


we are next to obferve that after you have fub- 


ftituted /f* + Byr*r 4- Cyr t? &c. for x in the. 
firft. order of terms in the equation, the terms 
that involve m + s dimenfions of y will deftroy | 
one another ; for + — Ay" muft be a divifor of 
| VO I ZEE the 


~ 


l 
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the aggregate of thefe terms, fince they give 
Ay" as one value of x: letx — Ay x P reprefertt 
that aggregate, and, fubftituting for x its value 
Ay* + Byrtr. +’ Cynt*r &c. that aggregate be- 
comes Ay 4 Bytt + Opt &c. — Ay x P 
=< By t" + Gy &c. x P. Now the loweft 
dimenfion in x — 4" x P was fuppofed to be 
m + ns, whence the dimenfion of P, in the fame 
terms, will be ss + #s-— x, and the loweft dimen- 
fion in Byrtr + Cyrt + Gc x P wilkben + > 
+m+ys~-n=m-+ns+r. Suppofe again that 
two values of x, determined from the firft order 
of terms, are equal, and then x — Ay") will be 
a divifor of that aggrepate of the firft order of 
terms. Suppofe that aggregate now x—4y"|" x P, 


which by fubftitution of 4y*+ By"tr Cyr &c, - 


for x will become Byrt* 4 Cyt + €c| x P, 
in which the loweft term will now be of m +4 ns 
dimenfions, fince in x — “| x P the loweft 
term is fuppofed of + + zs dimenfions; and 
confequently, in thefe terms, the dimenfion of 
P itfelf is m + ns — an. : 


In general, if the number of values of x fup- 
.pofed equal to 7j" be p, then muft x — 45^)! be 
a divifor of the aggregate of the terms of the firft 
order. . And that aggregate being expreffed by 
K — fy"? x P, in the loweft terms, the dimen. 
oo | fions 

8 


LI 


i 
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fions of y in P will be m + as — px, that in 
X — Ay'|? they may be m + ns, as we always fup-. 


pofe. ' Subftitute in x — yl x P for x — Ay" 
its value Byrvtr ./Cyrt?r. 4 C9c. and in the. 


refult By * 74 Cyr: + Gel x P the loweft 
dimenfions of y will be pu + Pr Tom dons — pK 
=m +ns + pr. 

§ 114. From what has been faid we conclude 
that when you have fubftituted for x in the firft 
order of terms of the equation propofed the 
feries Ay” 4+ Byttro4 Cyrt + Esc. the firft 
term of which 4y* is known, and the values of 
.& whofe number is p are found equal, then the 
terms arifing that involve zm + ns,.m +s 41, 
m + ns + ar, &c. till you come to m + #5 + pr, 
will deftroy each other and vani(h; fo that the 
firft term with which the terms of the fecond or- 
der e + 2k can be compared muft be that which - 
involves m + ns + pr; and therefore fuppofing 


2 6M nb wm IN — NS 
e+ nki=m+ns + pr, orn, “che 


higheft value you can give  muftbe the difference 
of e + nk and m + ns divided by p the number of 
equal values of the firft term of the: feries." 

If this value of r is a common  meafure of all 
the differences. of the indices, then is it a juft 
value of z; but if itis not, fuch a value ofr 
mult be affumed; as may- meafure this and all 
the differences ; that is, ** fuch a value as may 


- bg 
t 
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be the greateft common meafure of the leaft dif- 
e+ nb-m-—mn 


ference divided by p (viz.. a and 


of the common meafure of all the differences.” 


For thus the indices m + nsym +s +7, m + M$. 


^ 42r, &c. will coincide with e + nk, e -- nk +17, 


e p nk + ar, &c. and with f + sb, f sb +7, - 


f + nb + 2r, &c. and you fhall always have terms 


to be compared together fufficient to determine — 
B, C, D, &c. the general coefficients, of de 


feries affumed for x, 


a 115, To all this it may be added, that if 


x — Ay*be 'a.divifor of the aggregate of the 
terms of the /econd order Fyex*, &c. then, by fub- 
ftituting for x the feries Ay" + Byrt" + Cy 
+ Gc. there vanith not only as many terms of the 
feries involving m + zs, m 4- ns F rum zs ar 
&c. as there are equal values of the firft term 
fy"; but the terms involving e + z£ dimenfions: 


of y vanifh alfo ; and therefore it is then only ne- , 


ceffary that e + nk+ r coincide with m + ns + P 
fo that, in that cafe, you need only take 
p= EMRE Andi HY bea 
divifor of the aggregate of the fecond order 
of terms, then the terms (after fubftituting for 
x the feries 4y” + Byr* 4. Cy*+2-&c.) which in- 
| volve e + xk, e nk rue nk + or, &c. will va-- 
nifh to the.term e + »& 4 9 — 1 X r5 fo that, 


fup- 


- 
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 feppofinge + nk +p —ixrcm ns 4 pr, 
. you have r zz e + sk — m — n5, that is, to the’ 
kaff difference of the indices m + ns, e 4 ky 
f + nb, &c. provided that difference be a mea- 
fure of the other differences; although there 
may be as many values of the firft term of the 
feries equal as there are units inp. Or, if that 
. does not happen, r muft be taken, as formerly, 
equal to the greateft common meafure of the dif- 
ferences. 


~ 


0. 8 116. Suppofe that the orders of terms of 
the equation can be exprefied the jirf by 
! K— dy P x P, the fecond by x — Ay")? x Q the 
third byx — A4y'| x L, &c. and fuppofe that 
Ey"x* is one of the firft, y^ one of the fecond, 
——. Gy/ x^ one of the" third, and fo on: then-it is 
plain that, fubítituting for x the feries /4y*. + 
Byrtr + Cyrt2r &c. the loweft term that will 
remain in the firft will be m + s5 + pr dimenfions 
of y, the loweft term that will remain in the fe- — 
tond wil] be of e --,z& + gr, and the loweft term 
remaining in the third of f + nb + ir dimerifions 
of y. Fo or by the fame réafoning, as we ufed, in 
$ 113, to demonftrate that, in the firft order of 


terms x — Ay)” x P, the loweft dimenfions of - 
y are m + ns + pr, we fhall find that, in the fub... 
fequent orders, the loweft dimenfions of y in the 
terms ns x Ay x R= Bhs Grew beck x Q 


. mutt - 
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muf be ¢ + nk — qu + qu qr=e + xk + gr, 
and fo of the other terms x — 4*\' x L the 
loweft dimenfions muft be /- 2b + ir. The 
indices therefore of the terms that do not va- 
. nith being 


4 ck mone pr, 
kek kk 6 + nb + qr, 
kock ok ok ox &k fd nb ir, 


if r be taken equal to etri mm then will m 
C "5s prande + #k + qr coincide: and if at 
the fame time r be a divifor of f + ab — m — us, 
and be found in it a. number of times greater 


than p — 1, or if r be lefs than 17 7—" then 


r will berightly affumed. J general, ** take al 
the quotients T, a and 
either the af of thefe, or a number whofe 
denominator, exceeding ?— 4 by an integer, 


meafures it and all the differences f + zb — . 


f — ns, gives r;" fuppofing p, 7, and J inte- 
gers. But if P4 and / are fractions, you are to 
e-+nk—m—ns 


PE — 
DU T and fo that K and M may be 
integers.” Suppofe, for example, m + zs — i, . 

' | f? =. 


“cake r fo that it be equal to 


Cumt: ALGEBRA — sr 
EI, ec nk = DIThfenm- and 
zi: then putting. ———— — (r-). 

etuk—m—ns* _ftnb—m—ns Y M 

,b—4tK TUE ~ p—l+ iM xr 

sept YK; whence it. is cafily feen that 5 

and 11 are the leaft integers that can be affumed 


for K and M. And that.r = 





I I 
TE Gs 08 


therefore mn *pr-iÓ3 JT nk + qr = i and 


fnb 4 ir = 53 .. Thatis, the terms of the firft 


feries whofe dimenfions are m +s +p + K X15 


$us pa M x r fall in with the firt terms. 
of the fecond and third feries refpe&ively *. 


. * See. on this fubje&, Colon, Epift. in Animadv. D. 

Meiveci. Taylor. Meth. Incr. Stirling. Lin. iii, Oyd.' 

s*Gravefande Append, Elem. Algebrae. Svecvart on the 
Quadratare of Curves, | 


CHAP. 
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CHAP. XL. 


Or rue RULES ror FINDING rBr NUM. 
BER or IMPOSSIBLE ROOTS 1x aw EQUA- © 
TION. 


$ 117. BE number of impofible roots in 
an equation may, for moft part, . 
be found by this — 


RULE. 


“< Write down a feries of fraGions whofe denomi- 
- mators are the numbers im this progreffem 1, 
253» 4, 5, &c. continued to the number which 
expreffes the dimenfion of the equation. Di- 
_ Vide every fraction in the feries by that which 
| precedes it, and place the quotients in order over 
the middle terms of the equation. And if tbe. 
Square of any term multiplied into the fraction 
that frands over il gives a produ greater 
. than tht reé&tangle of the two adjacent. terms, 
write under the term the fign +, but if that pro- 
du 1s not greater than the retiangle, write — ; 
and the figns under the extreme terms being +, 
there will be as many imaginary roots as there 
are changes of the fi: ‘ens frm + to —, and from 
— to +. " 


| . Thus, 
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Thus, the given equation being x? + px + 
3p'* — q = o, I divide: the fecond fraction of 
the feries 3, 2, 2, by the firft, and the third 


by the fecond, snd place the quotients ; and 7 - 


over the middle terms in this manner ; 


T T 
x! px t p. —g 930. 
+ — + + 


Then becaufe the fquare of the fecond tetm 
multiplied into the fraction that ftands over it, 


that is, ; x p'x^*, is lefs than 3p*x* the rectangle 
under the firft and third terms; I place under 


the fecond term the fign —: but as 5 x 9p*4* 


(= 3px") the fquare of the third term multi- 


plied into its fraction is greater than nothing, and 
confequently much greater than — pgx* the ne- - 
gative product of the adjoining terms, I write 
under the third term the fign +. I write + 
likewife under x? and — 4 the firft and laft 
terms, and finding in the figns thus marked two 
changes, one from + to —, and another from — 


t0 +, l conclude, the equation has two impoffi- 


ble roots. 
In like manner the equation x3 — 4X* 4 4x — 
= o has two impoflible roots; 
3 7 
x — 4X 44x —6-0; 
+ + — + - 
T and 
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and the equation x* x — 6x* — 3x — 2-0 the 
fame number 


3 ^ 3 
ry Y "8 
X* x — 6x — 43x — 2. OOD 
++ + — + 


For the feries of fra&ions :, 3, - yields, 


2 
2 3 4 
by are: them as the Rule directs, the frac- 
tions Lii arg tO be placed over the terms. Then 


the fquare of the fecond term, which is nothing, 
multiplied by the fraction over it being ftill 
nothing, and yet greater than — 6x° the negative 
product of the adjacent terms, I write under (*) 
the term that is wanting, the fign +, and pro- 
ceeding as in the former examples, I conclude, 
from the two changes that happen in the feries 
+ + + — +, that the equation has two of its 
roots impoffible. 


The fame way we difcover two impoffisle. 


roots in the equation 
2 Lo 7 £1 2 
Wan gat AX 2x oe 4 = oO 
+ + - + + +4 


When two or more terms are wanting in the 
equation, under the firft of fuch terms place the 


fign —, under the fecond +, under the third - 


—, and fo on alternately; only when the two 
terms to the right and left of the deficient terms 


have 
» 


~ 
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have contrary figns, you are always to write the 
fign + under the laít deficient term. 

. As in the equations 


+a ke x 2 —0 
+ +-—-+-— + | 
X! p oax* xk ke —a5—0 
+ +—-tt+ + 


the firft of which has four impoffible roots, and 


the other /w«. Thus likewife the equation - 


3 s. 3 $5 3 
T C T T$ T 
A! om O0xÜ -Ro3x$ — ort + x * * = 3 
+ -— t — t=—-+ + 


has fix impoffible roots. 


Hence too we may difcover if the imaginary | 


roots lie hid among the affirmative, or among - 


the negative roots. For the .figns of the terms 
which ftand over, the figns below that change 
from + to — and — to +, fhew, by the nam- 
ber.of their variations, how,many of the impof- 
fible roots are to be reckoned affirmative ; and 
that there are as many negative imaginary roots 
as there are repetitions of the fame fign. As in 
the equation - 


x — Ax* B o4qx — Ox" — px — 4 m0 

+ + —- + + + | 
the figns (— + —) of the terms — 4xt + ae 
— 2x^ which ftand over the figns + — + point= 


T 2 | ing | 


* 
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ing out two affirmative roots*, we infer that 
two impoftible roots he among the affirmative: 
and the three changes of the figns in the equa- 
tion (4+ — + — — —) giving three affirmative 
roots and two negative, the five roots will be 
one real affirmative, two.negative, and two ima- 
ginary affirmatives. If the equation had been 


X — Ait — x! — OK" — (x — 4-09, 
+ + — = +. + 


the terms — 4x* — 4x’ that ftand over the firft 
‘ variation + —, fhew, by the repetition of the 
" fign —, that one imaginary root is to- be. reek- 
oned negative, and the terms — 2x* — x that 
ftand over the laft variation — +, give, for the 
fame reafon, another negative impoffible root ; 
fo that the figns of the equation (+ — — — — —) 
giving one affirmative root, we conclude that of 
the four negative roots, two are imaginary. 

«€ This always holds good, unlefs, which fome- 
times may happen, there are more impoffible 
roots in the equation than are di: coverable by 
the Rule.7 


q bis Ruhe bath been jroef gated by feveral emi- 
nent Mathematicians in various ways, and others, 
' fenilar to it, invented and publifbed +. - But the 


* See § 19. ' 
t See Szirling’s Linea ijj Ord. Nextcz. p. 59. PhiL 
dra. N°. +3941 4045 408. 
tC original 


a 


a, 


N 
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original Rule being, on account of its fi mplicity 
and eafy application, if not preferable to ail others;: 
at leaft tbe fitteft for this place, tt ts fufficient to 
direc? the. Reader where be may find the fubseit 
more fully treated; and to add tbe demonfiraticn 
aur Author bas given of it towards the end of bis 
Letter.to. Mr. Folkes, Phil. Tranf. N° 408, as’: 

it depends only on what bas been demonffrated in 
Chap. 5. concerning the limits of the roots of equa- 
J fons, | 


$ 118. Let ax* + px + q = obeany adfe&ted 
quadratic equation and, by $ 88, Par: I. its 
roots will be — x PAS dD’ + 409g: whenceis 
is plain that, the fign of 4 in the given equation: 
being +, the roots will be impoffible as oft as 
r 4 is greater than 9^, or 15^ lefs than a xq 
§ 119. It was fhewn, im general (§ 4$ .... 50) 
"Ibat the roots of tbe equation x" — ye T 
BDxy—:— Cx—3 &c, = 0, ant the limits of the 
roots of tbe equation Gaxt—1—g—14 xxt? 
A -— 2 X Bx7—3 &c. = 0, or af any equation that 
1s deduced from it by multipiying its terms by any 
arithmetical progrefion 1 == d, 1 ad, Lx 3d, - 
&c.. and converfely tbe roots of this. new equation 
will be tbe limits of tbe roots of tbe propofed equa- 
tion x" — 4ix"—! + Bx? &c. — o. 
And that if any roots of the equation of the 
- limits are impoffible, there muft be fome roots of t the 
* propofed equation impoffible. | 
T3 § 120. 
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$120. ‘Let x° — 4e + Bx —C — obea 
cubic equation, and the equation of limits 
3x — 24x + B 0. If the two roots of this 
laft are imaginary, there are two imaginary roots 
of the given equation x* — Ax’ + Bx — C — o, 
by the laft 7/7. But, by the preceding frt. 
this happens as oft as 5 /f* is lefs than B; and, 
in that cafe, the given equation has two imagi- 
nary roots. 

Again, multiplying the terms of the equation. 
by the terms of the progreffion, o, — 1, — 2, 
— 3, we get another equation of the limits Ax 
— 2Bx + 3C = 0; whofe two roots, and con- 
fequently two roots of the given equation, are 
imaginary when 5. B" is lefs than A x C. 


Hence likewife the biquadratic x* — 4x + 
Bx — Cx + D = o, will have two imaginary 
roots, if two roots of the equation 4x? — 34x" 
+ 2Bx — C — o be imaginary; or if two roots 
of the equation /x' — 2Bx' + 3Cx — 4D —o 
be imaginary. But two roots of the equation 
Ax -— 34x + 2Bx — C= omuft be imagi- 
nary, when two roots of the quadratic 6x^ — 
34x + B= 0, or of the quadratic 34x^ — 4Bx 
- 3C — o, are imaginary, becaufe the roots of 
thefe quadratic equations are the Jimit; of the 
roots of that cubic; and for. the fame reafon 
two roots of.the cubic equation Ax’ — 2Bx* + 
3Cx — 4D = o muft be imaginary, when the 
roots of the quadratic 34x” — 4Bx 4 3C = o, 

. OF 
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or of the quadratic Bx* — 3Cx + 6D = o are 


impoffible, Therefore two roots of the biqua- 
dratic xX* — Ax? + Bx’ — Cx + D = o muft be 
imaginary when the roots of any one of thefe 
three quadratic equations 6x* — 34x + B — o, 
34x? — 4Bx 4 30 = o, Bx’ — 36x € 6D — o 
become imaginary; that is, when 3 4” is lefs 
than B, +B lefs than AC, or 3 C" leís than BD. 


$ 121. By proceeding in the fame manner, 
you may deduce from any equation x* — 4x"— 
+ Bxer? — Cxe-3 &c. = o, as many quadratic 
equations as there are terms excepting the firft 
and laft, whofe.roots mutt be all real quantities, 
if the propofed equation has no imaginary roots. 
The quadratic deduced from the three firft terms 
xe me Axt—t + Bxat—? will manifeftly have this 


form, & X n —iXn—aXn—g Src. x à - 


z-ixs-ixs—jxu—a &e X Ax + 


' nthe [onm ——— CHEERS 


continuing the factors in each till you have as 
many as there are units in » — 2. , Then divid- 


ing the equation by all the factors2—-2,2— 3, 


X — 4, &c. which are found in each coefficient, 
the the equation will become # x 1 — r X «^ — 
n -—1X2/4x-o X I x B=0, whofe rc roots will 
be imaginary, by $ 118, wheng xz—1x2 x 
4B exceeds 2 — 11^ x 4/4*, or when B exceeds 


»-—I! 


pe A”: fo that the propofed equation muft | 


T4 ^— have - 
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have fome imaginary roots when B exceeds 
n —1 


5 
A*, The quadratic equation deduced 1 in the 





fame manner from: the three firft terms of the 
equation 4x7? — 2Bx"—? + 3Cx"-3 &c. — o, 
will have this form, N—1XnN—2Xn—3 &e. 
x Ax? —n—2xn—33Xn—a4&c. X aBx + 
A— 3X n—4 X n—$&c. X 3C —0; which 
dividing by the facters common to ail the terms, 
is reduced tog — 1 X 1 —2 x Ax’ —n—a x 
4Bx + 6C — o, whofe roots muft be imaginary 


is lefs than 4C; and there- 








fore in that Cafe fome roots of the. propofed 


| equation muft be imaginary. | 
$ 122. In general, let Dxt-7: — Ex'— + 
AR be any three terms of the equation, 


— Axe? 4 Bx? &c. — o, that immediately © 
follow one another ; multiply the terms of this 


equation firft by the progreffion 7, » — 1, n—2, 
&c. then by the progréffion s — 1, 4 — 2, t — 3, 
&c. then by 2 — 2,5 — 3, 1 — 4, &c. ull you 
have multipliéd by as many progreffions as there 
are units in“ — r — 1: then multiply the terms 
of the equation that arifes, as often by the pro- 


greffion o, 1, 2, 3, Gr. as there are, units in: 


f — 1, and you will at length’ arrive at a qua- 
. dratic of this form; 











n—rLiIXAsS—rXmn—r—aiXmn—r—2&c. 
Xr—iXr—2Xr--3Xr—A4&&c. x Dx 


2 ‘ | vm" 


\ Adina m 


af 
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—n—rxn-—-r—i(ixmn—r—o2oXn-—r-—35&c. 
Xrxr-—iXr—2owxr-2 &c. X Ex + 
(Ree nen n J i a E ERU a ——H d m nÁ— 

n—-r—iXmn-—r—o2Xm-—r—3Xn-—r-—4 
&c.x«rtiXrXr—1Xr—2&c.x Fco: 
and dividing by the faétorsa — r — 1,2 —r—2, 
fc. andr — 1, r — 2, &e. which are found in 
each coefficient, this equation will be reduced ta 


nr Xn—rxax IxXDx*-—n-—rx2xr 
xoEx-2X1xr-cI Fs rF=0, whofe rootsmuft 


x E* 
—?7 I x = I 

( dslefsthan DF. From which it is manifeft, that 

if you divide each term of this feries of fractions 

| Ho n—Ii n—2 273 &c. nx—r-4I amr 

| P 22? SEE r ? rtr 
by that which precedes it, and place the quo- 
tients above the terms of the equation x" — 
Axr—* 4. Baro — C73 &c.—0, beginning with 
the fecond: then if the fquare of any term mul- 
tiplied by the fraction over it be found lefs than 
the produ& of the adjacent terms, fome of the 
roots of that equation muft be i imaginary quan» 


tities. 














* 
[3 
, 
¥ 





bei imaginary, by§1 18, when— 








-- --—- 


. | | 

1 | $123. An equation may have impoffible roots . 
although none are difcovered by the Rule: be- 
caufe, ** though real roots in the given equation 
always give real roots in the equation of limits ; 
yet it does not follow, converfely, that when the 
roots of the equation of limits ate real, thofe 


| | of 


H—- 
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of the equation from which it is produced muft 
be fuch likewife. Thus the eic 


x — H x et zi 
— d + 29m Xx—qXm' +n=0; 
, + 2 | 
has two of its roots imaginary, m + /—z, 
m —/ — 1, the third being + 4: and yet in 
the equation of limits 3x*— 4m t 2q X x + 
m^ + 29m + m = O, if m — q\* exceeds 3n, the 
roots of the equation of limits will be real. "^ Or 
if the other equation of limits am + ¢ X x* — 
2x m+omtaxet+3q Xm tn=o 
1s found by multiplying by the progreffion o, 
— I, —2, — 3; it will have its roots real as oft 
as m' + 2qm + n\ exceeds 2m + q X 32x m' 4- z. 
And the like may be fhewn of higher equa- 
tions. 


§ 124. The reafon why this Rule, and per- 
‘haps every other that depends on the compari- 
fon of the fquare of a term with the rectangles 
of the terms on either fide of it, muft fome- 
times fail to difcover the impoffible roots, may. 
appear likewife from this confideration: that the 
number of fuch comparifons being always lefs 
by unit than the'number of the quantities g, 
m,n, &c. in the general equation; they cannot 
include and fix the relations of thefe quantities, 

1 , | on 


- 


—— 
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og which the ratio of greater or lefer inequality 
of the fquares and rectangles depends ; no more 


than equations fewer in number than the quan- 


tities fought can furnifh-a determinate folution 
of a problem. mo ! | 








CHAP. XII. 


—" Cou TamxIiNG a GENERAL DEMONSTRA- 


TION or Sir ISAAC NEWTON’s RULE 
. FOR FINDING THE SUMS or tHE POWERS 
of THE ROOTS oF AN EQUATION *. 





.ET the equation be x —a x x —à x 
Xx—6 X x—d x &c. — 0, or, 
me MI" + BO CH) 5 
oO Io + Kx — Le + M = 0. 
. Itis known that 4 =a P pce d 4 &c.. 
B — ab + ac ck ad + be 4+ bd + cd 4 &c. 


C= abe + abd + bed + &c. D = abed + &c. 


the parts or terms of the coefficients. 4, B, C, 
D, &c. being of 1, 2, 3, 4, &e. dimenfíons , 
that is, containing as many roots or factors as 


there are terms.of the equation preceding them, 
refpectively. | . 


* See Arith, Univerf pag. 157. And Chap. lL. $ 1 $—7 
| CASE 
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CASE L | 

Let r be an index equal to m, or greater than 
n, then, multiplying the equation by «’~", and 
fubftituting fucceffvely a, 3, c, 4 &c. for x; 
you obtain 

a’ — Aa" 4 Ba — Ca-3 el. 
Q— Lat + Ma’ } -9 

y Av + BY * — cy, P ] _ 

eo —LETYU 4 MET -5 

ÜC—4u + B — CH... 

o.oo r—a+1 + Me \ = o 

. &c. 7 ! 

Whence, by.tranfpofition and addition, this 
Theorem refults, chat, in this cafe, ** the. fum 
of the powers of the roots, of the exponent r, 
is equal to the fum of their powers of the ex- 
ponentr — 1 multiplied by 4, minus the fum 
of their powers of the exponent r — 2 multi- 
' plied by B, + the fum of thofe of the exponent 
r— 3 multiplied by C, and fo on.” 

It remains to find the fums of the: powers of 
the roots, when the exponents are je Hs t than z the 
exponent of the equation. 


CASE Ii. 

If z is lefs than z, and H be the coefficient ^ . 
in the equation, of the dimenfionftr ;, that is, if. 
H be taken fo that the number of terms preced- - 

inc it in the equation be equal to 7, or the num- 

! ber 


\ 
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ber of fa&ors in its parts abcdefgh, abcdefgi, 


&c. equal to r, then the Theorem may be ex-- 

preffed in the following manner. ~ 
ED Mdb + Ge. 
. | + qM . — gr + ay 
n P ino — um + gn 3 


O4 dec px Ae Px Bt” x C. 
| r—I 


ad’ | 407 +e 
4 &c. | mE + &c. ] 
© eo © © 9229 * 06 — p, x H. 


The cafe when r = 4 — 1 is eafily demon- 
ftratéd ; for, dividing the equation by x, we 
have 


M 
xt — Ai +t BxX735....— L 4 T = 0. 
W hence 
on M | 
ar — Ay" + Ba" eeorn "mm L + "a = o; 
. : | M . 
DU — AP. BP... — L + T = 09, 
e — Ae Beo... eo—L4 = o, . 
&c. ME ^—— &c. | 


and (becaufe L = 2 , 7f +2 m Ge.) 


- we fhall have i i GATA CU OY B. 


+. a”? . gi e 3 0753. 
REC .—-FUbD VQ 

= A~ | 4 C.. 
+ c7 x NELLE X B n —4 
+ &c. —&c.3 — 4 &e. 
e e * e 0 e. e e + r/4 e— L X L. 
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When r — 2 — 2, the demonftranon : de- 
rived from hence, that a^ + B+ C + 24 &e. 
= A* — 2B (pag. 142.) as follows. 
By § 32. transform the given equation, viz, 
Tie ee tenn b= cin 
ooo dx + Kx! — Lx + M 


the equation 
at a tg Se ees 
—M* ty — il dd 


the roots 4, g, 7, 3, &c. of which new equa- 
tion íball be reipectieely equal to the recipro- 


I i1 


cals =, " -, ^ &c. of the roots of the 
original equation, 


Divide now the original equation by x^; and 
in the quotient fubfticute for x the roots a, 2, 
¢, d, &c. fucceffively, fo fhall you have 

a” — fa—* + Bg*—Ca.. 

se let K—-24% -9 
p — Ab + Bb— — C3 ,, 
! L AM 


vee Db K—ZL4^ . . — 


Ud 


ec—deu. Bé — C8. 


M = 0, 


sf. ki M 


Add all thefe equations together, and for 
7 — 2 fubftitute its value r, and it will be — 


r 


a 
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E a = a" | + a"? 
+ & —b-— 4 0r . 
+ Cj CT! x4 crn xD... 
+&c.— &c. + &c. 
(=; + a’ 
—5 dx L . FEL. 
ae GEC ° + &o. 
But by the principle adduced from pag. 142, 


L* 2k 


LH B. + bec. = 4» — A wherefore, 


by multiplication and tranfpofition, it will fol- 
low that 
E ar C \ 
+e L. 
aK Fx L+ Mx +y (7097 
+ &c. 


Which equation being. fubtracted from the pre- 


ceding. there remains 


P4 ome grommet 4 gr 

+ br — br" + btm | 

rs Cd Pee 

+&c.— &c. + &c. d 

—4. | s 
e L^ AxIA^4rxKc0. Which was 
| — &c. 
to be proved. 


But to fhew it zniverfally, we may ufe the fol- 
lowing Lema : 
| « Thae 
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« That if 4 is the coefficient of one dimen- 
fion, or the coefficient of the fecond term, in 
an equation, G any other coefficient, 7 the co- 
efficient next after it; the difference of the di- - 
menfions of G and 4 being r — 2 : if likewife 
4t X G'reprefent the fum of all thofe terms of 
the product 4 x G in which the fquare of any 
root, as a*, or 2*, or c*, &c. is found; then will 
4 x G >= AG—rH.” 
| This is a particular cafe of. Prop. VI. -concern- 

ing the impoffble roots in Phil. Tranf. N? 408; 
which, by continuing the Table of Equations in 
pag. 140, and obferving how the coefficients are 
formed, may be this demonftrated. | 

Let the coefficient of à term of the equation, 
as D (— abcd + abce + abef &c. + bede + bedf 
&c. ) be multiplied by 4(—a 24 c 4 d + C2c.) 
' and, in the product 4 x, D, fetting afide all the 
terms, 4 x D' in which 4^, P, c, &c. are 
found, any one of the remaining, terms will 
arife as often as there are factors in the terms of 
the following coefficient E. Thus thé term 
abede will arife five times ; becaufe it is made up. 
'" ofany one of the five roots (or terms of A) 
a, b,c, d; e, multiplied into the other four that 
make aterm of D: the like is true of every 
other term, as abcdf, bedef, &c. each of which 
will arife five times in the produ& 4 x D. And — 
the fum of thefe terms abcde + abcdf + Se. 
making vp. the coefficient E, it it follows that 

Ax, 
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AxD—AxD'=5E, or x D= AD — sE, 


And the fame holds of any two coefficients 
' G, H, whofe diménfions arer — 1 and r re- 
fpe&ively. 

^ To apply this to the prefent purpofe, | it is to 
. be obferved, that, in each of the coefficients 
A, B, C, D, &c..except the laft M, which is 


, the produ& of all the roots: 2, 4, z, Z, &c. we. 


may diftingvifh two feveral portions. or mem- 
bers, in one of which any particular root, as a, 
is contained, byt in the whole remaining por- 


tion of the fame coefficient, that particular 
root (s) is wholly abfent. Now if, for bre- 


vity's fake, we, denote that portion of any co- 
efficient wherein any -root, as a, is contained, 


by annexing the fymbol of the faid root with | 


the fign + in an sus to the fymbol, as G, of 


the coefficient (thus Git ;) and if we denote | 
 theremaining portion of the fame coefficient, ^ 


from which the fame root « is totally abfent, 


by annexing the fymbol of the faid root with the - 
figa — in an uncus.to the, fymbol G of the fame — 


coefficient (thus c 74) it will: appear that (if 
G be any coefficient and Z the following co- 


efficient), ' - / 


G = git + c 7^ and u^ = aG 7, 
Gea GU 4 gU ana nU = ag 
&e. : . &c. 

| U EE Divide 


Lj 
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Divide now the. equation propofed by x*—", 
and it will. become 
ru óc co ae 

X .L M zo 
eI GR Halo uc 
in which fubftituting e, & c, Sex. rere 
for x, we qbtain 
a’ — Ad" + Be — Crm, 

i KL M Wo, 
soRGalHaT—L4A- E 2» 
oA + BY — Co’... . s 

I K,L Ad = 0, 
weet Gb - -Hej- RRO rz 

7 o— M4 Bo — Ce73 © e oe e ü \ 

H I EK L M X0. 
E ul i d Ro C PME 
But, by the notation here ufed, and "— a 
— 


— HH = - ae A^ 
T 4 ' p (—a K^* 
d PS +H * 2 
T K a i7 no 
a a : a 
n L B EV LC 
"ln "NE 
M- - ne 
Whence 


/ 





^ (by the the lemma) 
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| Whence E 
Ga — H+. = QUEE ME 
Bas Simo wads t 
x L A zat 


&e. ! 
And the fum of thefe = Lg", iG Ft? a 
Git! + Ge. zt (by this notion) 4AxxG 


468 . 
te x G — rH, 
4+ &c.] B 


Compare this.làft conclufion with «hat- which v 


E followed from dividing the propofed equation 


by 4^7, and fubftititing: for'«' thé roots a, 4, 


,c; &c. atid you will have '. 
a arty o Rara \ 
4 br an hrm? oe eel Oe E 
bec. a PE Cone c 
4&co— &co À —— 0 Gc. : I 
7 +4 pp BOs 
EE I. EN | 
ettet tttm, +e x G.— rH: | 
t&c.J 


which was to be demonftrated, 


Ua - ^ | From 
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From thefe two Theorems Sir Jfaac Newton's 
Rule manifeftly follows, 


But, to illuftrate the reafoning here ufed by 


fome examples: fuppofe.r = 3, then we are 


^ 


to take C for H, becaufe, three terms only pre- 
cede C in the equation x" — x^^ 4 Bx*™* — - 
Cx 4 €. = 0; and we are to prove that 


a a ^ 2 
+ P 4 3 —b 
pO Sx tc px Ame Px Bt 3C. 
+43 4+a° . —d 
+ &c. 4 &c. —EÉc.. 


OT hat this may appear," obferve that 

GB+h4 +a + Gc. —a* P C d E, 
Xatbó4etd Ge, —a x btcetd Gr. 
—BxatetdtSemc xactb 4 d Gr. 
—d*xatb+c4e—Se.—(becaule 4 B= 
axab+actad+ 9c. p b X abt bet bd4 Se. 
"pe X ac * bc * dc Eje d X ad bd cd + Ge. 
AS)zsTPR6*P.S.x4A-AB 
(by the Lemma) = a^ + P, ccr EF 6. 
x 4 — AB + 3C. 





- In like manner, 2*-4- b-Grd40cec 
DSPTOTd44^7ox a@th+c+d+ Gce-—. 
at+b C d* + E90. X ab ^ ac « ad bc bd 4 cd 
4. C26, - a^ X bc -- Dd cd t 8c. 4 P X acr ad «d 

. | o Se. 
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WESC. + cx abad E bd Y Gic. 4 d* x ab ac bc 


4G 4 Gc m -BDT OT d3.3nx4 
—4 4h 404+ 82 + SX B4 ACH 
P+ Ote+ G+ Box Ae_Gtv+ec4+ad*. 


(ChGex BtatbtckdtG. xC—4D. 


e-. 


End of the Sscowp Part. 
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PAR T II 
Of the. Application of Algebra and Geometry | 


to each other. 
na 
CH A P. » I. 


Or rue RELATION setween THE EQUA- 
TIONS or CURVE LINES AND THE F IGURE 
_ oF THOSE CURVES, IN GENERAL. | 


$1 I. JN the two firft parts we confidered Alge- 
bra as independent of Geometry ; and 


'. demonftrated its operations from its own princi- 


ples. It remains that we now explain the ufe of - 


Algebra in the refolution of georaetrical problems ; 
MEE . , or 


the wie of. geometrical lines and figures in the 
refolution of equations, The mutual. inter- 
^ courfe of thefe fciences has produced meny ex: _ 
tenfive and beautiful Theories, the chief of 
Which we fhall ehdeavour to explain, beginning 
with the relation betwixt curve lines and their 
equations. 
§ 2. We are now to  confider quantities; as 
reprefented by dimes; a known quantity by a 
. given line, and an brenrind by an undetermined 
line. 


LI 
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2 or reafoning about geometrical figures ; ; and 


But as it is fufficient that it be indetermided E 


on one fide, we may fuppofe one extremity to be 
~ known. 


b. p uu 4A | . PB P B 
Thus the line AB, whofe extremities A and 
B dre both determined, may reprefent a given 
quantity: while AP, whofe extremity P is un- 
‘ . determined, may reprefent. an. undétermined 
| quantity. A leffer undetermined quantity may 
' | — . be reprefented by AP, taking P nearer t0 À; . 
and, if you fuppofe P to move towards A, chen - 
wil AP, fucceffivély, reprefent ajl quantities 
lefs than’ the fit AP; and after P has coin- 
cided with A; if it proceed in the fame direc- 
- . .ffon to thé place p, then will Ap reprefent a ne- 
(C. gative quantity, if AP was fuppofed pofitive, 
"no .U4 . KH 


we c -———— ee ae 
. E 
D 
LI 


I. 
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. If AP reprefent x, and Ap = AP, then will 


Ap reprefent — x; and for the fame reafon, if © 


AB reprefent (+ 2,) then will A2 (— AB). re. 
prefent(— 2e). — 

|^ $3 After the fame manner, if PM repre» ' 
fent + y, and you take Pm, the continuation 





of PM on the other fide, equi to PM, then 


will Pm reprefent: — y: for by fuppofing M to 
move towards P, the line PM decreafes; when 
M: comes to P, then PM vanifhes; and after M 
has paffed P, towards m, it becomes negative, ' 
.$4. In Algebra, the root of an equation, 


when it is an impoffible quantity, has its ex-. 


preflon; but in Geometry, it has none. In. , 


there is an expreffion, in all cafes, of the thing 
required ; only, within certain bounds, that ex- 


preffion reprefents an imaginary quantity, or - 


rather, ‘is. the fymbol of an operation which, 
in that cafe, cannot Lu performed ;” and ferves 
only 


.. Algebra you obtain a general refolution, and .- 


Cur: ALGEBRA, .-' 299 
only to fhew the genefis of the quantity, and the 
Jimits within which it is poffible. 

In the geometrical refolution of a queftion, 


the thing ‘requifed.is exhibited only in thofe 
cafes when the queftion admits of a rez] folu- - 


tion * and, beyond thofe limits, no folution ap- 


pears. So in finding the interfections of a given 
circle and a ftraight line, if you determine them 
by an equation, you will find two general ex- 
preftions for the diftances of the points of inter- 
fe&ion from the perpendicular drawn from the 
centre on the given line. But, geometrically, 
thofe interfe&ions will be exhibited only when | 
the diftance of the ftraight line from the centre 


is lefs than the radius of the given circle, ' 


8 5. * When in an equation there are two 
undetermined quantities, x and ds then for each | 
particular value of x, there may be as many 
values of y as it has dimenfions in that equa- 
gon", ' ss | 
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. So that, if AP (a part of the indefinite line — 
AE) reprefent x, and the perperkliculars PM 
reprefent the correfponding values of y, then 
there will be as many points (M,) the extremi- 
_ ties of thefe perpendiculars or ordinates, as there 
‘are dimenfions of y in the-equation. And the 
— values of PM will be the roots of the equation, 
arifing by fubftituting for x its particular value . 
AP inany cafe. |. — , 


From which it appears, how, when ai “eqita- 
tion is given, you may determine as many of 
the points M as you pleafe, and draw the line. 
that fhall pafs through all thefe points; * which 

' is called the focus of the equation.” — 


$ 6. When any equation involving two un- 
known quantities (x and y) is propofed, then . 
Tubftituting. for x any particular value AP, if the 
equation that arifes has all its roots pofitive, the 
points M willlie on one fide of AE z but if any 


of them are found negative, then thefe are to be 


fet off-on the other fide of AE towards m. 


. 1f, for x, which is fuppofed undetermined, 

you fubftitute a negative quantity, as Ap, then - 

you will find the points M, m, as before: and 

the Jecus is not complete till all the points M, s, 

_ are takenin, that it may fhew all the values of y 
| correíponding: to all the poffible values of x. 


« It in any cafe, one of the values of y 
! | vauifh, 
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venith, then the point M coincides wih P, and 
the daews meets with AE in chat point," | 

* Jf ;onc af the values of s heodmes infinite, 
then it fbews that the curve bas an definite arc: 
and, in that cafe, the line PM becomes an 
afymptote to the .curve, or touches 4t at an in- 
finite diftance,” if AP is icfelf finite. - 

* If, when & is fuppofed inGnialy great, a 
value of y wanifh, then the curve approaches to 
AE produced as an afymptote.” 

“ If any values of y become impabiol, then | 


| . fo many points M vanifh." . 


$ 7. From what has been faid it appears, that 
when an equation is propofed involving two un- 
determined quantities (# and y) ** there may be 
as many interfe&tions of the curve that is the L- 
cus of the equation, and of the line PM as there 


.'. - aredimenfions of y in the equation; and as many 


interfe&ions of the curve aud the line AE as 
there are dimenfions of x in the equation.” 
if you draw apy other line LM meeting the 


rd 





p curve in M, and the line AEi in the given 
angle 
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angle ALM. Suppofe LM — v, and AL — 2; . 
** then the equation involving « and 2’ fhall not 
rife to more dimenfions than y and « had in the 
| propofed equation, or, than the fum of their di- : 
menfions in any of its terms.” 
For, fiuce the angles PLM, MPL, PML, 
. are given, it follows that, the fines of thefe 
angles being luppofed to one another as /, t, n, 
PM:ML (y:4) :: 7: mi and confequently 


t and that PL : ML :: » : m; fo that’ 


| PL-T and«=AP(=AL—PL)=z-——, 
Subttitute, for y and x, in the:propofed equation 
thefe values - and z — —, and it 1s obvious 


(fince 4 and z are of one dimenfion only in the » 
values of y and x) that in the equation which 
will arife, z and 4 will not have more dimen- — 
fions than the higheft dimenfion of x and y in. 
the propofed equation, or the higheft fum of 
their dimenfions taken together in the terms 
‘where they are both found: and confequently, . 
* LM drawn any where in thé plane of the. 

- curve will not’ meet it in more points than 
there are units in the higheft dimenfion of x or y, 


or in the higheft fum of their dimenfions, inthe 


. terms where both are.found.” Now the dimen- 
fion of the equation or curve being denominated 
from the higheft dimenfion'of x or y in it, or 
from the fum of their dimenfions where they are 
. mota 
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moít; we conclude, that ** the number of points 
in which the curve can meet with any ftraight 
line, is équal to the number that exprefies the 


dimenfion of the curve," 


It appears alfo from this article how, when 
an equation of a curve ‘is given expreffing che 
relation of the ordinate PM and abíciffe AP, 
you may transform it, fo as to exprefs the rela- 
tion between any other ordinate ML and the 


.abfciffe AL, by fubfütuting for. y its value 


lu nu. 
— and for x its value zo ——. 
Jn m 


Or, if you would have the abíciff begin à at 


. any other point B, fuppofing 4B = e, fubftitute 


.2Hu nu . 
for x not z — —, but z — — - e. 
. , mR. . 7 m 


§ 8. Thofe curve lines that. can be defcribed 


“by the refolution of equations, the relation of 


‘whofe ordinates 'P M and abíciffes AP can be 
expreffed by an equation involving nothing but 


determined quantities befides thefe ordinates and 
| abíciffes are called “ geometrical or algebraic 


curves.” 


They are divided i into orders according to the. 
dimenfions of their equations, or number of | 


. points in which they can interfe& a ftraight line. | 


The Jiraigbt dings themfelves .confüitute the 
Jirft order of lines; and when the equation ex- 
preffing the relation of x and yis ef one dimen- 

fion 


^ 
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fion only, the- points M: muft' be all found im 
3 ftraight lin€ conftituting a: given: angle with 
AE. ! . . 

Suppofe, for example, that the. equation giver 
ib ay — bx — cd'za o, and. that. the /ocus. is. re- 
quired. 





- Since: iy m , it follows; iat, APM'be- | 
Mg s right angle, if you draw AN’ ‘making the: 





angle NAP fuch. that its cofine be: to > its fine 
as4.to b; and drawing AD Parallel to the or- 


| dinates PM, and equal to 5 ‘through D you 


draw DF parallel to AN, DF will be the locus. 
required. Where you are to take AD on the 
fame fide of the line AE, with PN, ‘if 2x and 
cd have the fame fign, but on the contrary fide 
of AE if. they have contrary figns. 


$ g. Thofe curves .whofe equations are of 
two dimenfions conftitute the fecond ‘order of 
‘lines, and the fir kind of curves. Their in- 
2 E terfections 


- 


| 4 
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, terfeGions with a ftreighe line can. newer exceed 
“two, by § 7*. 


m | The curves whofe equations are. of three. di- 
menfions form the ¢bird order of lines, or fecond. 
a — kind of curves: and their interfe&ions: with a. 
| firaight line can never exceed'-Three.— And, 

after the fame manner, the curves are deter- 
' "mined that belong to the bigber orders, to in- 

finity. ^. 


Some curves, if they were completely de- 
fcribed, could cut a ftraight line ‘in an infinite 
number,of points; but thefe belong to none 
of the orders we- have mentioned; they are not 
geometrical or- algebraic curves, for the rela- 
tion betwixt their ordinates and abfciffes cannot 
be exprefitd by a-finite equation: involving only 
ordinates and abfciffes with determined quanti- ,^ 
ties. 


aE -————-— 
* 


$ 10. As “ the roots of an equation become 
impoffible always in pairs, fo the interfections 
of the curve and its ordinate'PM muft vartifh in 

^ pairs, " if any of them vanifh. ) 


Let PM cut the curve in the points M and 
m, and by moving parallel to itfelf come to. 
couch it in the point N ; then the two points - 
of interfe&ion, M and m, go into, ope point. 
mE ofconta& N. If PM ftill move on parallel to. 
itfelf, the points of interfection will, beyond 

2 ru N, 


~ 


{ 
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N, become imaginary; as the two roots of 





an equation firft become equal and then i inaa- 
ginry. = 


$ 11. The curves of the dd sth, ath o of» 
; ders, and all whofe dimenfions are odd numbers, 
muft have, at leaft, two infinite arcs; fince 
equations whofe dimenfions are odd numbers 
have always one real root af /eaf; and coníe- 
quently, for every value of x, the equation by: 
which y is determined muft, at leaft, have one © 


, Teal root: fo that as « (or AP) may be increafed 


in infinitum on: both fides, it follows that M 
mutt go off iz infia on both fides, without 
limit. © 


Whereas, in the curves ; whofe dimenfions are 
even numbers, as the roots of their equations 
‘may become all impoffible, it follows that the 
figure of the curve may be like a circle or oval — 

4 B that — 





S. 


~ 


\Coar.t, ALGEBRA. 301 
thatis limited within: certajn bounds, beyond 
which it cannot extend. uL 

$ 12. When two róots of the equation by 
which y is dermined become equal, either ** the 
ordinate PM touches the curve," two points 
of interfeCtion, in that cafe, going into a point 
of contact; or, “ the point M isa punzium du- 
plex in the curve,” two of its arcs interfecting 
each other there; or, ** fome oval that belongs 

. to that kind of curve becoming infinitely little 
.in M, it vanifhes into what is called a. puncium 
confugatum." — | 

If, in the equation, y be fuppofed = o, then 
** the roots of the equation by which x is deter- 
mined, wil give the diftances of the points 
where the curve meets AE from A.” And, 
if two of thofe roots be found equal, .then either 
* the curve touches the line AE ;" or, ** AE 

. paffes through a punZum duplex in the curve.” 
When y is fuppofed = o, if one of the values. 
of x vanifh, ** the curve, in that cafe, paffes 
through A." If two vanifh, then either ** AE | 
touches the curve in A;” or, ** A is a punctum 
duplex.* 

** As a punttum duplex is determined from the 
equality of ?wo roots, fo is a pun&um triplex de- 
termined from tbe equality of three roots." 

$ 13. A few examples will make thefe obfer. 
vations very plain. Suppofe it is required to’ 
defcribe the line that is the /ocus of this equa- 
i | UA i tiQn» 


d 
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tion, 9? — ax + ab, ory? — ax — ab — o. Since 


y = +V ax t ab, and fince a and P are given in 
variable quantities, if you affume AP (= x) ofa 
known value, it will be eáfy to find ax + abs j 
anddetring off PM on one fide equal to / ax + ab, 

and Pm on the other equal to. PM, the points 
M and zs will belong to the locus required. 

And'for every pofitive value of AP you will 
thus obtain a point’ of the locus on each fide. 
The greater AP (= x) is taken, the greater does 


the ax +ab become, and confequeüdy PM 
and Pm become the greater. 
‘IfAP be fuppofed infinitely great, PM and 
. Pm will alfo become infinitely great; and con. 
fequently the locus has two infinite arcs that . 
go off to an infinite diftance from AE and from 
AD. If you fuppofe x to vanifh, y = + Sab; 1 
fo that y does not vanifh in that cafe but paffes | 
through D and 4, taking AD and Ad = Mab 
a mean proportional betwixt a and J. ' 
If you now fuppofe that the point P. moves : 
to the other fide of A, then you muft, in the — 
equation, fuppofe x to become negative, and 
y — dw ab — ax fo that y will have two,values 
as before, while x is lefsthan 4. But if AB — 2, 
and you fuppofe the point P to P to come to B, then, 
ab — ax, and y — x Jab -- ax = =o. Thati As, 
PM [ and Pm vanifh ; and the curve there meets 
the line AE. If you Upper P to move from 
A. 


"«- 


— 


— —— -— 


EN 
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A beyond: B, then x becomes greater than 2, 
and ax greater than a2, fo that 25 — ax being 





negative, A/ab —ax becomes imaginary, and 
the two values of y become imaginary; that 
js, beyond B there are no ordinates that meet 
the curve, and commaventiy, o on that fide, the 
curve is limited in B. 


All this agrees very well with what is known’ 
by other methods, that the curve whofe equa- 
tion is y" = ax + aj, isa parabola ‘whofe vertex 
is B, axis BE, and parameter equal to z. For 
fince BP = 5 + x, dnd PM = y, if BF be equal 


- toa; then the rectangle BN (= ab + ax) w 


be equal-to PMg.(= 9*;) which is the ‘own. 
property of the. parabola. And it is obvious, 
that the figure of the parabola is fuch as we 

X 2 . have | 


V 
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have determined this locus to be from the con- 
fideration of its equation. 


$14. Let it be required to defcribe the line | 
that is the /ocus-of this equation, xy + ay + g 


bet bx 

Here, it is plain, the ordinate PM can meet 
the curve in one point only, there being but 
one value of y correfponding to each value of x. 


= be + kx, ory = 


be - 
When x = o, then y = TPe fo that the curve. . 


does not pafs through A. If x be fuppofed to 
increafe, then y will. increafe, but will never be- 
come equal to 2, fince y = 5 x PEERS and 
Gd cd x is always greater thane +x. Ifx 


be fuppofed infinite, then the terms a and ¢ va- 


nifh compared with x, and confequently y = à 
x= -- 6; from which it appears, that taking 


AD = = 4; and drawing GD parallel to AE, it 
will be an o/fymptoté, and touch the curve at an 
infinite diftance. , 


If x be now fuppofed negative, and AP | 


| be taken on. the other fide of A, then fhall 


y= bx A ; and if x be taken, on that 


fide, — 4 then fhall y = = ] x — = 0;. fo that 
the curve mutt pafs through B, if AB — c. 
. If x be fuppofed greater than c, then will c — 3 


become negative, and the ordinate will: become 
negative 


Cua. ALGEBRA. — ‘jin 
negative and lie on the other fide of AE, till x 


-— @ 


becomes equal to @ + c, and then y = à X —>,. 


FC ZEN 





n uL L B 
or infinite; fo that if AK be taken = 4 + e the 
ordinate KL will be an a/fymptoie to the curve. 

Jf be taken greater-than ¢ + c, or AP greater 
than AK, then both c — 4% and Zt c —*x become ” 


DEMNM 
' negative =o X 
neg ; and cofequently y (3b x —— 


becomes pofitivé; ‘and’ fince’ x — c is always 


E X 3 * greater 
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greater than #.— a — c, it follows that y will be . 
always greater than 2 or KG, and confequently 
the reft of the curve' lies in the angle FGH, | 
And, as x increafes,’ fince the rario of x — c to 
x — @—c approaches ftill nearer to a ratio of 
equality, it follows that PM approaches to an 
equality with PN, and the curve tp its afymptote 
GH on that fide alío. 004 


This curve is the common byperbola; for ' 


finceb X cp x — y X G+ cd x, by adding ab 
to both fides P xa Fe x —9Xactcx dab; 
and ? —y X Gt cdtx— ab; thatis, NM» GN. 
= GC x BC, which: is the  preperty of the com- 
mon hyperbola. And it is eafy to fee how th 
figure of the Jecus we have been confidering 
agrees with the figure of the, hyperbola... °° ~* 

§ 15. Let it be required tb defcribe the ocus 
of the equation 2 — xy? = w+ bx Where 


andy = = x / +t? =, it fol- 
lows that PM: and Pm mutt: bq taken equal, on 


b , 
both fides, "ERES I. "But | ‘that when x. 18 








fince y= 





taken equal to ¢ if AB =. G ‘and ‘BK be perpen-_ 
dicular to AB, then BK muft be an afymptote. 
to the curve.” If « be fuppofed greater than c, 
or AP greater than AB, then ¢ — x being nega-. / 


tive, the fractign Pre will, become negative, 
and i its fquare root impofibl, So that no part. 


- fU eff 


4,7 * 
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of the Jocys can be found beyond B. Jf « be 
{yppofed negative, or P taken on the other fide 


of A, theny = = PSP EET 


and x being. changed, ur not the fign of dx’; 
becaufe the fquare of a negative is the fame as 
the {quare of a pofitive, but its cube is negative : 
while x “is lefs than 2, the values of y will be 
real and equal; but if x = 2, then the values 
of y vanish, » becaufe, i in that cafe, 
worn X -— e - Sa 35 
nam CMT x 
fequently, if AD be s — b, the. curve 
will pafs nd D, and there touch the ordi- 
nate. 


If x be taken gréater than b then + fae 


will become igaginary, fo that ‘no part of the 
curve is found beyond D. 
If you foppale y = O, then » s t+ dx lo 


voro X I 





—, the fign of x* 


— ©; and cons 








youd 


—X ED 








be 


* 


‘ 
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be an equation whofe roots are — 4, o, o, from 
which it appears that the curve paffes twice: 
through the point A, and has, in.A, a puréfum 
duplex. This locus is a line’ of. the third order, 
. BK is its afymptote, and it has a sow; betwixt 
AandD. | 22 | 
If you fuppofe 4 to vanifh in the equation, 
fo that cy* + ~* — x', then will A and D coin- 


\. 





ins 


cide, and the modus vanifh, and the curve will 
have in the point A a cu/pis, the two arcs AM 
. E ^ ! .* and 
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and Am touching one another in that point, 


. And this is the fame curve which by the anciénts 


was called the ciffoid of Diseles, the line AB. being 


. the diameter ‘of the generating circle, and BK 
the afymptote... " «>: 


- For, if BR. be equal. to AP, arid the ordi- 
nate RN be raifed meeting the circle in N, and 


AN be drawn, it will cut the perpendicular PM | 


in M a point-of the ciffoid. So that if M be a 
point in the-‘ciffoid, AP PM :: AR : RN s: 


VAR : 4 BRsr /BP i AP, see confogoenely 


BP x PMg = AP cub. that is; c — * XP = a | 
Which is thé equation the locus of which was Tes 
quired. 


If, inftead of fuppofing 7 pofitive, or^ equal: 


to. nothing, we now füppofe it negative, the 
equation: will be cy* — xy" = x? — bx’, the curve 


will pals through D, as before, and taking. 


AB z c, BK will be its a- 
- fymptote; it will have a 
puntium conjugatum in A, 
becaufe when y vanifhes, 
. two values of x vanifh, and 
|o. the third becomes equal to 


curve, befides this point A, 
lies between DQ and BK, 


ter the fame manner as in 
the firft cafe, 


- 





6 or AD. The whole ' 


Thefe are demonftrated.af- _ 


$ 16. 
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.. § 16. If an equatian is. propofed, asy = ax" 
*obxn— - ex; C9r. and» is an even num- 
ber, then will the Zocus of the equation have 
twa infinite arcs lying on the fame fide of AE, 
For, if * become infinite, whether: pofitive or 
. pegative, x" will be .pofitive, and. ax" "have the 
fome fign in either cafe; and.as.ax! becomes 
‘ infinitely greater than the. other terms: 29777, 
qx", &F¢, it follows:that the infinwe values of 
3 will have the fame fign in thofe: cafes ; .and 


cdnfequently, the £svo infinite arcs of. the curve 


will ie on, the fame fide. of AE. . .. 
_ But if z be an odd number, “then when x x is 


negative, x" will be negative, and ax" will have ' 


the conteary fign to what it-has when.x i ig pofi- 
tive; and therefore. the two infinite arcs, in this 
cafe, will lie on different fides of AE, and 1 tend 
towards parts directly oppefite. | 

.- Thug the locus of the equation ay = «^ is the 


pes A. is the -vertex, AE d is “te tangent 





at the vertex; and the two infinite arcs lie mar 
nifeftly on the fame fide of AE, - 


Hot 
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. 7 But tbe/loaus of the-dquigion a'y:aciin, where. 
the index of x is an odd number, bits. twe 





arcs on different fides of 5, tending towards 
oppofite parts, as AMK ahd Amk. This curve 
is called the cubical parabola, and is a line of 
| the.thigd. order. — duo 
‘The locus of the equation ay ma is of a 
figure Jike .the commit” pliabola ;' ; afd << all 
thofe loci, in whofe equations is of:ane dimen- 
flón; x-of dn even number ef dimenfions: But. : 
thofe log are like the cubical parabola, in whofe 
equations qisof ong Sioenfion only, and-« af 
an odd number of dimenlions.". And this Rule 
is even true of the locus of the equation y = x, 
which is a ftraight line cutung AE in wn. angle 
of 45°; which manifeftly. goes off a5 the. cubical 
patabola.does to infinity, towards oppolite parts, 
and: OB cufferent fides of AE. 

§ IT 
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$ 17. If the locus o£ the equation yx* - at 1 
is required. 





" ho: 


If^» is an odd number, then when x is pofi- 
rt 


tive, X = but when Kc is negative, then 


o gn »" 
0 = -—>3 fo that this 'curve mutt all lie ia 


the vertically oppofite angles KAE, FAe, (as 
the common Pyperbola: " EK, Ee, being afymp- 
totes, - 


But if # is an even number, then y is ; always 
pofitive, whether be: pofitive or negative, be- 
caufe *”, in this cafe, is. always pofitive; and 

| (o ete. 





> nac 
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. therefore the curve muft ali Jie in the -two-ad- | 





Y 


4, facent angles KAE and KAe, and have AK and 


AE for its two afymptotes. 


§ 18. Let the equation given be a* — x* x 
x—b 


s — DY = xy fo thaty = + a= à x. 


If » = o, then y 
becomes infinite, and 
therefore the  ordi- 
nate at A is an a/ym- 
ptote to the curve. — 
If AB = 4, and P be 
taken betwixt A and 
B, then fhall PM and 
Pm be equal, and lie 

- on different fides of . 
the abíciffe AP, If 
x zz D, then the two. 
values of y vanifh, 
3 becaufe 


K 








N 
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becoaufe x 5 = d; and confequently, the curve 
paffes through B, and has there a pundium du- — 
plex. If AP be taken greater than AB, then . 
fhall there be two values of y, as before, having 
contrary figns, that value which was pofitive 
before being now become negative, and the ne- * 
pative value. being become pefitive. But if 


' AD be taken = 2, and P comes to D, then the 


two values of y vanifh, becaule. /a* — x* = o. 
And if AP is taken greater than AD, then 
a* — x* becomes negative, and the value of y 
mmpofible > and therefore, the curve does not go- 
beyond D. 


: 1f-«-now be fuppofed negative, we. fhall find 


| y2XVS-exbTex If x vanifh, both - 


thefe values- of y becorüe. infinite, and confe- - 


 quently, the curve has two infinite arcs, on each. 


fide of the-a/ymplote AK. If ¥ increafe, it is 
plain » dimini(hes; ‘and if x becomes = a,. y 
yanifhes, and confequently the curve paffes 
through E, if AE be taken = AD, on the op- 


 pofite fide. If x be fuppofed greater than a, then 


y Decomes impoffibigy and no part of the curve 
tan be found beyond E, This curve is the « (Oma 
tboid of the ancients. | 

£a — , it will have a cups in B, the nodus 
betwik: B and D: ‘wanifhing, And if a is lefs 


_ than J, the point B will become a portum con- 


jugatum. 
B From 


"TO 
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‘From what has been faid.an error may be - 
corrected of an Author in the Memoirs de I’ Acad. 
Ruyale des Scientes, who gives this curve no in- 
finite arcs, but only a double nodus. Some other 
efrors of the fame kind may be. corrected i in that 
Treatife, from what we have faid. 

§ 19. If the propofed equation can be refolv- 
¢d into two equations of lower dimentfions, 
without affecting either y or x with any radical 
fign, then the Jocus fhall confift of the two Joet 
of thofe inferior equations. Thus the locus of 


" the equation y* — 2xy + by + x* — bx — o is 


found to be two ftreight lines cutting the ab- 





fciffle AE in angles of 45°, in 1 the points A and 
B, whofe diftance AB = 4, becaufe that.equa- 
tion.is refolved into thefe two y — x = o, and - 
y-*«-b-—o 

After the fame manner, fome egbic equations 
can be refolved into three fimple equatigns, and 


* then the /ocus is three ftraight lines; or may be 


refolved into a quadratic and fimple equation, 
I and 


, 
* 
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and then the /ocus is a conic fection and a freight 
dines 
In general, ** the curves 'of the fuperior ot- 
ders include all the cürves of the inferior orders; 
and whatever is demonftrated generally of any — 
one order, is alfo true of the inferior orders." 
‘So, for example, any general property of the | 
conic fections holds true of two ftraight lines as’ 
: welt as of a conic feétion. Particularly that 
“et the rectangles of the fegments of parallels 
bounded by them, will be always to one another - 
in a given ratio,” The general properties of 
the lines of the third order are true. of three 
ftraight lines, ‘or of any one ftraight line and a - 
conic feftion, And, as the general properties © 
of the higher orders of lines defcend alfo to 
thofe of the inferior orders, fo there is fcarce any 
property of the inferior orders, but has an ana- 
' Jogy to fome property of the higher orders ;. of 
which it is but a particular cafe or inftance.. 
And hence, the properties of the inferior orders 
lead to she difcovery of thofe of the fuperior 
| orders*, od 


- § do. We have fhewed how to sidge of the 
figure of a locus. from the confideration of its | 
equation. And when a /ocus is to be defcribed 
exactly, for every value of x you muft, by the 


refolutión of equations, according to the Rules 
5 04023 7 
Se the APPENDIX, 
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‘in Part I I. find the correfponding values of y, 
and determine from thefe values the points of 
the locus. 


,But there are geometrical confiructions. by. - 


which the roots of equations can be determined 
‘more commodioufly for this purpofe. . And, as | 
by thefe conftructions we defcribe the Jvc? of the 
equations, fo reciprocally when Joci are defcrib-- 
ed, they are ufeful in determining the roots of 
equations ; both which fhall be explained in the 
following Chapter. Then we fhall give an ace - 
count of the moft general and fimple methods | 
of defcribing thefe Joc by the mechanical mo- 
tion of angles and lines, whofe interfections ' 
trace the curve; or of conftructing them by 
| finding © geometrically any number of their 


points, | 


N 
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Or rug CONSTRUCTION or QUADRATIC 
EQUATIONS; AND or THE PROPERTIES or 
THE LINES or Tue SECOND ORDER. 


& 28. HE general equftion expreffing the 
T nature of the lines of the fecond 
order, having all its terms. and coefficients, 
will be of this form; E | 
P+ any a cx?) | 
+ Dy + ds l- ó. 
eJ) | 
Where a, £, c, d, e, reprefent any given quaa- 
, Wties with their proper figns prefixed to thgn. 
If a quadratic equation is given, as y^ + Do 
+ 4 = 0, and, by comparing it with the preced- 
ing, if you take the quantities. 2, /2, c, a, e, and 
4 fuch that zx 4+ 6 — p, and ex^ + dx +e = g, 
then will the values of in the firft equation Be 
«qual to the values of it in the fecond; and 
if the focus be defcribed belonging to the firft 
equation, the two values of the ordinate when 
ax b =p and cx’ + 2$ 4 e = e, will be the - 
two roots of the equation’ y* + py + 2 — o. 
And as four of the given quantities a, 2, c, 
d, e, may be taken at pleafure, and the ff5, 
| ] with 


~ 


ARS oP P B 
=O; will be thanged into the propofed equa- 
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‘with the abfeiife" x, determined, fothatax 5 


. may be ftill equal to g, and cx* + dx ed 
. hence there. art ‘innumerable ways of conftruct. . 


ing the fame ‘equation. Bot thofe Jocj are-to- - 


be preferred: which: are defcribed - moft ‘eafily ; 


and therefore;:-the' circle, of all conic feCtions; 
is to be preferred for the refolution of quadratic 
equations, | 


(7$ a2, Let AB B be perpendicular to AE, and 


 wpón AB defcribe the femicircle BMMA. “If 


AP be fuppofed equal tó x, AB =a, and PM =, - 

then making MR, MR, perpendiculars to the 
diameter AB; fince AR x RB = RMmg, and 
AR zy, RB.—23-— J, RM RM: = 2, it follows that . 


- ; 23x), and y* — 
va ^ ^ ay + x0, And, if'an 
: M: equation y* — py + q2-0, 


.be propofed to be refolv- 
,ed, its roots will be the © 
ordinate to the circle, PM 
‘and PM, to its tangent. 
AE, ife=p, and x — qs 

becaufe then the equation 
of the circle y* — ay 4 a* 






tion * — 2) t4 ='o. 

We have therefore this-con(tru&ion for find- 
ing the roots of the quadratic. equation y* — py 
+ i= = 0; take AB = f, and on AB defcribe a 
! Ya femi- 


M 
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femicircle ; then raife AE perpendicular to AB, 
and on it take AP — vq, that is, a mean pro-: 
portional between 1 and 9. (dy ¥3 El. 6.) then 
- draw. PM. parallel to AB, meeting the femi 
circle in M, Mi, and the lines, PM, PM. fall ha 
the roots of the prapofed equation. 

d appears from the. conftruction. that if 


q= ,. or 4/4 = if, then AP = £ AB, and the 


ordinate PN, touches the curve. in N, the two 
roots, PM, PM, in that cafe, becoming, equal s te 
one another and PN.  . 

If. AP: be taken greater than AB, that. is, 
when 44 is greater than 15, or g. greater. than 
&p'; the ordinates. do not meet the. circle, and 

‘the roots of the equation become imaginary : 
- as, we. demonftrated, in another manner, in 
Part. Il, | | 


| $ 23. The roots of the fame equation may be 
_ otherwife thus. determined, 

Take AB = v4, and raife BD perpendicular 
to. AB; from A as a, centre with radius equal 
to 2p, defcribe a circle meeting, BD in C, the 
the two roots of the ‘equation y* — fy. q— 
fhall be AC £ CB, and. AC —.CB. 


; : , red 
. For thefe roots are 15. NV kp’ — qq, and. 


1?9—V/ip'—4; and AC— I5, CB / AC*— AB* 
zip —g, and confequently thefe: roots are: 


The 
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- The roots of the equation 9° + py + g = Gare 





mm AC + CB; i as is demonftrated i in the fame 
manner, 

$24. The roots of the equation y* — " E: 
g = oare determined by this conftruction. 

Take AB = £p, BC = 4, draw AC; and 
the two roots fhall be AB ck AC. If the fe- 





cond term is pofitive, then the roots fhall b 
—AB + AC. mM | 
Y 3 | And 


. 328 A Treatise of Parr lL 


, And all quadratic equations being reducible 
to thefe four forms, 


- - » — pe + q= =O, 
Xt9p-4-0 | 
- . | »ÀA — py — g — = Oy \ 
X +P +9 =9, 
it follows, that they may be all conftructed by 
this and the laft two articles, 


t 


§ 25. By thefe geometrical conftruétions, the 
locus of any equation of two.dimenfions may 
be defcribed ; fince, by their means, the values 
of y that correfpond to any given value of x 
may be determined. But if we" demonftrate 


that thefe Joci are always conic fe&ions; then 


they may more eafily be defcribed by the me- 
thods that are already known fot defcribing thefe 
curves, 

Jn order. to prove this, we. fnall enquire what 
equations belong to the- different conic Jéttions ; ; 
and, as it will appear that there is no equation 


of two dimenfions but muft belong to one or. _ 
other of them, it. will follow that they are oct » 


of all equations ‘of two dimenfions. 
. i ' * 


$26. Let CML be a parabola; AE any | 


Jine drawn in the fame plane; and let it be re- 


quired to find the equation expreffing the re- | 


jatiqn;. betwixt the ordinate PM forming any 
given angle with AE, and the abfcifle AP 


- La 


tec mE begin- 


\ 





—————— — ——- — — my 
y 
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beginning at A any given point in the line AE; 





N 





. I 


PAPA 


, - Let CF be the diameter of the parabola 


whofe ordinates are parallel to PM. Draw 
AH parallel to CF meeting PM in N; and 
AD parallel to PM meeting CF in D. Becaufe 
the angks HAE, APN, ANP, are given, the 
lines AP, PN, AN, will be in a given ratio .to 
each other : fuppofe them to be always as a, 4, 
¢3; let AD.— 4, DC = 2; and feeing AP (= x) 


>PN:: 4:5, PN = =x; likewife AP: AN:: © 


| 4 1 £, or AN = ‘x, And GM 2 PM — PN 
- NG Sy - "4-4. Bu CG = DG — 


, . XA. |. DC 


. 
. 
. £, 
] 
. bea 
ee ee 0000000000 wee ee ee 
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DC = AN—~DC=-«%—¢, If now the fa- 


rameter of the diameter CF be called p, then, 
from the nature of the parabola, pxCG=GMg :. 


and confeqently, p x zx —exy — "i — dis 


from which this equation follows, 


» 26 b, |. 2b« | 
J-—.O4u—abe| £4 
| » X = 0. 
— - + Pe 
Whence, if any equation is propofed, and fuch 
values of a, 5, c, d, e, p can be affumed as to 
make that equation and ¢his coincide, then the 
locus of that equation will be a parabola. The 
conftruction of which may be deduced from this 
article. - EE 


. $27. - In this general equation for the para- 
‘bola, the coefficiént of x*. is'the fquare of half 
the coefficient of xy; and, *' when any equa- 
tion is propofed that has this property, the locus - 
of it is a parabola.” For, whatever coefficients | 
affect the three laft terms, they may be made to 
agree with the coefficients of the laft terms of 
the general equation, by. affuming proper values 
ofp,r ande. — 

It appears alfo, that ' if the locus be a pa- 7 
rabola, and the term xy be wanting, the term 
x*' muft alfo be wanting.” And, “ if any 
equation of two dimenfions be propofed that- 

3 | wants 


I 





^ 
we 
E 
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wants both the terms, «y and x^, it may be - 


.. always accommodated to a parabola." 


§ 28. The general equation for the ellipfe i is 
deduced from the property of the ordinates of : 


any diameter, in the fame manner; the con- 


ftruction of the figure being the fame as in § 26... 
Only, in place of the parabola, 

Let KML be an el/ipfe whofe diameter is 
KL, having its ordinates parallel to PM, and 





K 7 -E 7€ 
let C be the centre of the "light Suppofe 
CL = £, and the parameter of that diameter 
= f, then GMg: CL4 — CG4::5:27. But, as 


in $ 26, GM 5 - pd md CG = irc 


b ^ 9t 
therefore, y — ed x P7 P Se 4 


9ce 
V*-—6: whence this equation : 


ob, Bb? abd q^ 
Yq Teta] - ody +—| 7 | 
| -—o 


a a ? 

pe (C pee "72 
ur Tw pe? | 
+ oF J 


332 A Treatise of PanrIit. 
And if any equation is propofed that: can be 
made to agree with this general equation, by af- 
fuming proper values of a, 5, c, d, p ande; 
- then the /ocus of that equation will be an e/lip/e. 
§ 29. “In the general equation for the e//ip/e, . 
the terms x^ and y* have the fame fign:- and 
the coefficient of x^ is always greater than the 
fquare of half the coefficient “of xy, becaufe 
P*. 
a iL : 
term xy be wanting, yet the term x^ muft re- 


is greater than; "^ And akhough the 


» . . 68 . 
main, its coefficient, in that cafe, being A" 


which muft be always real and pofitive. On 
the other hand, if an equation is propofed in 
wiich the coefficient of x” exceeds the {quare of 
. half the coefficient of xy; or, an equation that 
wants xy, but has x* and y , of the fame fign, 
its /ocus mutt be an eltipfe.” 

$ 30. In the hyperbola, as GM; : CGe = 
Clq::p: 2t5 when tis a firf? diameter, the 
equation that arifes will differ from the equation 
of the e/fipfe only in the figns of the values 
of CGq and cl and  Confequently will have 


this form, 


yay ee Lady P a 
LM Me al 
ata" t at * 2| 9 
pe 
21 | 








If 


eie * 
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If't be a Jecond diameter, then & will be ne- 


) 


gative. . . 





. In this equation, it is manifeft that the eoef- 
ficient of the term x* is lefs than the fquare of 
half the coefficient of xy; and, that when the 
term xy 18 wanting, the term x^ muft be ne- 
gative. And, reciprocally, **if an equation is 
pfopofed where the coefficient of x^ is lefs than 


. the fquare- of half the coefficient of xy; or 


where xy is wanting and y* and x^ have con- 
trary figns, the locus of that equation muft be 
an hyperbola.” 


2 E § ji. 


w * 
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$ 31. The equation of the byperPola when its 
ordinates PM are parallel to an afymptote does 
not come under the general equation of the. 
laft article. Let CF and CL be the afymptotes 
of the hyperbola} and let PM be parallel to CL. 





A PE 
Then CG x GM will be equal toa given reét- 
angle (which fuppofe gz). Then, CG - DG — 


DC = = —~¢ GM=y ~ "x — d, and con- 





. fequently y - -— dx x—emg x @: whence 


. this equation, 
2. cd ea — ba 
FORA as] 


t 
Where only oné of the tertns y^, &^, cati. be 
' found with xy ; and where xy will Be found with. —— 
out either of thefe terms, if AE and KH coin- : 

cide, that is, if AE is parallel tó the afymptote 
DF. : 
ZU | : | 00 


Cuna: ALGERRA. — 30$ 

Ig appears: fom this, that.“ i£ am equation is 
proposed that, citber bas, xy. thie enl tem of 
two dimenGons; or has «x and either 4^ 95.94 
befides, but; not. both of them; thelecus of; thy 
equation fhall be an .kyperbola, one of whofe 
afymptotes fhall be parallel to y op x according 
as it is y^ or x that is wanting in the equa- 
tion." 


$32. From all chefs oqmpared together, it 
follows, that ** the locus of any equation of two 
dimenfions is g conic fection.” 

For if the. term xy is wanting in the equation, 
and butone of the terms »*, x* is found in it, the 
locus thall be a parabola; by § 37. 

(o Yfxy is wanting, and x^, y^, have the fame 
fign, then. the Jocus is an ellipje. § 29.—But, . 
when. they. have differeng figns, it is an ipperiele, 


| 39, 

If xy is found in the equation, and x, y, ; 
are both wanting, or either of them, the focus | is 
an hyperbola. - § 31. 3 

If both x^ and y* are found i in. it, having con- 
trary figns, the Jocus is ftill. an. byperbola. 

If y* and x* haye the fame figns, then, accord- ~ 
ing as the coefficient: of. «^ is^ greater, equal, or 
le es than the fquare af half the coefficient of xy, 

the locus fhall be an e///pje, parabola, or Dyper- 
"bola. 8$ 275.29, 30. ' 

[n any cafe therefore. the locus of the cqua- 
tion is fome: conic Jettion. 


§ 33. 


- 
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‘§ 33. Thefe:may all be demonftrated more 
dire&ly from the confideration of the general 
equation: of the’ lines of the fecond-order in 
§ 21. For it is obvious that, by $ 25. Pars Il. 


| GF 
the fecond term of that general equation may be 
exterminated by affuming z=y+ wt and i i- 


. will bé transformed into - 


za m yw 
7 04. | 





ab 
+d—= xx 


TN Le b?. 
) 4 


! 
o 
-» 


| sihich, by tranfpofing the laft term, is, 
— by 
a 


(Botnet xe ponde Abe , 





ve 


, . 
— "Jap up cns caw— P À yv 
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Let MK be the locus of the equation: and 
if AH be drawn fo that HE be to AE as La to 
. unit, and. AD, parallel to PM, be = 1b, and 
through D the line DF be drawn parallel to 
AH, meeting PM in G; then thal GM (=PM 
+ PN+NG=y + 74x47) =2 And if 
AH =f, then DG= AN = fx. 


~ Suppofe DG = 4, andx = ; Inftead of x 


(ubftitute >, and the equation that refülts | 
will exprefs the relation of GM and DG, of 


s this form, . 


— ab — 2d 
RE = 


7 XU IP —e= o. 
Which will be an Paper. Parabola,-or ellipfis, 


a? 
z-— 











according as the term = : "i = is poftioe, nothing, 


or negative. That is, according as — n - is greater, 


equal to, or jefs than c. But a. was the coeffi- 
cient of xy; from which it appears, that ** the 
locus is an el/ipfe, parabola, or hyperbola, ac- 
cording as the coefficient of x* is greater, equal 
to, or te es than the fquare of half the coefficient 
of xy." : 


It appears alfo, that “ifthe term xy be want- 
ing, Or @ = Oo, then the locus will be an ellipfe, 
parabola, or bypertola, according as the term cx 
Is pafitive, nothing, or negative." 

Hence 
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Hence likewife, if the term x* be warting, 
and e term xy not wanting, then the term 





Wy * 
fitive, whatever a or f be) ** the locus mufh be an 
hyperbola.” 


Note, That part ef the figure, on the other 


u^ being pofitive (becaufe — m is always po- 


fide of AE, which is marked with fmall letters, - 


anfwers to the cafe when the coefficient of y, in. 
the general equation, viz. ax + 5, is negative. 


§ 34. The lines.of the fecond order have fome 
general properties: which may be demonftrated 
from the confideration of the general equation 
reprefenting them. 


The general equation of § 21. by extermi- 
nating the fecond term can.be transformed i Into 











the equation, | 
| — 4f" | 2f 4 7 
From which we have, | 
| a^ — 4C 2 , 00— 2d . p 
ZZ +e, 23 Xu ct——— “ + — — (e. 
4/ |ozM 4 


' Where the two values of z are always equal, and 
have contrary figns, fo that the line DF, on 
which the abíciffes are taken, muft bifect the 
ordinates, and confequently, is a diameter of 
the conic fection. And, as this has been de- 
monftrated generally, in any fituation -of the 
lines PM, it folews that if any parallels, .as 
| Ma, 
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Mm, Mm, be drawn meeting a conic fe&ion *, 
there is a line DF which can bife& all thefe pa- 


-rallels, And confequently if any two parallels, — 


Mm, Mm, are bifected in G and g, the line Gg 
that bifects thefe two, will bifect all the other 
lines parallel to them, terminated by the curve. 
** Which is a general property of all the conic 
fections." 


There i is one cafe which. muft be excepted, | 


when PM is parallel to an afymptote, becaufe 
in that cafe it meets with the conic fection only 
in one point. 


§ 35. In the general equation of $ 21, if you 


fuppofe y—o, there will remain cx* + dx + eo, | 


by which the points are determined where the 
curve meets the abfciffe AE. 

Suppofe it meets. it in B and D, and that 
 AB-A,andAD — B. Then fhall — A and 


| | . d 
~~ B be the two roots of the equation x* + ^x 


+- = 0; and therefore x c x x 4 Bee 





d u Y ; b 
RID but + A = BP, and x + B= DP; 


* Supply the figure. 


therefore — 
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therefore BP x DP — x + ^r +> -. Now, itis 


manifeft from the nature of equations, that if 


PM meet the curve in M and s$, the rectangle. 
of the roots PM and Pm fhall be equal to’ 


cx* + dx + e the laft term of the equation 


Jc axy +x 
+ by + dx BO. 
+e 


| We have therefore PM x Pm = cx*.+ dx ey 


ind BP x DP zr 5. fotha PM x 


Pi ;BP x DP ext 4 dx gerat hoe 4 iiu C 

>t. Thatis, “ the rectangle of the ordinates 
PM, Pin is to the rectangle of - the fegments of 
the abfciffes, as, IN a given ratio, c.is to 1.” 
Which is ancther general property of the lines 
of the fecond order, - ” 


In a fimilar manner the analogous properties 


of the lines of the higher orders are demon- 
ifrated *. : 


§ 35. ^ There are many different ways of de- 


feribing the lines of the /econd order, by motion. 
The following i is Sir Sfaac Newton's. ! 


+ Let the two points C and S be given, and 
the flraight line AE in the fame plane. Ler ectoe 


* See the APPENDIX. 
+ See Geometria Organica, Prop, I. 


2 v7 given 


v 
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given angles FCO, KSH, teévolvé about the 
points C and S as poles, and let the interfec- 
tion of the fides CF, SK, be carried along the 





ftraight line AE, and à the interfeétion of the 
fides CO, SH, wil defcribe a line of the /econd 
order, 

Let the fides CF, SK interfe& each other in 
Q , and the fides CO, SH, in P; let PM and- 
QN be perpendicular on CS. Then draw PR, ' 
QU; PT, QL; fothat CUQ+ CRP x FCG; 
and SLQ = STP = KSD. 

The angle RCP = CQU, fince RCP makes 
two right ones with RCQ and QUC. So thas 
the triangles CUQ_and CRP will be fimilar. 
And after the fame manner you may demon- 

Za ftrate 
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ftrate that the triangles SEQ. STP arc ' fimilar ; ; 
whence, 


CR: PR : QU : CU, 
and ST: PT :: QL: SL. 

Suppofe CS 4, CA —4, the fine of the 
angle FCO to its cofine as dtoa; fin. angle 
CAE to cofin. as c to a, and fin. KSH to cofin. . 
asetoa. PutalfoPM=y, CM — x, QN —z. 

Then RM: PM: :2: d, PR: PM zt / a? d", 


OAN:QN 2:6 | So that RM — 22, CR(=CM 





—~ RM) =« .2, PR = yO d 2 





Likewife QU - Ly and CU (= CA 


— AN—NU)= bf a Sz. And it be- 


ing CR: PR: : QU ; CU, it follows. that | 


de—ay:y J Pd +a: :zv/ a^ 4 d +a: bat T "Ld 


d. So tht x= LX EIAS. LL ess 
(0 dma Ky+dte xas 


In like manner you will find ST Za—x —*y, 


PT = ete te » QL = SET ao te and Si. 





(&4N -A5-N1) = 6 pa Taine, But. 


e. 
. | x. 
D 
@ 
i D 


^ Coyne ALGEBRA. 33 
it was ST : PT :: QL: SL, that is, d — x — 
PRECES yfarte.. ave + +e. ab ELA em 


a—b X c X aemex—ay 
 Whence QN- B= 
aya xy ax Xe—c+a" Lome 
And from the equation of thefe two values of 
z this equation refults ; - 
a a —) x e. +a ware feat A 
T at-bcX d *tde) —bex e d V 
*abcx dte 7 4 c td 3-70; | 
— de Xdde) —axdc—d 
where fince x and y are only of two dimenfions, 
it appears that the curve deferibed muft be a 
line of the fecond order, or a conic fection, ac- 
cording to what has been already demonftrated. 


$ 37. As the angles FCO, KSH revolve about . 
the poles C and S, if the angle CQS becomes 
equal to the fupplement of thefe given angles 
to four right ones, then the angle CPS mutt. 
vanifh, that is, the lines CO and SH muft be- 
come parallel; and the interfection P muft go 
off to an infinite diftance, And the lines CO 
and SH become, in that cafe, parallel to one of 
the a/ymptotes. 

In order to determine if this may be, defcribe 
_on CS an arc of a circle that can have infcribed 
in it an angle equal to the fupplement of the 
| angles FCO, KSH, to four right angles, If 


| £3 this 
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this arc meet the linc AE in two points N, x, 


, then when Q the interfection of the fides CF, 


SK comes to either of thefe points, as it is care 





ried along the line AE, the point P will go off 
to infinity, and the lines SH, CO, become pa- 
rallel to each other and to an alymptote of che 
curve. . 
_ Uf that arc only touch the line AE, the point 
P will go off to infinity but once. If the arc 
neither cut the line AE nor touch it, the point 
P cannot go off to -infinity. In the firft cafe 
the conic fcé&ion is an byperbofa, jn the fecond a 
parabola, in the third an ¢lip/e. 

The a/ymptotes, when the curve has any, are 
determined by the following conftru&ion. 

Draw NT conftituting the angle CNT = 
SNA, meeting SC in T; then take SI = CT, 
and always towards oppofite parts, and through 
I draw IP parallel to SH ar CQ, and IP will 
bé one afymptote of the curve. The other is 


determined in like manner, by bringing Q to z , 


And 
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And.the two afymptotes meet in the centre, 
conftituting there an angle = NS. 
, From, this conftru “tion it is obvious; that 
when the circular are CNzS touchey the liie 
AE, the angle SNA being then = SCN, the 
'" hne NT will ‘become parallel to CS; and there- 
fore CT and SI beéome infinite, that is, the 
afymptote IP going off to infinity, the curve be- 
comes a ‘parabola. 
§ 38. There is another general rhethod .of 
defcribing the lines of the /econd order, that de- 
ferves our confideration. 5 





Inftead of anglés we now ufe three rulers 
DQ, CN, SP, "which we fuppofe to revolve 
about the poles D, C, S, and cut one another » 
always in three points N, Q.and P; and carry-- | 
ing any two of thefe interfections; as N and Q., © 
alone the given ftrdight lises AE, BE, the third 
interfedtion P wilk deícribe a.comiC feft)on. | 
Zz 4 Through 


4 





my vary by varying the fituation of the poles 


x 
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Through the points D, P, Q; draw DF, 
PM, QR, parallel to AE, meeting CS in F, 
M, R ; alío through P draw PH parallel. to BE 
meeting CS in.H. 

— Then putting PM=y, CM=z, CS=a, CA 
= 6, SB=c, DF=k, AF =/, AE=d, BEze, 
AB (=a—3 + €) =f; fince the triangles 


PMH, AEB are fimilar, therefore PH = 4, 


/ 


MH = 2, SH = L5 And fince 


CA : AN :: CM : PM, ... AN = P, andfince 


SB: BQ :: SH: PH,...BQ = ne 


ome cerenen pamemnseniaaees 
dx + fy — ad~ 


x aC AC dx rt fy — ad" 
And multiplyin the extremes: and means, 
and ordering the terms, it is, | 


Of xEL xy’ ee TTT theo o 
E + bad x Fe FX y — adfk ws dfk xx (7 


Id which equation, the fign of fome terms 


and 


Bur, 

edy 

BQ QR BE. 4E eee QR = = Eira 

a fy . 
. BR = de 4 fy — ad^ 
Now AN -DF: TR AN :: AF: AR; 
| this is, 1l 2j 

by NT Lo ty. Is fz fy 


=~ 
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and lines; but x and y not rifing to more than 
two dimenfions, it appears that.the*point P al. - 
ways defcribes a comic feftion, Only in fome 
: particular cafes the conic fection becomes a. 
ftraight line. Ag for example, when D is found 
in the ftraight line CS; for then DF vanifhing 


the terms dfkx* — adfkx vanifh, and the remain- _ 


. ing terms being. divifible by » the equation be- 
comes, 


bfc If xy cldrebd x lf xs4adx Tif 2o. 
Which is a lecys of the fizff order, and fhews, 
that, in this . cafe, P myft defcribe a -ffraigbt 
line. — ' 

After the fame manner it appears that if the 
point E the interfe&ion of the lines AE, BE, 
falls in CS, then will P defcribe a ftraight line. 
For in that cafe d vanithes, and the equation - 
becomes, 


Bxe—-i—fxy-— Exv-fxXrmo 


$ 39. Thefe two defcriptions furnifh, each; 
a general ‘method of ** defcribing a line of the 
fecond order through any five given points where- 
of three are not in the fame ftraight line.” 
Suppofe the five given points are C, S, M, K, 
N; join any three of them, as C, S, K, and. 
Jet angles revolve about C and 8 equal to the 
angles KCS, KSC. Apply the interfe&ion of 
the legs CK, SK firft to the point N, and let the’ 
I “inter 
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_interfe&tion of the legs CO and SH, be 'Q ;. 

fecondly apply the interfection of the fame legs 
CK, SK, to the remaining point M, and let ths 





interfe&tion of the legs CO, SH .be-L. Draw - 


_ a dine joining Q and. L, and it will be the line 
AE along which if you carry the interfection of 


the kegs CO, SH, the interfe&ion. of. the other . 


‘legs will defcribe a conic fe&iompaffing through 
the five given. points C,.S, M, K, N. - 


It mutt pafs through © and°S from the con- . 


ftruclion: when the interfection of CO, SH 


comes to A, the curve will pafs through K. 


And 
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And when it comes to Q and to it pasos 
through N;.M. | 





* $40. From the fecond defcription we have 
this folution of the fame problem. 

Let C, S, M, K, N be the five given points: 
draw lines joining them; produce two of the 
lines NC, MS, till they meet in D. Let three 
‘rulers revolve about the three poles C, S, D, 
. viz CP, SQ , DR. Let the interfection of 
the rulers CP, DR, be carried over the given 
line MK, and the interfe&ion of the rulers 
SQ, DR be carried through the line NK; 
and the point P, the interfection of the rulers 

that 
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that revolve about C and S, will defcribe a conic 
fection that paffes through the five: “points C, 
S, M, K, N, 


$ 41. Itisa remarkable property of the co- . 


nic fections, that ** if you affume any number 
of poles whatfoever, and make rulers revolve 
about each of them, and all the interfections 
but one be carried along given right lines, that 
one fhall never deícribe a.line above a conic 
fe&tion ;” if, inftead of rulers, you fubftitute 
given angles which you: move on the fame 
poles, the curve defcribed will ftill be no more 
than a conic fection. 

By carrying one of the interfections neceffary 
in the.defcription over a sonic fection, lines of — 
Me orders may be deferibed. 


^ 


CHAP. 
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|^ ^ QHANP. Ih | 7 


| Or tHE CONSTRUCTION or CUBIC. ano 
BIQUADRATIC EQUATIONS. 


| $ 42. * HE roots of any equation may 

be determined by the interfections 
of a ftraight line with a curve of the fame di- 
menfious as the equation :" or, * by the inter- 
 fe&ions of any two curves whofe indices multi- 
plied by each other give a produ& equal to the 
index of the propofed equation.' 

Thus the roots of a diguadratic equation may - 
be determined by the interfections of two conic 
fe&ions ; for the equation by which the ordinates 
from the four points in which thefe conic fe&ions, 
may cut one another can be determined will arife 
£o four dimenfions: and the conic fections may | 
be affumed in fuch a manner, as to make this 
equation coincide with any propofed biquadratic : 
fo that the ordinates from thefe four interfections 
. will be equal to the roots of the propofed biqua- 

dratic. 

If one of the intetfections of the conic fection 

falls upon the axis, then ** one of the ordinates 
vanifhes, and the equation by which thefe ordi- 
dinates are determined will then be of three di- 
menfions only, or a c#bic,” to which any pro- 
pofed cubic equation may be accommodated. 
| | 'So 
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So that the three remaining ordinates will be the 
three roots of that propofed cubic. 

$ 43. Thofe conic fections ought to be pre- 
ferred for this purpofe that are moft eafily de- 
Ícribed. They muft not however be both cir. 
cles; for their interfeCtions are only two, and 
can ferve only for the refolution of quadratic 
equations. 

Yet the circle ought to be one, as being moft | 
eafily defcribed; and the parabola is commonly 
affumed for the other. "Their interfe&ions are. 
. determined in the following manner. 


[XP 





SET Te 9 ——— 
D 
- 


/ 
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Let. APE: be the common Apollonian parae 
bola. - Takt Qn its axis the line AB — half of 


its parameter... Let C be. any. point in the plane: 


of the. parabola, and fram it as a.cehtre defcribe, 


with any. radius CP, a circle meeting: the para- 
bola in P, Let PM, CD, be perpendiculars 
on the axis-jn M. and D, and lec CN, parallel 
to the axis, meet PM in N.. 
Then will always CPg=CNg+NPq (47 E. n) 
Put CP = a, the parameter of the parabola 
~b, AD zv, DC —d, AM = », PM =}. 


Then CN; = x* d, NP4 =y fal; and 


r$ 4 Eds ate T hat is, 


2x pe Y adj + d* La. 
But, rom the nature of the parabola, x = bx, 


and x* =t, fabftituting therefore thefe. va- 


lues for x^ and x, it will be, | 

"LES ty cada bP mo. 
Or, multiplying by 3’, 
yt wet o x y*tkadP xy te Cta—a x P^ o. 
Which may reprefent any biquadratic equation 
that wants the fecond term; fince fuch values 
may be found for a, 5, c, ‘and d, by comparing 
this with any-propofed biquadratic, as to make 
them coincide. And then the ordinates from 


the points P, P, P, P, on the axis will be equal . 


tó the roots of that propofed biquadratic. And 


* xu «is the difference of x and c indefinitely, whichever of 


the two is, gteate(. . 
. this. 
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this may be done, ‘though the parameter of the 
parabola (viz; 4) be given : that is, if you have & , 
parabola already made or given, by i it alone you 
may refolve all biquadratic equations, and you 


will only need to vaty the centre of your. circle 
and its radius. 
$ 44. If the circle defcribed from the centre 
.C pafs through the vertex A, then CP? = CAg 
= CDg + ADzg, that is, a = d* + ¢*; and the 





lat term of the biquadratic (c* + Z* a *) will 
vanith ; ; therefore, dividing the relt by y,. there | 
arifes the cubic, 


y ok zk abc AAA | 
Let the cubic equation propofed to be refolved 


bey x 2 fy cro. Compare the terms of 
mM thefe 
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" thefe two equations, and you will have + 2c 4- 


b> = — +, and + 2d* = trope Zs, 
and d= + + oc From which you have this 
conftru&ion of the cubic y! ok + 2» r — o, by 
means of any given parabola APE. 
*€ Fram tbe point B take in the axis ( forward if 
the equation has — p but backwards if p is po- 


| fitive) the line BD = £, then vaife the. per- 


pendicular DC = ra and from C, delevibe a 


circle paffing through the vertex d, meeting the 
| parabola in P, fo fball tbe ordinate PM be one 
of the rovts of the cubic y * + py tro" - 


The ordinates that ftand on the fame fide of 
the axis with the centre C are negative or af- 
firmative, according as the laft term x is nega- 
tive or affirmative; and thofe, ordinates have 
always contrary fi igns - that ftand on. different 
fides of the axis. The roots are found of the 
fame value, only they have contrary figns, when 
r is pofitive as when it is negative; the fecond 
term of the.equation being wanting; which 
. agrees with what. has been demonftrated - el{e- 
where, 

! | / 

.& 45*. In refolving numerical equations, you 

may fuppofe the parameter 2 to be unit; then 
Aa, c . AD 


t 
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AD = = + 4p, and DC = 4r; and the ordinate 


PM mutt then be meafured on a fcale where 


the parameter, or 2AB, is unit. Or, if. it be 
more convenient, the parameter may be fuppofed 
to exprefs 10, 100, &c. or any other number, 
and PM will be found by meafuririg it on a fcale 


where the parameter is 10, 100, Qc. or that. 


other number. 


§ 46. ** When the circle meets the parabola 
in One point only befides the vertex, the equa- 
tion has only one real root, and the other two 
imaginary,” 

"Thus, if the equation has + n or if D falls 
on the fame fide of B as A does, the circle can 


meet the parabola in two points only, whereof. 


A is one; and therefore the equation muft have. 


two imaginary roots; as we demonítrated elíe-- 


where. If the circle touch the parabola, then | 


two roots of the equation are equal. . 

It is alfo obvious, that the equation muft ne- 
ceffarily have ane rea] root; becaufe, fince the 
circle meets the parabola in the vertex A, it muft 


meet it in one other point, at leaft, befides A. 


$ 47. Inftead of making the circle pafs through 
the vertew A, you may fuppofe i it to pafs through 


fome other given point in the parabola, and that 


- 


interfe&ion being given, the biquadratic found | 


for determining the interfections, in § 43,. may 
be e reduced toa edic, 


Let 
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-- Let the ordinate belonging to, that given in- 





teríection be g, then.one of the values of y being 


_g» it follows that.the biquadratic 
yt * dm 2bc 


* Dy 3c adi'y +P Cae xB. 


will be.divifible by y — g, which will reduce it 
to a cubic that fhall have the fecond:term. And 
thus we have a conítru&ion for cubic equations 
that have all their terms. 

For example, let us fuppofe that the fará- 
meter is AG, and the ordinate at G js GF meet- 
ing the curve in F. ,Suppófe now that the 


circle is always to pafs through F'; then fhall 


CFg (24?) 2 CHg * HFj 77 iiYa4 224p 
ec t ^ + 26b + 2db + 2p, and fubftituring 
Aa a '" dan 
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in the equation of $ 43. this value of a’, it be- 
comes 


+ + ach 2 2 — 25° 
J "n b + ad "ui bao | 
| | = 2db3 
Where c in the laft term has a contrary fign to - 
what it has in the third, and Za contrary fign to 
what it has in the fourth. 
This biquadratic has FG, or 2, for one of its 


roots; and being divided by J — 4, there aries 
this cubic, 


y + dy + 20d), a24M 
4227]" +2¢h* p=0, 
+ 203 


having all its terms complete. If C had been 
taken on the other fide of the axis, the fecond 
term dy" had been negative. 
Let now any cubic equation be propofed to 
be refolved, as y? + py’ .qy ~7=0. And by 
 cemparing jt. with the preceding, you will find 


p= be eL 22 20H 
qc al babe ERE 
(qcc9 xa. whence4 + 727 25 


erxzabrwbuab| | [dale | 
| * 4 t m We 
| T "Fenfere to conftrull the propofed cubic equation 
OY + pt gy mrumo, let, the parameter af your 
parabola je equal to Pr take, on the axis from 

ihe 


- 
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the vertex. A; -the line AD = =p = ; and raife 
the perpendicular DC= > + a and from C 


deferibe a circle through F, meeting tbe parabola . 
— in D, fo fball .tbe ordinate PM be a trout of the 


equattan. 


If the equation propofed is a. Jiteral equation (7 


of this form y* + 93^ + pay — pr — o, having 
all the terms of three-dimenfions,- then this con- 
ftruétion will only require AD « 1. — 47, and 


DC=jhtin 
§ 48. If you fuppofe the parabola. to país. 


through any point F taken any where in the - 


parabola (^ vid. ‘Fig. preced. ). and call tlie ordinate 
FG =¢, then c— 5] + te— 2 — a*, and the 


.. general biquadratic may have this form, 


+ 2 deb” 
— ¢ 


-— of 


JA rey — 2db*y + aco 


But fince FG =e is one of the values of y, 
the equation will be divifible by .y — e, and the 


quotient is found to be this cubic, 


+ SY — 2ceb 
ToC] + oc 
. J- ; e 


Aa3 - Which 


y 4 ey E —-2db 


iS 
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Which compared with y? + py? + 10 —pr=o, 
gives FG (ore) =p, AD (=c) = a 
and DC = 4 — £X TEX -. And by this con 
fíru&ion the roots of a complete cubic equation 
may be found by any parabola whatfoever. 

$49. lt is eafy to fee from $ 43. howto | 
conftru& the roots of a biquadratic by any pa- 
rabola, after the fecond term is taken away. 
But “the roots of a biquadratic may be deter- 
mined by any parabola:" only they cannot be 
the ordinate on the' axis, but ** may be equal 
to the perpendiculars on a line- paralll.to the — 
axis, meeting the parabola i in F, CDin H, and ^ 





PM in L.” 
Let FG be an ordinate to the axis in G ; and 





- the reit remaining as before, let F FLE«, PL=y, 
the. 


v 
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the primer — CP =4,FH=c, CH=d, | 


FGre . 7 
‘And fince PMg (= PL + HD) = AM xà, 
therefore y* + 2ey + e = AG + FL xb = 
PO ME -. . 
z+ * x 4; and confequently y° + 2ey = dx. 
But CN4 + NP; = CP4; that is, x? 4. 
yd) = = 2. - And fubftituting for x’ and x their 


yy yy + ae and 7122 = 2ey 


values 3 you will find 


mM 
J* + 4ey? 4e Tec 
m 2cb » Lia +@oe= 
| P — a) 


which is a complete biquadratic equation, And 
by comparing with it the equation 

y+ py + bg — bry. — bs =05 you will find 
FG (25) =ip, FH (xe) = tH 
HC (24) » TP ahd CP (=) = 
VES c LG A: which gives a general conftruc- 
tion for any fuch biquadratic equation by any 


parabola whatfoever. If the figns of 5, 4j 7, 


Or.s, are different, it is eafy to make the ne- 
«effary alterations in the conftru&ion. Ex. gr. 
If ? is negative, then FG muft be taken on the 
other fide of the axis. 


If you fuppofe. the circle to pafs through E, 


the equation will become a cubic having all its 


mS i . 
él » 


Aa4 | ^ — terms 
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terms: the laft term c + Z^ — a* x P .vanith- 
ing, becaufe then c* + Z^— a*. It will have 
this form, - 2E T 


and then ‘the conftruction will give the roots 
of a complete cubic equation." 

$50. We have fufficiently fhewed, bow the 
roots of cubic and biquadratic equations may be 
conftructed by the-parabola and circle; we shall 
now fhew how other conic fections may be 


determined by whofe interfections the fame roots 


. may be difcovered. 
Let the equation propofed be yt + Spy? + 
P — — Pr — o; and kt us fuppofe, that, | 
9, bx — - ; then fhall we, have by fubfti- 
tution of 2'x* for y*, and dividing by à. 

o yt gp Oe OF” 
8S0. y t "d + 
its Jocus an ellipse: Then by fubftituting (in 
this att) bx for x , and tultiplying all the terms 


by = , you find, 


g.ex «+ gy — br =0, an equation to a 


parabola. Then, adding to this equation 


X Ix = o, you will have, - 
4. x” +y +~- bg a+ giro, an equa 


tion toa circle, 


y- == = o, which has 


The .. 


\ 
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The roots ‘of the equation y** + bpy> a Pay 

— b*r=o maybe determined by the intérfec- 
tion of any £wo of thefe Joci ; as for example, 





by the interfections of the ellip/e that is the locus 
of the equation 2 PF yy or e, 
TURMAP Tt yJU,y.. 


 .and of the circle which is the locus of 
Perth X + qy — br — 0, from which we - 
deduce this conftruétion. E 

| | | Let 


2 
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Let id Es the axis of an ellipfis, equal to 


| o/ br + br +2 -, det G be the centre of tbe ellipfe, 


and the axis to the parameter as p to b. ALG, 
rai ife « a  Rerpendionter to the axis, and on it take 


GD = = and on the other fide in the perpendicular 


continued take GK = iq x P= : — Let. DE and 
KC be parallel to tbe axis: take KC = rb —ip 


and from C as a centre, with the radius / DCq + br 
defcribe a circle meeting the ellipfe in P, and the 
ordinate PM, on the line D E, fball be one of. the: 
roots of tbe propofed equation, — 

Let PM (=) produced meet AB in R, and 
KC inN; and calling DM zx, then CP; = 
NPq + NC, that'is, ip + ij—ipbrip 
+ br= Tb pm 4 tir ;;' and therefore, - 


1.3 px D mi x — br — 0, the equa- 
tion to the circle, which was to be conítructed. 
And fince PRg: Gp GR4 :: 5:5, there- 


foy 4 4) ir oe :5:p; and con. 


fequently, — 





= ° bg . 2 
2°, y + — x ; at 4 Hy — DT = oyamhich is the’ 


equation that was to be conftructed. 
Now that their interfections will give the roots 
. required, appears thus. | 
For 
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‘For x^ in the firft equation fubftitute the va- 
lue you deduce for it from the fecond, viz. 

br -tLy jJ —4 y, and there will arife 


p fy eme ht x y =.b—p x x, 
| that is, Ys x, and oo T ; which fubftitutéd 
for x* and x, in the firft equation, gives 

Ly apo x pty bros that is, 


Sa tby+hgy-Fr=0 | 
And if you fubftitute them in the fecond equa- 
tion, there will arife | 


TP" 
ay ty Sy —— So, that is, ye + 


bpy* + b'gy — Pr = 0, the very fame as before; 
and thus it appears that the roots of the equation 
ya + by + Py — Pr =0 are the ordinates 
that are common to the circle and ellipfe, or that 
are drawn from their interfection. | 


End of the Taino Parr. 
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PROPRIETATIBUS GENERALIBUS. 


E Jineis fecundi ordinis, five fe&tionibus conicis, 
ipferunt uberrime 'geomet;ze veteres & recen-, 

tiores ; de figuris quz‘ad fuperiores linearum ordines 
referuntur pauca & exilia tantum ante NEWTONUM 
tradiderunt. Vir illuftriffimus, in Tractatu de Ezz-, 
meratione Linearum tertii Ordinis, doctrinam hanc, cum 
diu jacuiffet, excitavit, dignamque effe in qua elabora- 
rent geometris oftendit. Expofitis enim harum linea- 
rum proprietatibus generalibus, quae vulgatis feCtionum 
conicarum affectionibus funt adeo affines ut velut ad 
eandem normam compofite videantur, alios fuo exem- 
plo impulit ut analogiam, hanc five fimilitudinem quz 
tam diverfis intercedit figurarum generibus bene cog- 
nitam & fatis firme animo conceptam atqué compre- 
henfam habere ftuderent. In qua illuftranda & ulterius. 
indaganda curam operamque merito pofuerunt; cum 
nihil fit omnium quz in diíciplinis puré mathematicis 
tractantur quod pulchrius dicatur aut ad animum veri 
inveftigandi cupidum oblectandum aptius, quam rerum 
tam diverfarum confenfus five harmonia, ipfiufque do- 
&rinz compofitio & nexus admirabilis, quo pofterius 
prion convenit, quod fequitur fuperiori refpondet, 
quaque 


1 
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quaque fimpliciors fant ad magis ardua viam conftanter 


aperiunt, 

Linearum tertii ordinis proprietates generales a New- 
gona traditze parallelarum fegmenta & afymptotos plc- 
rzque fpectant. Alias barum affectiones quafdam di- 
verfi generis breviter indicavimus in tractatu de fluxi- 
onibus nuper-edito, Art. 3245 & 401.  Coleberrimus 
Cotefius pulchertimam olim detexit linearum g-ometri- 
carum proprietatem, hucufque ineditam, quam abfque 
demonftratione nobis communicavit vir Reverendus D. 
^ Rolertus Smith, Collegii S. 8. Trinitatis apud Cantabri- 
gienfes prafectus, doctrina operibufque fuis pariter ac 


:fide & ftudio in amicos clarus. De his meditantibus - 


nobis alia quoque fe obtulerunt theoremata generalia ; 
qm cum ad arduam hanc geometriz partem augendam 
& illuffrandam conducere viderentur, ipfa quafi in faf- 
eiculum congerenda & una ferie breviter exponenda & 
demonftranda putavimus. 








Fe ai aati 


N 


| SECTIO L | 


De Lineis Geometricis in genre, 


i 


$1. "Ines fecundi ordinis tione fold geometrici, 


coni fcilicet, definiuntur, unde earum proprie- 
tates per r Yulgarem geometriam optime derivantur. Ve- 
rum diverfa eft ratio figurarum qua ad’ fupericres. lirte- 
arum ordines referiintur, Ad has definiendas, earimque 
proprietates eruendás,; adhibendaé funt zequationes gene- 


. rales co«ordinatarum relationem exprimentes. Repra- 
Fig. y. fentet x abfeiffam: a J ordinatam PM figure FMH, 


denotentque a; b, c d e, &e, coefficientes quafcunque 
inva« 


4 
/ 


— A --i 
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iavaridbiles ; & dato.angulo APM fi relatio co-ordina- 
tarum x.& y definiatur zquatione quze,, przeter ipfas co- 
ordinatas, folas involvat coefficientes invaziabiles, linea 
FMH* geometrica appellatur; quz quidem auctoribus 
quibufdam linea algebraica, aliis linea rationalis dicitur, 
Ordo autem linez pendet ab indice altiflimo ipfius x vel 
y in terminis zquationis a fractiohibus & furdis liberate, 
vel a fumma indicis utriufque in termino ubi hzc fumma 
prodit maxima, Termini enim x’, xy, y* ad fecundum 
ordineim pariter referuntur; termini x*, x*y, xy’, y* ad 
tertium, Itaque zquatio y zzax + b, five y — ax — b — 0, 
" eft primi ordinis & defignat lineam five locum primi 
ordinis, quz quidem femper recta eft. Sumatur enim 
in ordinata PM recta PN ita ut PN fit ad AP ut + ¢ 
ad unitatem ; conftituatur AD parallela ordinate PM. 
zequalis ipfi + 4, & du&a DM parallela rectz AN erit 
locus cui zquatio propofita refpondebit. Nam PM = 
PN + NM = (2.x AP + AD) ax + d. Quod fi 
equatio fit forme y — ax — 5, vel y = — ax + 5, recta 
AD, vel PN, fumenda eft ad alteram partem abíciffz 
AP ; contrarius enim re&arum fitus contrariis coeffici- 
entium fignis refpondet. . Si valores affirmativi ipfius x 
defignent rectas ad dextram duétas a principio abfciffze A, 
‘valores negativi denotabunt rectas ab eodem principio 
ad finiftram' ductas ; & fimiliter fi valores affirmativi ip- 
-fius y ordinatas reprasfentent fupra abíciffam conftitutas, 
negativi defignabunt ordinatas infra abíciffam ad oppo- 
.fitas partes ductas. ' 

, fEquatio generalis ad lineam fecundi ordinis eft hujus 
forme | 


jJ —axy + cx’ ' 
ee by war | aro 
. 4L e 


Bb ^—& 


Fig. 2. 
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& zquatió generalis ad lineas tertii ordinis eft y? = 
ax c b6xy (xx ac dx + eX y fx! th gx*unbx +h 
f£z0. Etfimilibus equationibus definiuntur lineg geo« 
metrice fuperiornm ordinum, 


$ 2. Linea geometrica occurrere © pote rectae in tot 


- pun&is quot funt unitates in numero qui zquationis vel 


linese. ordinem defignat, & nunquam in pluribus. Oc- 
curfus curve & ab{ciffe AP definiuntur ponendo y = 0, 
quo in cafu reftat tantum ultimus zquationis terminus 
quem y non ingreditur. Linea tertii ordinis ex. gr. oc- 
currit abíciffe AP cum fx? = gx* + bx — 4 — 0, cujus 
sequationis fi tres radices fint reales abfciffa fecabit cur- 
vam in tribus punctis, Similiter in equatione generali _ 
cujufcunque ordinis index altiffimus abfcifle x equalis eft. 

numero qui linez ordinem defignat, fed nunquam ma- 
jor, adeoque is eft numerus maximus occurfuum curve. 
cum abfciffa vel alia quavis recta. Cum autem cequa- 
tionis cubice unica faltem radix fit femper realis, idem» 


: queconflet de zquatione quavis quinti aut imparis cu» 


julvis ordinis (quoniam radix quzvis imaginaria aliam 
neceffario femper habet comitem), fequitur lineam tertii 
- aut imparis cujufeunque ordinis rectam quamvis afymp- 
toto non parallelam in eodem plano ductam in uno fal. 


tem puncto neceffario fecare. — Si vero recta fit afymp- 


toto parallela, in hoc cafu vulgo dicitur curve occur- 
rere ad diftantiam infinitam. Linea igitur impacis cujuf- 
cunque ordinis duo faltem habet crura in infinitum pro- 
gredientia. /Equationis autem quadraticze vel paris cu- 
juívis ordinis radices omnes nonnunquam fiunt imagina- 
riz, adeoque fieri poteft ut recta in plano linez paris. 
erdinis ducta eidem nullibi occurrat. 


co . $$ 
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§ 3. JEquatio fecundi aut fuperioris cujufcunque or- 
dinis quandoque componitur ex tot fimplicibus, a furdis . 
& fractis liberatis, in fe mutuo ductis quot funt ipfiua' 
sequationis propofite dimenfiones ; quo in cafu figura 
FMH non eft curvilinea fed conflatur ex totidem redis, 
quz per fimplices has equationes definiuntur ut in 4rt. 1. 
Similiter fi aequatio cubica componatur ex zequationibus 
duabus in fe mutuo ductis, quarum altera fit quadratica- 
altera fimplex, locus non erit linea tertii ordinis pro- 
prie fic dicta, fed fectio conica cum recta adjunétae 
Proprietates autem quz de lineis geometricis fuperiorum 
ordinum generaliter demonftrantur, affirmandz funt 
quoque de, lincis inferiorum ordinum, modo numeri 
harum ordines defignantes fimul fumpti numerum com- 
pleant qui ordinem dicte fuperioris linez denotat. 
Quz de lineis tertii ordinis (ex. gr.) generaliter demon- 
ftrantur affirmanda quoque funt de tribus reétis in eodem 
plano ducis, vel de fectione conica cum unica quavis 


recta fimul in eodem plano defcriptis. Ex altera parte, - 
vix ulla affignari poteít proprietas linez ordinis inferioris 


fatis generalis cui non refpondeat affectio aliqua linearum 
ordinum fuperiorum. Has autem ex illis derivare non 
eft cujufvis diligentiz. ' Pendet hzc doctrina magna ex 
parte a proprietatibus zequationum generalium, quas hic 
memorare tantum convenit. 


§ 4. In zquatione qíacunque coefficiens fecundi ter» 
mini zqualis eft exceflui quo fumma radicum affirmatie 
varum fuperat fummam negativarum ; & fi defit hic ter- 
minus, indicio eft fummas radicum affirmativarum & 
negativarutn, vel fummas osdinatarum ad diverfas partes 
abícife conftitutarum, zquales effe. Sit equatio gee 
neralis ad lineam ordinis 7, 


Bba br 


- 


Fi. 5. 


L 
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y —axd4bXy— 4ox—d4x-4e x y=? — (dc, =O, 





fupponatur u my eb pro y fubftituatur ipfius vas 


lor z +2 





;&i in equatione transformata deerit fee 


cundus terminus 4"—' s ut ex calculo, vel ex doctriná 
zquationum paflim tradita facile patet: & hinc quo- 
que conftat, quod per hypothefim valor quifque ipfius 
w minor fit valore correfpondente ipfius y differentia 





i5 unde fequitur fummam valorum ipfius & (quo- 


fum numerus eft ») deficere a fumma valorum ipfius 





y (que fumma eft ax + b) differentia ent x w= ax 


-++ à, adeoque priorem fummam evanefcere & fecun» 
dum terminum deeffe in quatiofi qua z defipitur, vel 
affrmativos & negativos valores ipfius 4 eequales funt, 


eU 


mas conficere. Si itaque fumatur PQ: = , ut fit 


QM = z, recte ex utraque parte puncti Q sd curvam 
terminate eandem conficient fummam, Locus autem 


puncti Q eft recta BD quz abfciffam ultra principium A 
productam fecat in B itaut AB — =, & ordinatam AD 


ipfi PM parallelam in D ita ut fit AD = : Xx); fienim 
hzc recta ordinate PM occurrat in puncto Q, erit 


PQ sd PB ( feu + x) ut AD ad AB vel aad x, adco- 


que PQ =. En , ut oportebat. Atque hinc conftat 


fectani fé Apert duct poffe qua parallelas quafvis linea: 
geometricze occurrentes in tot punctis quot funt figuree 


Mimenfiones ita fecabit ut fama fegmentorum cujufvis 


paral- 


! 
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| parallel ex una fecantis parte ad curvam terminatoruin 
emper zequalis fit fummz fegmentorum ejufdem ex al-- 
tera fecantis parte. . Manifeitum autem eft reftam qua — 
duas quafvis parallelas hac ratione fecat ipfam neceffario 
effe quz fimiliter alias omnes parallelasfecabit; Atque 
hinc patet veritas theorematis Neqwtoutani, quo continetur 
proprietas linearum geometricarum generalis, notiffimae 
fectionum cqnicarum proprietati analega. . In his gnim 
re&a quz duas, quafvis parallelas ad fectionem termi- 
natas bifecat diameter..eft, & bifecat-alias omnes hifce 
parallelas ad fe&kionem ; terminatas. _ Et fimiliter recta 
qim duas quafvis parallelas lineg ; geometrica occur- 
rentes ip tot punctis quotiipfa eft dimenfionum ita fecat - 
aut fumma partium ex uno fecantis latere; confiftentium 
-&. ad curvam terminatarum zequalis fit {amma partium 
ejufdem parallela ex altero fecantis fatere copfiftentium 
ad curvam terminatarum, eodem modo fecabit alias 
| quafvis:rectas his paralelas, 
t wt. evyPL Lamm. c2 al ait: 


a} ada n 


ahs $. Be - In. equations. quavis terminus; ultimus, five is 
-.quem radix y pon.ingreditur, qualis eft facto.ex radici- 
_ bus omnibus in fe. mutuo ductis; unde ad aliam ducimur 
non minus generalem linearum geometricarum propre- — 
tatem, " Occurrat. reda PM linez tertii ordinis in M, Fig. 1. 
mri p;eritque PM x Pm x Py. = fx a gx? + hx — hk. 
" Secet abfciffa 4 AP curvam in tribus punctis I, KL. ;: & 
* AI, AK, AL, erunt valores abfciffe x, pofita ordinata 
y = 0, quo in cafü zquatio generalis dat fx! — gx* + 
bx — k= =o pro his ‘valoribus determinandis, ut jn Art. 2, 


2 
. expofaimus: JEquationis igitur a? E is 4, ) 


"res radices funt AI, AK; AL; adeoque hzc sequatio 
componitur ex. tribus: x —-Al, x — AK, x — AL in 
U Bb3 | fe 
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fe mutuo ductis; eftque x* — = + T -7 = 


w —~ Al xx—AK xx—AL= =AP—Al x AP—AK 
x AP — AL = IP x KP x LP = = x PM x Pm 


* Px. Fatum igitur ex ordinatis PM, Pm, Pp ad 
punctum P & curvam terminatis eft ad fatum ex feg- 
mentis IP, KP, LP, recte AP, eodem pun&o & cur- 
và terminatis in ratione invariabili coefficientis f^ ad 


unitatetn. Simili ratione demonftratar, dato angule 


| . APM, fi recte AP, PM, lineam geometricam cujuf- 


Fig. 4. 


vis ordinis fecent in tot pun&tis quot ipfa eft dimenfio- 
num, fore femper factum ex fegmentis prioris ad punc- 
tum P & curvam terminatis ad factum ex fegmentis 
pofterioris codem puncto & curva terminatis in ratione 
invariabili, . PEE 


$ 6. In articulo precedente fuppofuimus, cum New- 


, tonod, rectam AP lineam tertii ordinis fecare in tribus 
 pun&is I, KL ;^ verum ut theorema egregium: rede 


datur generalius, fuppoitamus abfciffam ‘AP in unico 
tantum puncto curvam fecare; fitque id purictum A, 
Quoniam igitur evanefcente y evanefcat quoque: x, ul- 


timus zquationis terminus, in hoc cafa, erit fx? gx" E 


—HE b <a GE 
- 4.2. 5. gg 
hr = fi x a $457 =f x x riri aif 


(f fumatur Aa verfus P equalis £ £-, & ad punctum a 


af 
erigatur perpendicularis ab = A MATE) - =f x 


AP x aP? + ab* — f x AB x bP*; vnde cum PMx- 
Pm x Py fit equalis ultimo termino fx* — gx* + b», 
1 ut 
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atin articulo precedente; erit PM x Pm x Py ad 
AP x 4P* in ratione conftante coefficientis f ad unita» — 
tem. Valor autem recte perpendicularis ab eft femper 

- xealis quoties recta AP curvam in unico puncto fecat; 

. jn hoc enim cafu radices zquatiopis quadratice fx*—gx 
+ bíunt neceflario imaginariz, adeoque 4/ major. 
^ quam gg, & quantitas WV 4/ bg realis. Cum igitur 
recta quevis in unico puncto A fecat lineam tertii ore 
dinis, eft folidum fub ordinatis PM, Prs,' Pp ad folie 
dum fyb abfcifla AP & quadrato diftantiz pun&i P a 
puncto dato.» in ratione conftanti. Jün&ta Ab eft ad 


Aa, five radius ad cofinum anguli JAP, ut V/ Af? ad 


p & Ab x, / | [dem vero pun&um 4 femper con- 


venit eidem recke AP, qualifcunque fit angulus qui 
abfciffa & ordinatá continetur. 


. § 7. Sit Sit figura fectio conica, cujus sequatio generalis 

fit yy ax b X y boxe m de + eco ut füpra, & Fig. 5 
fi equationis cxx — dx -- e — 0 radices fint imaginarise, 

recta AP fectioni non occurret, In hoc autem cafu 
quantitas 4ec femper fuperat ipfam dd; unde cum fit 


—T 
erede m, DA (fi famatut 


Aa z— T & erigatur ab perpendiculari abfciffe i in 4 : 


uta) c EE M rc dd =¢xXa aP* + ab® zz. x pP*, fit- 


que PM x Pn = = exe = dx + ¢,eritPM x Pmad ?P* 
ut ¢ ad unitatem. Itaque in fectione quavis conica, 
fi recta AP feétioni non occurrat, erit, dato angulo 
APM, rectangulum contentum fub rectis ad punctum 
P confiftentibus & ad curvam terminatis ad quadra- 
Bb4 tum | 
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tum diftantiz puncti P a pun&o dato 4 in ratione con-. 
ftanti, quz in circulo eft ratio qualitatis. Manifeftüne 
autem eft eandem methodum adhiberi poffe linez quartr 
ordinis quam abíciffa fecat in duobus tantum punctis, 
vel linee: ordinis cujufcunque quam abíciffa fecat in 
punctis binario paucioribus numero qui figure ordines 
defignat. : 
$ 8. Hifce premifis, progredimur ad linearum geo- 
metricarum proprietates minus obvias exponendas .eo- 
dem fere ordine quo fe nobis obtulerunt. . Utebamur 
autem lemmate fequenti ex fluxionum doctrina petitoy 
quodque ‘in tractatus de hifce nuper editi Art. 717. 
demonítravimus ; harum tamen aliquas per algebram 
vulgarem demonftrari poffe poftea obfervavimus. 


Lemma. Si quantitatibus x, y, z, 4, &c. fimul flue 
entibus, ut-& quantitatibus X, Y, Z, V, &c. fit fa&tuun 
. eX prioribus ad factum ex ; pofiensribus 4 in ratione con- 


" flanti quicunque, erit — +4 24- "AZ 2 + &es 


= i +> ef + £l + + &c. Porro, brevitatis gra- 


tia, quantitates appéllamus fibi mutuo reciprecas, qua~ 


- ‘ we . d I e. 
rum in fe mutuo tuétarum facturi eft unitas, fic > di- 


cimus reciprocam effe ipfius x, & 7 ipfius 7. 

§ 9. Theor. I. Occurrat rea quavis per punctum 
datum dutta’ linea geometrices cujufcunque ordinis in tot 
punths quot ipfa eft. dimenfianum y. rele figuram. in his 
punclis: contigentes abfeindant .ab- alta rectá pofitione data 
per idem punctum datum dutia fegmenta totidem hoe 
punéia terminata ; €% borum fegmeutorum reciproca ean- 

dem 





* 
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dem femper conficient fummam, modo fegmenta ad .con- 


trarias partes puncli dati fita contrartis fignis affici. 


antur. 


Sit P punctum datum, PA & Pa recte quavis duae 
ex P du@z quarum utraque curvam fecat in tot punátis 


A, B, C, &c., a, b, e &c. quot ipfa eft dimenfio- 
num. .Abfcindant tangentes AK, BL, CM, Ac. et, 


ak, bl, cm, &c. a recta EP per punctum datum P 


du&la fegmenta PK, PL, PM, &c. et P4, Pi, Pm, &c. 


: ry qu -t hae 
dico fore gg + pot pup tA = pet pnt Pa 
4+ &c. atque hanc fummam manere femper eandem 
manente puncto P & recta PE pofitione data. 


Supponamus enim re@as ABC, abc motibus fibi pa- 


rallelis deferri, ita ut-earum ocearfus P progrediatur in 
recta PE pofitione data; cumque fit femper AP x BP: 
x CP x &c. ad aP. x bP x «Pin ratione conftanti per 


Art. 5. reprzefentet AP fluxionem ipfius AP, BP flu- 


Fig, 6. 


xionem recte BP, & CP, EP, &c. fluxiones ‘reta~ 


rum CP, EP, &c. refpectivas, ut vitetur inutilis fym- 

e unrnan la AP” BP 

bolorum multiplicatio, eritque (per Art. 8.) AP + gg 
CP POP OP | 

+ CP * &c. = — + tot &c. Verum cum 

recta AP rfiotu fibi femper parallelo deferatur, notiffi- 


mum eft AP: fluxionem. rez AP effe ad EP fluxio- 


nem rectz EP ut AP ad fubtangentem PK, adeoque 


AP oe EP Si, ili 
AP ^ PK Imuiter 


SEG NN 
BP 7 PL? CP ^7 PM!aP 


EP àP EP cP EP EP EP — 


— Bp op = pp © = Pa one pK + PL 
. c 


Fig. 


4 


a” 


“ 
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EP EP EP EP 


* pw +h = Tt Bet ook 


— Hzc ita fe habent quoties punéta K, L, M, &c. et 


_& 4m, &c. funt omnia ad eafdem partes puncti P, 


adeoque fluxiones rectarum AP, BP, CP, &c. aP, dP, 


7, P; &c. omnes ejufdem fipni. Si vero, ceteris ma-- 


nentibus, puncta quevis M et m cadant ad contrarias 
partes puncti P, tum crefcentibus reliquis ordinatis AP, 
BB, &c. neceflario minuuntur ordinate CP & p, 
earumque fluxiones pro fubditiis feu negativis Keni 


funt ; adeoque i in hoc cafu => ac += m pur SC = 
oi T * -— = Pn , &c. "* generaliter i in fummis hifce 


colligendis, termini ídem vel contrariis fignis affici. 
endi funt, prout fegmenta cadunt ad eidem vel ad 
contrarias partes pundti dati P. 


$ 10. Si recta PE occurrat curve in tot punttis D, 


E, J, &c, quot ipfa eft dimenfionum, fumma E + 


I I 7 . . 

Pi, + PM * &c. quan conftantem feu invariatam 
manere oftendimus, zqualis erit fumma feu aggregato 
I I I . - 

PD + pp t+ PI + &c. i.e. fumme reciprocarum 
fegmentis recté PE pofitioné date puncto dato P 
& curva terminatis: in qua, fi fegmentum quodvis fit 


ad alteras partes puncti P, hujus reciproca fubducenda 
eft, ; 


008m 
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'$ 11. Si figura. fit feBtio conica, cui recta PE nul. 
libi occurrat, inveniatur punétum 6 ut.in Art. 7. june 


Fig. 8. 


gatur Pd, huic ducatur ad rectos angulos 57 rectam . 


PE fecans in d, eritque PK t FL = P7 Eft enim. 


PA x "E a 5P* in ratione conftanti, adeoque (per 


BP iP 
Art. 8.) 7 2 Pace 7 = = =, unde (quoniam AP eft 


ad EP ut AP ad PK, BP ad EP ut BP ad PL, & ip 
ux y Pli: | 
ad EP ut P ad dP) 5 + PL > Pa 

§ 12. Similiter fi recta EP. occurrat linez tertii or- 
dinis in unico puncto D, inveniatur punctum 6 ut in 


Art. 6. recta bd perpendicularis in jun&am 4P occurrat 
ge&s EP in d, & quoniam AP x BP x CP eft ad 


DP — ratione conftanti {sbid. ) erit PE + s 
+ oa =? ap + oy si autem Pd perpendicularis fit 
' in rectam EP, evaneicet — e 


Pd 


5$ 13. Afymptoti linearum. geometricarum ex data 
plaga crurum infinitorum per hanc propofitionem de- 
terminantur; ez enim confiderari poffugt tanquam tan- 
gentes cruris in infinitum producti." Recta PA afym- 
' ptoto parallela curve occutrat in punctis A, B, &c. recta 
autem PE curvam fecet in D, E, I, &c; fumatur in hac 


recta PM ita ut TW fit equalis exceffui quo: fumma 


95 t PÉ + si + &c, fuperat fummam TE + 
BL + &. & afymptotos tranfibit per M, fi vero 


aequales 


Fig. 9. 


Fig. 100 
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" equales fint hae furgmse, erus curve parabolicum erit, 


Fig. 11. 


in D) fecet DR in Me ; Esit itaque. TWO T 


afymptoto abeunte inimimitum, te 
ae e ee OT 5X 
§ 14. Ad qurvaturam linearum geometricarum unico 
theoremate genérali.definiendam, fit CDR circulus cui 
occurrant recta PR. imD,&R, & re&a PC in:C & N; 
fecet, tangens CM rectam; PD in: M, atque manente 


recta DR, fupponamus "rectam PCN ae motu fibi 


fenjper parallelo, : dongc- cojncidant. eun P | x D. & 


quaratur ultimus valor differenti Lm E In recta 


PN fumatur punctum uodvis q, “occurrat gu parallela . 
tangenti CM recte DR in v; ducatur DQ parallela 
ipfi PN, & QV. (parallela. recta: circulum ge 


Rp * 
: DM. 2CNmou SM XPM. 
PM =75(quoniamDM xMR=CM -ErxEb iR | 


, qM PM o 
RE SED 
Po x MR x PM + Pv* x MR x MD (cum. MR 


x MD, feu CM^, fit ad PM? ut .4v*. ad: Pv*) .— 
| gv"? xPM ~*~ gu 


Po? x MR x PM +490" xPM* — Pa®xMR47v' XPM 


Fig. 12. 


cujus ultimus valor, evanefcente PM & coincidentibus 


qu & Pu cum QV & DV, eft DRE + Atque idem 


eft valor ultimus differentia. p; — 35 i D & C fint 


in arcu linex: eujufvis sjuldem “curvature cur circulo 


CDR. Zu 
$ 15. Theor. IT. Ax puné?o quovis D linea geome 
trice ducantur. due quevis rette DE, DA, quarum 
utraque eam fecet in tot punctis D, 1, E, Gic. & D, A, 
B, &c. quot ipfa ef dimenfionum' ; alfcindant tangentes 
AK, 
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AK, BL, &c. a recla DE fegmenta DK, DL, re. 
Occurrat retia- quevis QV ‘tangents DT paralleld ipfis 
DA t$. DE iz Qs V, fitque QV* ad BY! ut fn ad 


I; Jumatur in DE recia DR ja ut DR ! DK equal ft "t 


DR 
Dr * Ge Gh. ccirculus fupra. chordam D R. de- 


M reflam DT contingent’ eit’ circulus ofculatorius, 
five ejufdem curvature cum linea Beometrica prepofi ta, ad 
puntium D. ' 
Oftendimus enim in: Am. IO. (Fig. 6.) generate 

1 Li 

fummam zz PE * PL + tu M. Ac = E: Tox PE 


+ — P + &c. & in Art. pesi. invenimus valo- 


i ifumma == DE + 5i " B. fapre femnón i 


. . ‘ I "M . 
rem ultimum. differentize PM - " coincidentibus 


 pünáiis P, D&C, effe a DR Dx fi circulus 


ejufdem curvature cum linea geometrica ad punctum D 


rete DE occurrat in R. Unde fequitur fore Bz = 
Jogo Ee — dio ee Ke five rec 
DE * Di e DE ^ pi Tm 9e five reci- 


procam ipfi - x DR effe zqualem exceffui quo fum- 


ma reciprocarum fegmentis puncto D & curva termi- 
natis fuperat fummam reciprocarum fegmentis eodem 
puncto. & tangentibus AK, BL, &c. terminatis. Quo- 
ties autem exceílus hic evadit negativus, chorda DR 
fumenda eft ad alteras partes puncti D, femperque ad- 
hibenda eft regula fuperius defcripta pro fignis'termino- | 
rum dignofcendis, Si re&a DA bifecetangulum EDT 

^ recta. 


Fig. 15. 
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recta DE & tangente DT contentum, theorema fit 
paulo fimplicius. Hoc enim in cafu QV = DV, m= 1, 


& 1 equalis exceffui quo DE + bi + &c. fupe- 
tat = + = + &c. ) 


 § 16. Ex eodem principio conlequitut theorema ge« 
nerale quo determinatur variatio curvaturae vel menfura 
anguli contactus curva & circulo ofculatorio contenti, 
in linea quavis geometrica ; praemittenda tamen eft exe 
plicatio brevis variationis curvature, cum hxc non fatis 
dilucide apud auctores defcripta fit. Linea quzviscurva - 
a tangente flectitur per curvaturam fuam, cujus eadem 
eft menfura ac anguli contactus curva & tangente con- 
tenti; & fimiliter curva a circulo ofculatorio inflectitur . 
per variationem curvaturze fue, cujus variationis eadem 
eft menfura ac anguli contactus curva & circulo ofcula- 
torio comprehenfi, Occurrat recta TE tangenti DT 
perpendicularis curve in E & circulo ofculatorio in 7, 
& variatio curvature_erit ultimo ut Er fubtenfa anguli 
contactus EDr fi detur DT ; cumque dato angulo cone 
tactus EDr fit Er ultimo ut DT*?, ut ex Art. $69. 
tractatus de fluxionibus colligitur, generaliter Curvaturze 


"M . . Er . . FEE 
variatio erit ultimo ut DP Utimur circulo ad cure 


vaturam aliarum figurarum definiendam ; verum ad va- 
riationem curvature menfurandam, qua in circulo nulla | 
eft, adhibenda eft parabola vel fectio aliqua conica. 
Quemadmodum autem ex circulis numero indefinitis 
qui curvam datam in puncto dato contingere poflunt, 
unicus dicitur ofculatorius qui curvam adeo intime tan- 


git ut nullus alius circulus inter hunc & curvam duci 


poffit ; fimiliter omnium parabolarum qua earidem ha- 
bent curvaturam cum linea propofita ad punctum datum 
| (funt 


i 
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(fant autem hz quoque numero infinite) ea eandem 
fimul habet curvature varíationem, quae, non folum 
arcum curvé tangit & ofculat, fed adeo premit ut nullus | 
alius arcus parabolicus duci poffit inter eas, reliquis om- 
nibus arcubus parabolicis tranfeuntibus vel extra vel in- 
tra utrafque, Qua. vero ratione hzec parabola determis : 
nari pofüt, ex iis quee alibi fufius explicavimus facile 


| intelligitur. 


Sit DE arcus curva,’ DT tangeàs, T EK rea tan- 
genti perpendicularis, fitque rectangulum ET x TK 
femper zequale quadrato tangentis DT, & curva SKF 
locus pun&i K, qui recte DS curve normali occurrat 
in S, quemque tangat in S re&a SV tangentem TD fe- 
cansin V. Recta DS erit diameter circuli ofculatorii, 
& bifecta DS in f, erit f centrum curvature 3 juácta 
autem Vf, fi angulus SDN conftituatur equalis angulo 
f VD ex altera parte re&z DS, & recta DN circulo 
ofeulatorio occurrat in Ns tum parabola diametro & 
parametro DN defcripta, quzque rectam D'T' contin- 


git in D, ipfa erit cujus contactus cum linea propofita 
' in D intimus erit atque maxime perfectus feu proximus. 


Omnes autem parabolz alia quavis chorda circuli ofcu- 
latorii tanquam diametro & parametro defcripte, & 
rectam DT contingentes in D, eandem babent curva- 
turam cum linea propofita in puncto D. Qualitas cur- 
vature a Newtono in opere pofthumo nuper edito expli- 
cata eft potius variatio radii curvature; eft enim ut flu- 
xio radii curvaturze applicata ad fluxionem curve, vel (fi 
R denotet radium circuli ofculatorii & S arcum curve), 


R . . 
ut = Ipfa autem curvatura eft inverfe ut radius R, 


a —R C 
& variatio curvature ut PT quz eft meníura m- 


guli 


Fig. 14. 


paucioribus, &F occurrat. tangentibus AK, BL, &c. im 
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guli contactus curva & circulo ofculatorio ,contentj. 
Harum autetn una ex alterá data facile derivatur. Va- ° 
riatio radii curvature in curva quavis DE eft ut tan- 
gens anguli DVS vel DVf, & in parabola quavis eft 
femper ut tangens anguli contenti diametro: per ‘pun- 
‘tum contactus tranfeunte & recta ad curvam perpen- 
diculari. . Hac ex theoremate fequenti generali deduci 
poffunt. ' 


$ r7. Theor. HII. Si D pundtum in linea quavis 
geometrica. datum, occurrat DS diameter: circuli. ofcula- 
torii per D ducta curva in tot punctis D, A, B, &e. 
quot ipfa efl dimenfionum; ducatur DT curvam contin- 
gens in D, que curvam fecet in punctis Y, 9c. binarto 
K, L, Se. eritque variatto curvature, five menfara an- 
guli contactus curva &S circulo ofculatoria comprebenfi, di- 
recle ut exceffus quo fumma rectprocarum fegmentis tan- 
gentis DT puncto. contactus D & tangentibus AK, BL, 
Gv. terminatts fuperat fummam reciprocarum fegmentis 
eodem puntio &9 curva lermmatis, &F inverfe ut radius 

I 


. OI I I 
curvalura, V e. uf Ds x DE + DL + So — DI" 
Ce 


Ducatur enim recta Dé curvam fecans in e, 7, &c. 
circulum ofculatorium in R ; fitque angulus £ZDT quam 
minimus;' hujus fupplementum ad duos rectos bifecetur 


recta Dab, que linez geometricz propofite occurrat 


in punctis D, a, 6, &c. & du&tz tangentes, af, 5), &c. 


‘fecent rectam Dé in punétis 4, 4 &c. eritque per pro- 


! 1 p 1 
pofitionem praecedentem DR - D5*i-7Di7 


Y o. |o I Re EN 
pp 8e Unde yp — wp 5.) — D 
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— 5i 5 - — Gc. Proinde coincidentibus re&is 
p & DK, p evaneícente. angulo ADK, erit ultimo 


DEED, equalis 5i - Bk — DL — &c. Sit erT 
perpendicularis tangent in T, que oceurrat circulo 
ofculatorio in r ; cumque fit re ultimo ad Re ut eT ad 
rex DS DS 

PEXE = DR x eT xm DR x DT* 
re x DS 


five —óp33—  Menfura autem anguli contactus rDe 


De, erit ultimo —— DE 





curva & circulo  ofeulatorio content five variatio cure : 


I. 
vaturze, eft ut —— on adeoque ut bs * DK "DP 


&c. ~ 


§ 18. Variatio autem radii curvature, five hujus qua- 
. litas a Newtono defcripta, ex priori facillime colligitur; * 
Jun&is enim SI, SK, SL, &c. erit hzc variatio radii 
oftulatorii ut exceffus quo fumma tangentium angulorum 
DKS, DLS, &c. fuperat fummam tangentium angue : 
lorum DIS, &cP Crefcit autem curvatura a panéto D 
verfus ^, & minuitur radius ofculatorius, quoties arcus 
De angit circulum ofculatorium DR interne, vel cum 


SE + or BL + .&c. fuperat = it &c. at contra minu- 


itur curvatura 3 D verfus ¢, p augetur radius circuli 
ofculatorii, quoties arcus curve De tangit arcum circu- 
larem externe vel tranfit intra circulum & tangentem, 
adeoque cum DR » ultimo minor quam De vel cum - 


bi + &c. fuperat py z+ 5L + &c. 


$ 19 Sumatur igitur in tangente DT recta DV ita 


"py = = DE + DL + Ec. — 5i — &c. jungatur 


E Cc - IV, 
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f V5 conftituatur angulus SDN equalis DV, atqu& 
occurrat recta DN circulo ofculatorio in N ; & paraz 
bola diametro DN defcripta, cujus ‘parameter eft DN, 
queeque rectam D'T' contingit in JJ, eandem habebit 
variationem curvatusz cum linea geometrica propofita. 
in puncto D. Ex iifdem principiis alia quoque theore— 
mata deducuntur, quibus variatio curvatura in lineis 
geometricis generaliter definiturs-’. 


-§ 20. Ut hzc theoremata ad formatn magis geome- 
tricam reducantur, lemmata quzdam funt premittenda, 
quibus doctrina de divifione reCtarim harmonica am- 

Fig. 15. plior & generalior reddatur. In recta quavis DI,-fum- 
ptis zqualibus feginentis DF & FG, ducantur a puncto 
quovis V quod non eft in rectá DI tres recte VD, VF, 
VG, & quarta VL ipfi DI parallela, atque ha -qua- 
tuor rectz, a Cl. D. Deda Hire, Harmonicales dicun- 

. , tur Recta vero ‘quavis, quae quatuor harmonicali- 
bus occurrit, ab idem harmonice fecatur. Occurrat 
recta DC harmonicalibus VD, VF, VG, & VL in 
punctis D, A, B, C; eritque DA ad DC ut AB ad BC. 
Ducatur enim per punctum A recta MAN ipfi DI pa- 
zallela, que. occurrat rectis VD & VGinM& N; & 
ob equales DF & FG, zquales erunt MA & AN. 
Eft autem DA ad DC ut AM (five AN) ad VC, 
adeoque. ut AB ad BC. Manifeftum eft rectam, quse 
-uni harmonicalium parallela eft, dividi in aequalia feg- 
menta a tribus reliquis, . Occurrat recte. BH parallela 
üpfi VF reliquis VG, VC, VD in B, EK, & H ; erit- 
que VK ad KB ut FG (vel DF) ad VF adeoque ut 

| VK ad KH, & & proinde BK = KH. 


$ 2X1. Hinc : fequitur fi recta quz vis a quatuor rectis 
db eodem puncto ductis fecetur harmenice, aliam quam- 
2 vis 
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vis rectam quse his quatuor reétis occurrit harmonice. 
fscáM ab iifdem ; cam vero que parallela eft uhi quatuor 
recarum in fegmenta sequalia dividi a tribus reliquis. 
Sit DA ad DC ut AB ad BC, jungantur VA, VB, 
VC, & VD; occurrant rez MAN, DFG ipfi VC 
parallela re&is VD, VA, & VB in M, A, N, & D, : 
| P, G3; eritque MA ad VC ut DA ad DC, velABad . 
BC, adeoque ut AN ad VC; MA — AN, & DF 
z FG, &, per przcedentem, recta quzvis quz ipfis 
VD, VA, VB, VC occurrit harmonice fecabitur ab 
lidem. 


$ 22. Ex puncto D ducantur due recte DAC, Dac Fig. 16. 

rectas VA & VC fecantes in punétis A, C atque a,¢5 «t. 
junce Ac & aC fibi mutuo occurrant in Q , & ducta 
VQ harmonice fecabit rectam DAC vel aliam quam- 
vis réCtam eX punéto D ad eafdem rectas du&Ctam. Secet 
thim VQ reftam AC in B, & per panéturi Q ducatur. * 
sefta MQN parallela ipf- DC, quz occurrat rectis 
Da, VÀ & VC in punctis M, R, & N ; cumque fit . 
MR ad MQ ut DA ad DC, & MQ ad MN in eadem 
ratione, erit quoque RQ ad QN ut DA ad DC. Sed 
RQ eft ad QN ut AB ad BC. Quare DA eft ad DC 
ut AB ad BC.{ Hzceft Prop. 20ma, Lib. I. fectionum 
conicarum Cl. De da Hire. 


$23. Sit DA ad DC ut AB ad BC, eritque 5E 


.sequalis fummz vel differentia ipfarum Di & Dé 
prout puncta A & C fent ad eafdem vel contrarias partes 
| puncti D. Sint imprimis puncta A & C ad eafdem partes 

puncti D, cemque fit DA x BC ZDC x AB, i.e. DA x 
DC — DB — DC x DE— — DA, vel DA x DB—DC 


- DC x DA —DB,erit2 DA x DCZ DAxDB4- 
Cc2 ! be 
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n2& 3. 


| Fig. Ie 


DC x DB, adeoque r7; = 5j A+ De" Sing unc 


puncta A & C ad contraria partes pun&i D, eritque. 
vel DA x DB—DC = DC x DB4DA As vel DA x 


DB 1 DC = DC x DB — DA, adeoque — Di = 50 
- 5 5; cum pn B& C funt ad caíderi partes pun&i 


D, vel 55 = TET x ~ 5 Z3. quoties punta A & B funt 


ad eafdem partes puncti D. Si igitur, datis punto D 
& re&is VF & VC pofitione, ducatur ex puncto D 
recta quavis illis occurrens in. punctis A & C, & in 


exdem recta fumatur femper DB ita ut Di == 5a 


red 5o ubi fupponitur terminos or & Dc iifdem 
vel contrariis fignis afficiendos effe prout puncta A & C 
funt ad eafdem vel contrarias partes puncti D, -erit lo- 
cus puncti B ipfa harmonicalis VG quz rectam DFG 
reCtze VC parallelam fecat in G ita FG = DF; quz- 
que tranfit per punctum Q ubi (ductá Dac qua iif- : 
dem rectis VF & VC occurrat ing etc) juncta Ac 
et aC fe mutuo decuffant. 


ak Si in re&a DA fumatur femper Db ita ut 
3 = oat A+ T pc ; ducatur DF parallela recae VC - 
quz recte VF occurrat in F, & DH parallela rectze VF 
quz recite VC occurrat in H, & ducta diagonalis HF 
erit locus puni 6; nam ex hypothefi 5 = DP &. 
DB = 2D; adeoque cum VG fit locus pun&i B erit 
pun&um 6 ad rectam HF, fi puncta A & C fint ad 


eafdem 


} 
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eadem ni puncti D. Bi autem fupponatur 5 j7 


DA - 50 eadem conftructio inferviet pro determi. 


nando puncto 4, fi fubftituatyr loco rect VC alia oc ‘ 


fectzee VC parallela ad qualem diftantiam a puncto D 
(ed ad contrarias partes, — , 


$ 25. Ex puncto dato D ducatur recta quevis DM 
quz tribus rectis pofitione datis occurrat in punts A; 


C, E; & fumatur femper DM ita ut Ba p at 


po + = (ubi termini funt contrariis fignis afficiendi 
quoties recte DA, DC vel DE funt ad contrarias partes 


puncti B); fupponatur zz it pc 5G = Dp eritque L 
ad rectam politione iuam | per precedentem ; adeoque 
cum fit —— Du Di 4 BP erit punctum M ad pos 


fitione datam, per eandem. Compofitio autem proble- 
' matis facile ex dictis perficitur. , Sint VA, VC & vE 
tres rectze pofitione date, & compleatur parallelogram- 
| mum DFVH, ducendo DF & DH re&tis VC & VE 
refpective parallelas, & occurrat recta vE diagonali in 
v; deinde compleatur parallelogrammum Dfvb ducen- 
do rectas Df & Db re&is vE & HF parallelas que 
redis HE & vE occurrant in punctis f & 5; & diago- 
— malis bferit locus puncti M. — Occurrat enim recta DA 
rectis HF & bfin L & M3 eritque, ex precedentibus, 


ne d 9€ I] o, [d t 
DM "DL * De pat Dot pr Alia con- 
Rtructio ex Art. 22. deducitur. 

| C Cc 3 : $ 26. 


/ 
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. $ a6. Recta quzvis ex puncto dato D ducta occurrat 
re&tis pofitione datis in punétis A, B, C, E, &c. et in 


I 1 I 
hac recta fumatur [emper yi DM = pa * ps * pe 


C" pr &c. eritque locus puncti M (emper ad rectam 


Fig. 18. 


pofitione datam, Demonftratur ad modum preces 
dentis, 


$27. .Thear, IV, Circe datum pusttum P eeileatur 


. reHa, PD que occurrat linea geometrice cujufcunque or- 


dinis in tot punttis D, E, 1, Ge, quet ipfa eff dimen 
fonum, et fi in adem relia fumatur Jemper PM ;ta ut 
PH = Pb es PE TPoum 5 "F Se, (ubi fi Signe ferstinorum 
regulam, fepius defcriptam obfervare Japponimus) erit locus 
puntti M. lina recta. 

Ducatur enim ex polo P re&a quievis pofitlone data 
PA, qua curve occurrat in tot. punctis A, B, C, &c, 
quot ipía eft dimenflionum.: Ducantur A AK, BL, 
CN curvam in his punétis contingentés, quse occurrant 
*éte PD in totidem punctis K, L, N, sic, et per - 


Art. Jo. P PR * ry me bes = Be + BL 
ER ck &e. Unde psi equalis eft huic fummz, cum. 
que pofitione detur recta PA, & maneant recte AK, 
BL, CN, &c. dum recta PD circa polum P revolvie 
tur, erit punCtum M ad lineam rectam, per articulum 
precedentem ; qua per fuperius oftenfa ex datis tane 
gentibus AK, BL, &c. determinari poteft, - 


d 


$ 28, Sicut recta Pa medium « eft harmonicum inter 
duas rectas PR & PE, cum P oD + T fiw 
militer 


, 
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emliter Pm dicatur medium harmonicum inter rectas 
quaflibet PDs PE, Ps Bc. quarum numerus eft x, 


cum z— a = »5 T PE T vi + ÉKc. Etfiex puncto 


dato P recta quavis ducta lineam geometricam fecet in 
tot punctis quot ipfa eft dimenfionum, in qua fumatur ~ 
femper Pa: medium harmonicum inter fegmenta omnia 
du&z ad pundum datum P & curvam terminata, erit 
pun&um m ad rectam lineam. Erit enim poe ra 
adeoque Pm ad PM ut »ad unitatem ; cumque punctum 
M fit ad rectam lineam, per praecedentem, erit m quo- 
que ad rectam lineam. Atque hoc eft theorema Cote/ir, 
vel eidem affine, 


§ 29. Sint a, 4, c, d, &c. radices zquationis ordinis 
n, V ultimus ejus terminus quem ordinata feu radix y 
non ingreditur, P coefficiens termini penultimi, M me- 


" . ° . . ; . . "n. x & 
dium harmonicum inter omnes: radices, feu MZ 


+ zo : +} T &c. Cuni igitur fit V fa&um ex 


radicibus omnibus a, bc, &c. in fe mutuo dudtis, fit- 
que P fumma factorum cum radices omnes uná dempta 
y 


in fe mutuo ducuntur, erit P= — + 2*5 7*7 
+ &c. = iD adeoque M — =". Sic, fi zequatio 


ht. quadratica, cujus radices dus fint a et b, erit - 


M = — —-— (affumptá wquatione generali {ectionum 

2cxx — 2dx + d In 
ax -—6 

zequatione cubica cujus tres radices funt a, 5, c, erit 


abe 
M= at Heath ark (fi affumatur zquatio ge- 


conicarum Art. I. propofitá) = 


Cc4 “neralis 





Fig. 19. 


"v »* CP * Fee Mc. adeoque gg 
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neralis linearum tertii ordinis ibidem prapofiti) =< 


MIL Ge + ib—3s 


(xx — dx 4- € 


§ 30. Occurrant re&z quavis duz Pm & Py, "i 
puncto P ductz, linez geometricz in pun&tis D, E, I, 
&c. et 4, e, i, &c. fitque Pm medium harmonicum 
inter fegmenta prioris ad punctum P & curvam termi- 
nata, & Pu medium harmonicum inter fegmenta fimilia 
pofterioris rectze ; juncta «m occurrat ue AP in H, 


aVx 
eritque PH = “=~ y vel PH ad Pm ut P ad = Secet 


enim abfciffa curvam in tot punctis B, C, F. » &c, quot 
ipfa eft dimenfionum ; cumque ultimus terminus zqua- 


tionis (i. e. V) fit ad BP x CP x FP x &c. inratione ° 


conftanti, utfupra (Ant $.) oftendimus, etit (per Art. 8.) 
x x = 


= apt 
We 
op + EP c &e. = on »&PH = + 7 (quoniam 


recta PM = >) = Pm x Pe In feétionibus coni- 
V . 


cis eft PH ad Pm ut ax — bad 2cx — d$ & in lineis 
tertii ordinis ut cxx e- dx + e ad 3/xx e- 2gx + b. 


$ 31. Si defideretur propofitionis przcedentis demon- 
ftratio ex principiis pure algebraicis petita, ea ope fe- 
quentis Lemmatis perfici poterit. Sitabíciffa AP = x, 
ordinata PD = y, ultimus terminus zequationis lineam 
geometricam definientis V = Ax" 4 Bx"—' 4 Cx*7* 
+ &c. penultimi coefficiens P = ax"7' 4 bx"? + 
eS 4- &c. et fit Q quantitas que formatur du- 


' cendo terminum quemque quantitatis V in indicem ip- 


fius 


..-—E ie 
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fiusw in hoc termino & dividendo per +; i. e. fit 
Q= nA + amd x B» E n tm x Ce 


jr &c. (qua ipía eft quantitas quam = Y dicimus.) Du- 


catur ordinata Dp que angulum quemvis datum ApD 
cum abfcifla conítituat, fintque recte PD, pD et Pp ut 
date 4 ret &; dicatur pD = #, Ap zx 2, & tranfmu- 
tetur zquatio propofita ad ordinatam w & abfciffam z ; & 
Stquationis noyz, cum fit z; = Ap, terminus ultimus 
9 erit equalis ipfi V, penultimi autem ceefficiens 5 erit 





Cum enim fit PD (= y) ad pD (= x) ut /ad r, erit 
y= =, fit autem Pp ad pD (= x) ut fad », erit 


Pp = EAR x= Apt Po=z +o. His 
autem valoribus pro yet x fubftitutis in equatione pro- 
pofita linez geometrice, prodibit zquatio relationem - 
co-ordinatarum z et x definiens. Ad hujus ultimum 
terminum v & penultimum fz determinandum, fufficit 
hos valores fubftituerg in ultimo V, & penultinio Py, 
equationis propofite, atque terminos refultantes colli- 
gere in quibus ordinata » vel non reperitur, vel unius - 
tantum dimenfionis; horum enim fumma dat pz, il- 


; . i. 
Jorum v, Subftituatur pro x ipfius valor z + - in 
quantitate V vel Ax® 4+ Bat= 4+ Cx*—* + &c. et 











n DL 
termini refultantes Az" + nAx ku + Ba? + 
naman B n——2 hy —— n3 
bm ER — CS me Ke ur 


&c. foli ad rem faciunt de qua nunc agitur, Sub- 
Wituatur deinde pro x idem valor, & pro y ipfius 
valor 
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ly. ' 
valor 7; in quantitate Py = ax"—" + bx o 


+ &c, Xx y; & termini refultantes foli 
p——à € — E (— AR o ] ‘i ". 
4x7 4 od—? oU 4 &cex - funt nobis re- 


tinendi. -Supponatur nunc z = x, & fumma priorum 


. OF - 
fit equalis V + =, & pofteriorum fumma = = 


Unde manifeftum eft ultimum terminum zquationis 


nove v = V,& penultimum pe= P c 





Xu 


$ 32. Sit nunc Pm medium harmonicum inter feg- 
menta PD, PE, PI, &c. et Px medium harmonicum 
inter fegmenta P4, Pe, Pz, &c. ut in Art, 30. jundcta 
pm fecet abfciffam in H; & fupponamus Py ordinate 
pD parallelam effe, Ducatur 15 abfciffe parallela, quie 
rectae Pm occurrat in s; eritque Ps ad Py ut PD ad 
2D vel ut / ad r, et ws ad Pe ut £ ad r. Cumque fit 
Pu= = (per Articulum praecedentem) = PICO Ig erit 


aV nul nV nVl 
ms = Pm + Ps = > + 7, =F + yO — 


nV Qk . 
PEPIE Nd Eft autem ms ad uu ut Pm ad PH, i. e. 


nV Qk a nVk 
PxP/EQe P/EQE 
ad P ut Pm ad PH, vel PH = Pm x q d 2v Cum 


. gitur valor rectze PH non pendeat a quantitatibus, 4; £. 
et r; fed, his mutatis, fit femper idem, erit punctum 
p ad rectam pofitione datam, ut in Theor. 4. aliter 
oftendimus. Quin & valor recte PH is eft quem in | 
Art, 29, alia methodo definivimus; & recta Hm om- | 

nes 


ut P; ad PH;. adeoque Q. 


T——— Uw—— — 7«- oe 
* 


oe 
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nes rectas ex P ductas fecat harmonice, fecundum de- 
finitionem feétionis harmonice in Art. 28. generaliter 
propofitam. . . 








SECTIO IL. 
De Lineis fecundi ordinis, five fettionibus conicis, 


$ 33. X iis quz generaliter de lineis geometricis 
in fe€tione prima demonftrata funt, fponte 
fluunt proprietates linearum fecundi, tertii, & fuperi- 
orum ordinum. Quz ad fectiones conicas fpectant 
optime derivantur ex proprietatibus circuli, quz figura 
bafis eft coni. Verum ut ufus theorematum przce- 
dentium clarius pateat, & figurarum analogia illuftre- 
tur, operae pretium erit barum quoque affectiones ex 
premiffs deducere, Doctrina autem conica de dia- 
metris, earumque ordinatis (quibus parallele funt rectze 
fectionem contingentes ad vertices diametri) & de pa- 
rallelarum fegmentis que rectis quibufcunque ocour- 
punt, & afymptotis, tota facillime fluit ex iis qua 
Art. 4. et §. oftenía funt, 


$34. Rectte AB & FG fectioni conicz infcripte 

dccurrant fibi mutuo in puncto P; ductz AK, BL, 

FM, GN fecionem contingentes occurrant rete PE 

per P dudtz in punctis K, L, M, N ; eritque femper 

PE + ?L = eT TH (fi recta PE curve occur- 
I 


tat in punctis D & E) = Pp F PE) Segmentisaue 


tem 


Fig. 29, . 


Fig. 236 
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tem que funt ad eafdem partes pun&i P eadem prepo- 
nuntur figna; iifque quz funt ad oppofitas partes 
pun&i P figna praponuntur contraria. Hinc fi bifee 
cetur DE in P, & ex puncto P ducatur recta quevis 
(c&lionem fecans in punctis A et B, unde ducantur rec. 


‘te AK et BL curvam contingentes quz rectam DE 


Fig. 22. 


Fig. 23. 


fecent in K et L; erit femper PK = PL. Quod fi 
DE feGtioni nop occurrat, fitque P punctum ubi di- 
ameter quz bifecat rectas ipfi DE  parallelas eidem 
occurrit ; erit in hoc quoque cafu PK zz PL, - 


§ 35. Concurrant re&z AB et FG fedtioni conica 
infcripte in punéto P ; ducantur rectz fectionem con» 
tin entes in punctis A et F quz fibi mutuo occurrant 

in K, & juncta PK tranfibit per occurfum re@arum 
que fe&ionem contingunt in punctis Bet G. Si enim 
recta PK non tranfeat per occurfum rectarum fectio- 
nem angentium in B et G, huic occurrat in N illi in 


L; cumque ir + 3L yr a PR per praceden. 


tem, erit PL = "PN; ,& coincidunt puncta L et N 
contra hypothefin, 


§ 36- Eadem ratione patet rectas AG et BF fibi 
mutuo occurrere in « puncto recte LK; adeoque 
puncta P, K, », L efle in eadem recta linea. . Hine 
datis tribus punctis contactus A, B, et F, cum duabus 
tangentibus AK et FK, fe&io conica facile defcribitur. 
Revolvatur enim recta KxP circa tangentium occur- 
fum K ut polum, quz occurrat re&tis AB et FB in 
punctis P et w; & junctz Aw, FP occurfu fuo G 
defcribent fectionem conicam quae tranfibit per. tria 
puncta data A, B, F, & continget rectas AK et FK in 


A et F. . . 
| $37 
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6 37. Cateris manentibus, occurrant recte AF et BG- Fig. 2 a 
fibi mutuo in puncto 5, tangentes AK et BL in R, 
atque tangentes FK et GL in Q ; & puncta R, s», Q. 
et 5 erunt in eadem recta linea; fimiliter occurrant ° 
tangentes AK et GQ in m; tangentes BR et FK inn; 
& puncta P; m, m, p erunt in eadem recta linea. De- 
monítratur ad modum Art. 35. | 


$58. Hinc datis quatuor pun&is contactus, A, B, F, 
G cum unica tangente AK, occurfus rectarum AB et 
FG, AF et BG, atque AG et BF, dabunt pun&a P, 
p, et *; juncte autem Pp, Ps, et px fecabunt tan« 
gentem datam AK in tribus punctis m, K et R, unde- 
duce mG, FK, RB fectionem conicam contingent | 
in pun&is datis G, F et B. 


$39. Datis quatuor tangentibus RK, KQ, QL,LR 
et unico puncto contactus A, occurfus tangentium RK 
et LQ, LR et QK dabunt puntta metz Jungantur 
LK et am; & occurfus rectarum LK et RQ, LK et 
nm, RQ et mm, dabunt puncta v, P et 9; jun&tz vero 
PA, vA et pA fecabunt tangentes RL, Qk et QL in 
punctis contactus B, Get F. 


§ 40. Datis quinque pun&tis conta&us A, B, F, G, 
et f; jun&z GF et Gf rectz AB occurrant in punctis 
P et.X ; jun&z AF et Af occurrant recte BG inp . | 
et x; & juncte Pp, Xx occurfu fuo dabunt punctum e 
m, unde du&z mA et mG fectionem conicam tangent 
in À et G ; & fimiliter determinantur recte qux cur- 
vamr contingent in punctis reliquis B, F et f. 


$ 41. Dentur quinque re&z fectionem conicam cori« 
tingentes, VK, KQ , QL, Lr, et V ; occurfus tangen-- 
tum VK et LQ dabit punctum m ; occurfus tangentium 


~ . KQ, 


Fig. 25 ° 


Fig. 26. 


9% 


400 — DE LINKARUM GEOMETRICARUM 


KQ et La dabit punctum a; jungantur s, LK, VL 
et mu; recta LK fecabit re&am mm in P; & reQa LV 


.fecabit ipfam mu in X; jun&a autem PX fecabit tan- 


gentes VK et uL in punctis contactus A et B. Similites 
reliqua puncta contactus determinantur. 


-§ 42. Datis tribus tangentibus AK, BK, et RL, cum 
duobus punctis contactus A et B, facillime determinatur 
tertium, per Art. 35- Occurrat enim tangens RL re- 
Jiquis tangentibus in R et L, atque jun@z AL et BR 
fe mutuo decuffent in e, juncta Ks fecabit tangente 
RL in tertio puncto contactus F ; & fectio conica dee 
fcribi poteft ut in Art. 36. 


§ 43. Dentur quatuor tangentes KO , QL, LR, et 


RK cum unico puncto D feGionis conicz quod non fit 


- in aliquá quatuor tangentium. Inveniantur puncta P, 


pet autin Art. 39. Jungantur PD, pD, et «D; & 
ducta PZ rete pD parallela occurrat recke RQ in Z ; 
& bifariam fecetur PZ in 5; & duéta pS fecabit rectam 
PD in E puncto curve ; vel occurrat PD recte RQ in 
z, et (per Art, 23.) fecetur PD harmonice in z et E. 
Duta autem Dv fecabit junctam $E in ¢, et Ex. fe- 


— cabit ipfam pD in 4, ita ut hzc quoque puncta d, e 


Fig. 27. 
ne I . 


De u 


fint ad curvam. 


§ 44. Ex puncto K ducantur duz tangentes ad. fec- 
tionem conicam in A et B,; ex puncto A ducantur 
recte due AF et AG fectioni occurrentes in F et G; 
juncta BG fecet AF in P, et juncta, BF fecet rectam 
AG in s; eruntque puncta Pj K, w in eadem recta 
linea, per Art. 36. . 


Verum propofitio hzc generalior eft. Si enim a 
punéto quovis K ducantur dua rete KAa, KB? fec- 


tionem 


- 


pm 
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tionem fecantes in punctis A, a et D, 3; et ex punctis 
A et a ducantur rectz ad fe&ionem AF et aG ; juncta 
autem BF fecet 4G in P, & ducta 2G fecet AF ins, 
erunt puncta P, K, « in eadem recta linea ; quod va- 
riis modis alias demonftravimus, unde expeditam me- 
thodum olim deduximus fectionem conicanr defcribendi 
per data quavis quinque puncta. Sint A, a, B, b, et ¥ 
puncta quinque data; concurrant recta Aq et Bi in K; 
jungantur AF et BF; revolvatur recta PK» circa polum 
K, quz occurrat his redtis in c et P ; et ducte eP, be 
concurfu fuo G fectionem defcribent. 


$45. Sit P punctum datum extra fe&ionem coni- 
cam, unde dutta quevis fectioni occurrat in D et E ; 


= sp c UE z erit M ad lineam rectam AB 


quz (e&ioni occurrit in punctis A et B, itaut ductze PA 
et PB erunt contingentes fectionis. Si vero punclum p 
fitin medio pun@o recte AB intra fectionem, fitque 
= = - T P. locus punéti m erit recta ab per P 
ducta ipfi AB parallela. 'l'angentes ad puncta D et E 
femper concurrunt in recta AB, et tangentes ad puncta 
d et e in recta ab. , - 


$ 46. Contingat recta DT fe&tionem in D, unde du- 
cantur dug quzvis recte DE et DA, quz fectioni oc- 
currant in E et A. Occurrat DE recte AK fe&ionem 
contingenti, in K ; et ductz EN, KM tangenti D'T' pa- 


allele fecent DA in N et M, ‘famatut in rectà DE, 


DR ad EN ut KM ad KE, & circulus ejufdem cur- 

vaturz cum fectione in D tranfibit per R. Nam per 

Art 5 eft QV? mda elc KE et 
(70 DV* CDR = Di 7 DK = DExDK 

- DR 


Fig. 28. 


Fig; 30. 
Dele 


Ne. 2. 
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DR = DEDE x Ev: (quoniam QV : Dv: 

KM : DK :: EN: DE E EXEN.— Quod f 
fucrit tangens AK parallela re&z DE, (i. e. fi DE fit 
ordinata diametri per A tranfeuntis) erit DR = Bk» 
vel DR ad DE ut EN* ad DE* ; ut alibi demonftravi- 
mus Art. 373 tractatus de Buxionibus, Si in hoc cafu 


EN 
DE fit diameter, erit DE ^ 2deoque DR, zqualis pa- 
rametro diametri DE ; ut fatis notum eft. 


$ 47. Ducantur rectz DT, DE, quarum prior fe&tio- 
nem conicam contingat in D, pofterior eidem occurrat 
in E. Ducatur DA quz bifecet angulum EDT et fec- 
tioni occurrat in À ; jungatur AE, cui occurrat in V 
recta DV parallela rete quz curvam contingit in A; 
et ductá VR parallela rez DA, hzc fecabit DE in R 
ubi circulus ofculatorius occurrit rectz DE 3 eritque DR 
diameter curvaturz fi angulus EDT fit rectus. Erie 
enim VR ad AD-ut ER ad DE,et ut DR ad DK ; unde 


DR ad DK ut DE ad EK, adeoque DR D = bg 


5p ut oportebat, per Art. 15. Si autem fit tangens 


_ AK parallela re&z DE (quo in cafu tangentes AK et 


Fig. 3T, ; 


DT equaies conftituunt angulos cum recta DA quz 
proinde perpendicularis eft axi figura) coincident puncta 
R et E, & circulus ofculatorius tranfibit per punctum 
E. Sequitur quoque ex di&is rectas EK, DE, et ER 


effe in progreffione geometrica, 


§ 48. Occurrat re&a quevis DE fectioni conicz in D 
et E, concurrant rect curvam contingentes ad D et E 
in 


1 





PROPRIETATIBUS CENÉRALIBUS, 403 


in pun&o V.' Sit DOA diameter per D curve, & fi 
conftituatur angulus DVr = EDO, erit DR (= 2Dr) 
chorda circuli ofculatorii. Ducatur enim AK fectio- 


nem contingeds quae reca DE occurrat in K, et tan- 


genti EV in Z ; ducatur EN parallela tangenti DT 
re&am DA fecans i in N ; cumque fit DR adKA ut EN 
ad EK; fitque KZ (== ZAK) ad EK ut VD ad DE, 
erit VD ad DE ut £ DR ad EN; adeoque triangula 
DVr et EDN fimilia et angulus DVr aqualis angulo 
EDO. Hanc methodum determinandi circulum ofcu- 
latorium demonftravimus in traCtatu de Auxionibus, 
Art. 375. fed non adeo breviter. 


$ 49. Variatio curvaturz, five tangens anguli con- 
tactus fe&tione conica & circulo ofculatario compre- 
henfi, eft dire&te ut tangens anguli contenti diametro 
quz per conta&tum ducitur & normali ad curvam, & 
inverfe ut quadratum radii curvatura. Sit enim DR 
diameter curvaturze, & hsec variatio ad punctum D erit 


ut pu x Dv P Ait. 17. adeoque, cum fit DV ad 


EN 
Dr ut DE ad EN, ut DE x DR* Variatio autem rae 


dii curvature eft ut tangens anguli BDO. Quod fi 
re&a DO circulo ofculatorio occurrat in z, parabola 
diametro & parametro Da defcripta, quieque contingit 
rectam DT in D, ea erit cujus contactus eum fectione 
eft intimus, per Art, Ig. "P 
( 2 
§ 50. Ceteris manentibus, ex puncto V:ducatur recta 
VH circulum ofculatorium contingens in H ; jungatur 
HD, cumque fit angulus RDH complementum an-. 
£uli DrV ad rectum erit RDH = DVr = EDO; 
adeoque variatio radii curvature erit ut tajgens anguli 
' D d RDH; 


Fig. 3% 


Fig. 32: 


# 


e 
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RDH; & coincidentibus rectis DR et DH variatio 


evaneícit. 








SEC T IO IIL 
De Lineis tertii Ordinis, 


$ 5r. E lineif tertii ordinis five curvis fecundi 
generis, uberius nobis agendum eft. Doce 
trinam conicam, variis modis ufque ad faftidium feré, 


- traCtarunt permulti. Hanc autem geometrize univer- 


falis partem, pauci adtigerunt eam tamen nec fleri- 
Jem efle tiec injucundam ex .fequentibus, ut fpero, 
patebit, cum praeter proprietates harum figurarum a 
Newteno olim. traditas, aliz funt plures geometrarum 
attentione non indigne. Oftendimus fupra, re&tam fe- 
care pofle lineam tertii ordinis in tribus punctis, quo- 
riam zquationis cubicz tres funt radices, qua omnes 
reales effe poffunt. Recta. autem quz lineam tertii 
ordinis in duobus punctis fecat, eidem in tertio aliquo 
puncto neceffario occurrit, vel parallela eft afymptoto 
curvz, quo if cafu dicitur ei occurrere ad diftantiam 
infinitam: zquationis enim cubice fi duse radices fint 
reales, tertia neceffario realis erit. Hinc re&a quz li- 
neam tertii ordinis contingit, eam in aliquo puncto 
femper fecat ; cum contactus pro duabus interíe&ioni- 
bus coincidentibus. habendus fit. Reéta autem quz 
curvam in puncto flexus contrarii contingit, fimul pro 
fecante habenda eft. Ubi duo arcus curve fibi mutuo 
occurrent, punctum duplex formatur, & recta qua al- 
terum arcum ibi contingit in eodem punéto alterum 

fecat, 


\ 
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'fecat, Recta autem alia quaevis ex puncto duplice 
ducta in uno alio puncto curvam fecat, fed non in plu- 
ribus. 


$ 52. Prop. I, Sint due parallel, quarum 
utraque fecet lineam tertii ordinis in tribus 
pun&is; recta qua utramque parallelam ita fe- 
cat ut fumma duarum partium parallel ex uno 
fecantis latere ad curvam terminatarum qualis 
fit tertia parti ejufdem ex altero fecantis latere ad 
curvam terminate: fimiliter fecabit omnes. rectas 
his parallelas we curve in tribus pun&is oc- 
currunt, per Art. 4 


§ 53. Prop. II. Occurrat recta pofitione-data 
linez tertii ordinis in tribus punctis ; ducantur 
doz. quevis parallele quarum utraque curvam 
fecet in totidem punctis ; & folida contenta fub 
fegmentis parallelarum ad curvam & rectam po- 
fitione datam terminatis erunt in eadem ratione 
ac folida fub fegmentis hujus recta: ad curvam & 
parallelas terminatis, per Art. 5. 


He duz proprietates a Newtons olim expofite fu- 
erunt, | 


$ 54.. Prop. III. Ceteris manentibus ut in 
fopofitione praecedente, occurrat recta pofitione 
‘data linez tertii ordinis in unico pün&o A, & 


Fig. 33. 


folidum fub fegmentis PM, Pm, P, unius paral- 2 


lela contentum erit femper ad folidum fub feg- 
mentis PN; pa, 9» alterius parallelae ut folidum 
AP x 5P* contentum fub fegmento AP & qua- 
D d 2 drato. 


Fig. 34> 
n. 1. 


Ne 2. 
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drato diftantise BP pun&i P a pun&o quodam 5 
ad folidum Ap x 5p* contentum fub fegmento 
Ap et quadrato diftantiz punti p ab eodeni 
puncto 4, per Art. 6, 


^ & $5. Prop. IV. Ex dato quovis pun&o P 
ducatur recta PD que linez tertii ordinis oc- 
currat in tribus punctis D, E, F, & alia quzvis 
recta PA qua eandem fecet in tribus punctis A, 
B, C. Ducanturtangentes AK, BL, CM, qux 
recte PD occurrant in K, L, ec M; et medium 
harmonicum inter tres rectas PK, PL, PM, co- 
incidet cum medio harmonico inter tres rectas 
PD, PE, et PF, per Art. 10. & 28. Si autem 
recta PD curve occurrat in unico pun&o D, in- 
veniatur punctum d ut in Art. 6. & medium 
harmonicum inter tres rectas PK, PL, PM, erit 
ad medium harmonicum inter duas rectas PD et 
1 Pd in ratione 3 ad 2, per Art. 12. 


: $ 56. Prop. V. Revolvatur recta PD circa 


. polum P, fumatur femper PM ‘in recta PD 


Fig. 55. 


zequalis medio harmonico inter tres rectas PD, 
PE, et PF, eritque locus pun&i M linea recta, 
per Art, 28. 


Atque hsc eft proprietas harum linearum a Cotefe 


inventa. 


tii ordinis in eadem recta linea; ducantur recig 


curyam in his punctis contingentes, quz earidem _ 


fecent 


§ 57« -Prop. VI.. Sint tria puncta linez ter- ' 


‘ 
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fecent in aliis tribus pun&is; atque haec tria 
puncta erunt etiam in recta linea, 


A 


Occurrat re&a FGH linez 'tertii ordinis in tribus 
punctis F, G, et H. Recte FA; GB, HC, curvam in 
his punctis contingentes eandem fecent in punétis A, B, 


C; & hzc puna erunt in recta linea, Jungatur enim - 


AB, & hzc tranfibit per C ; fi enim fieri poteft, oc- 
currat curve in alio puncto M, tangenti HC in N et 


| 1 I I 
reste FGH in P; cumque fit ax + PE 4- PM 
P + PE + PRO per Prop. IV. erit PN = PM; 
quod fieri nequit nifi coincidant puncta. N, M, et C, 
Recta igitur AB tranfit per. C, 


$ 58, Coro. Hinc fi A, B, C, fint tria puncta linez | 


tertii ordinis in eadem recta linea, ducta autem AF et 


BG curvam contingant in F et G, & juncta FG curvam . 


denuo fecet in H, juncta CH curvam continget in H, 
Si enim recta curvam contingeret in H qua eandem fe. 
caret non in C fed in alio quovis puncto, foret hoc punc- 
tum cum tribus aliis A, B, C, in.eadem recta quz 
igitur fecaret lineam tertii ordinis in quatuor punctis. 
Hog autem fieri non poteft. Incidi autem primo in 
hanc propofitionem via diverfa fed minus expedita, ein» 
dem deducendo ex Prop. II. Similiter fi re&ta Af cur- 


vam quoque contingat inf, & du&a Gf curve occurrat. ' 


in A, juncta Ch grit tangens ad pun&dum 4. Et fia 
punctis A, B, C, linez tertii ordinis in eadem recta fitis, 
ducantur tot recte curvam contingentes quot duci pofe 
funt, erunt femper tres contactus in eadem red, | 


$ $9. Pror. VI]. Ex pun&o quovis linez 
tertij ordinis ducantur dua ree curvam con- 
Dd 3 , tingentes, 


> 


Fig. 36. 


Fig. 37. 


Fig. 38. 
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tingentes, & re&a. contactus conjungens denuo 
fecet curvam in alio puncto, re&ze curvam in 
hoc puncto & in primo pun&o contingentes fe 
mutuo fecabunt in pun&o aliquo curva. 


Ex puncto A ducantur re&ze curvam contingentes in 
F et G, juncta FG curvam fecet in H, eandemque 


contingat in H re&a HC quae curve occurrat in C, & - 


ducta AC erit curva tangens ad punctum A. Sequitur 
ex Cerellario precedente, coincidentibus enim A et B 
recta CA fit tangens ad punctum A. 


€ 60. Coral. 1. Si ex puncto curve C ducantur dux 
rectae eandem contingentes in A et H, & ex puncto 
alterutro A contingentes AF et AG ad curvam, recta 


per contactus F et G ducta tranfibit per alterum punc- 
tum H. 


$61. Col, 2: Contingat recta AC curvam in A, 
eamque fecet ín C, duce autem AF et CH curvam 
contingant in F et H, recta per contactus ducta eam 
denuo fecet in G, & jun&a AG curvam continget in 
G. Quod fi alia recta Ch ex puncto C ducatur ad 
curvam eam contingens in 5 ; & jun@z 5F, 5G, cur- 
ve occurrant in f et g, ducte Af et Ag erunt tangen- 
tes ad puncta f et g. 


$ 62. Coro, 3. Sit A punctum flexus contrarii unde 
ductz AF et AG curvam contingan: in F et G, juncta 
FG fecet curvam in H, & ducta AH curvam continget 
in H. Si enim tangens ad punctum H curva: in alio 
quovis. puncto ab A diverfo occurreret, recta ex hoc oc- 
curfu ad punctum flexus contrarii A du&a curvam in A 
contingeret, quod fieri nequit. Manifeftum autem eft 
tres tantum duci pofle rectas ex puncto flexus contrarit 
curvam 
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. curvam contingentes preter eam quz in hoc ipfo puncto 

— fimul tangit & fecat, atque tres contactus cadere in ean- 
dem rectam lineam. Ex folo puncto flexus contrarii 

. tres recte ductze curvam ita contingunt ut tres contactus 
fint in eadem redà. ‘Sint enim F, G, H, in eadem 
recta, unde tangentes ductz conveniant in eodem puncto , 
curvz 4, quod non fit punctum flexus contrarii; duca- 
tur ae curvam contingens in 2, quasque ei occurrat in | 
e, & juncta eH curvam tanget in H, per hanc propofi- | 
tionem ; adeoque rectze eH & aH curvam contingerent 

in eodem puncto H. &. E. 4. 


$ 63. Prop. VIII. Ex puncto. quavis linez 
tertii ordinis ducantur tres recte curvam: con- 
 tingentes in tribus punctis; recta duos quofvis 
. contactus conjungens occurrat denuo curva, & 
ex occurfu ad tertium contactum ducta curvam 
denuo fecabit in punclo' ubi re&a ad primum - 
punctum ducta curvam continget. 


, Ex puncto A linez tertii ordinis ducantur tres rez Fig. 37. 

AF, AG, & Af, curvam contingentes in tribus punctis 

F, G, & f; recta Gf que horum duo quevis con- 
jungit fecet curvam denuo in N, & recta ex hoc puncto 

ad tertium contactum F ducta curvam fecet in g, tum 
juncta Ag curvam continget in g, Ducatur enim recta 

AC curvam contingens in A quz eandem fecet in C ; 
cumque puncta G, N, & f, fint in eadem recta, & 
tangentes ad puncta G & f tranfeant per A, fequitur 

(per Prop. VII.) tangentem ad pun&um N tranfire per C. 
Cumque puncta F, N, g, fint in eadem rectá, tangentes 

autem FA & NC curve occurrant in A & C, fitque, 

AC tangens ad punctum ‘A, tangens ad punctum g 
tranfibit per A. ^, | | 

^| D4d4 mE $ 64. | 


» 


v - 


Jg. 38. 
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$ 64. Grol. Hinc fi curva defcribatur ex datis tri- 
bus punctis contaQus ubi tres rectae ex eodem puncto 
curva du&z cam contingunt, invenitur quartum pun- 
€um contactus ubi recta ex eodem pun&o curve ducta 
eam contingit, Atque hinc colligitur ex eodem curve 
puncto quatuor tantum rectas duci pofle lineam tertii 
ordinis contingentes preter rectam quae in hoc ipfo 
puncto curvam contingit. Si enim rez ex codem 
curva: puncto duci poffent eam in quinque punctis con- 
tingentes, plures rectx numero indefinite curvam con- 
tingentes ex eodem puncto duci poflent ; ut ex premif- 
fis facile colligitur. Hoc autem Corollarium poftea 
facilius demonftrabitur. Vide infra, Art. 77. 


$ 65. Prop. IX. Ex punc&o flexus contrarii 
ducantur tres tangentes ad curvam, & reda: 


, €ontactus conjungens harmonice fecabit rectam 


dem pantie A conveniant, erit per Prop. IV. 55 


quamvis ex puncto flexus contrarii ductam & ad 
curvam terminatam.. 


Sit A punctum flexus contrarii, AF, AG, et AH, 
rectz curvam contingentes in pun&is F, G, et H. Ex 
puncto A ducatur recla quzvis curvam fecans in B & C, 
& rectam FH in P; exitque PB ad PC ut BA ad AC. 
Cum enim tres tangentes ad puncta F, G, et ms in e0-., 


45K 


“sa = i adeoque s; T to = x v i. e. PA 


eft medium harmonicum inter duas reCtas PB et PC ad 


curvam terminatas. Quz linearum tertii erdipis pro- 
prietas eft fimplicitatis infignis. 


§ 66. 
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$ 66. Coro], 3. Recta que duas quafvis rectas ex 
puncto flexus contrarii ductas ad curvam fecat harmo- 
nice, fecabit quoque alias quafvis rectas ex eodem puncto 
eduétas & ad curvam terminatas., 


§ 67 Coral. 2. Si re&a afymptoto parallela perpun- - 


&um flexus contrari ducta eum recte FH in R & 


curve in O, erit pay = R ED adeoque RA = aRQ. - 


$ 68. Prop. X. us duo puncta flexus con- 
trarii conjungens vel tranfit per 3™ punctum 


Fig. 39. | 


flexus contrarii vel dirigitur in candem plagam 


cum crure infinito curva. 
| E 

Sint A et a puncta flexus contrarii, juncta Aa curva 
occurrat in a, eritque a quoque punctum flexus contrarii. 
Si enim tangens figurze in pun&o a curvz occurreret in 
alio quovis puncto e, forent A, a, e, in eadem recta, 
Verum ex hypothefi funt A, a, eta in eadem recta, quz 
- igitur linez tertii ordinis occurreret in punctis quatuor. 
Sit A punctum flexus contrarii, & recta AO afymptoto 
parallela curva occurrat in O, ducatur OQ curvam con- 
fingens in O, & fecans in Q, jun&a AQ tranfit 
per D ubi curva afymptoton fecat. 


$ 69. Prop. XI. Du&is ex pun&o flexus: 
contrarii A tangentibus ad curvam AF, AG, 


AH; & duabus fecantibus quibufcunque ABC, 


Adc, juncte B2 et Cc vel By et 2C fe mutuo f{e- 
 cabunt in recta FH quz contactus conjungit. 


Occurrat enim recta Bd ipfi FH in Q , et BC eidem 
jn P; jungantur QA et QC ; cumque fit AB ad AC ut 


Fig. 38. 


PB ad PC, per Prop. IX, erunt QA, QB, QP et QC, : 


harmo- 
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harmonicales, adeoque A» fecabit ream QC in c et 
ipfam FH in f, ita ut Ad fit ad Ac ut pb ad pc; & pro- 
inde erit c pan&um curve, per Prop. IX. unde fequitur 
converfe rectas Bb et Cc convenire in pun&o Q recte 
FH; & fimiliter oftenditur rectas Bc et 2C fibi mutuo 
occurrere in puncto 4 ejufdem rectae, 


& 70. Grol. 1. Ex pun&o quovis Q re&z FH du- 
cantur ad curvam recte QB, QC, eam fecantes in 
pundis B, 4, M et C, 4, N; tum jun&ctz CB, cb, MN, 
convenient in puncto flexus contrarii A; jun&te Bc et, 
bC, Mc et Nó, Bb ct Ce, NB et MC, convenient in 
recta FH. 


§ 71. Corel. 2. Tangentes ad punéta B et C conve- | 


niunt in puncto aliquo T retis FH; & fi a pun&o 
quovis T in recta FH fito ducantur tangentes ad cur- 
vam, re&z contz&us conjungentes vel tranfibunt per 
punctum flexus contrarii, vel convenient in recta FH. 


$ 72. Corel. 3. Dato puncto flexus contrarii A, et. 
punctis B, C, 4, c, ubi duz reclz ex eo duclz curvam 
fecant, datur recta FH pofitione ; jun&z enim B? et Cc 
occuríu fuo dabunt punctum Q , & junctarum Be et 4C 
occurfus dabit 7, ductaque Q 4 ea eft quz contactus F, 
G, et H, conjungit. His autem quinque punctis datis 
cum aliis duohus M et m, determinatur linea tertii or- 


dinis que per hac feptem puncta A, B, C, 4, &, M, m, 


franfit et in puncto A habet flexum contrarium. Ex 
punctis enim M et a dantur N et z, ubi duclz AM et 
Am curvam fecant, et his novem conditionibus linea 
determinatur. Si autem dentur tria puncta M, m, et 5; 
haec dabunt tria alia N, 2, et s; unde darentur undecim 
conditiones ad figuram determinandam, que nimi 

; , funt. 


¢ 


b 
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| 


funt. Similiter dato pun&to flexus contrarii A cum - 


pundtis F, G, (adeoque tangentibus-AF et AG) etpun- 
ctis M et m quibufcunque, datur re&a FG, adeoque 
puncta N et z, & determinatur curva. 


$ 73, Corel. 4. Contingant re HB, HC, ¢ curvam. 


in B & C, & juncta CB tranfibit per A, junte CG & 
- FB concurrent in puncto carve V, & ducta V H curvam 
continget in V. 'Tangens autem ad punctum flexus 
contrarii A determinatur ducendo AV, cui occurrat in L 
recta PL ipfi AH parallela & bifecanda PLinX; juncta 
enim AX erit tangens ad punctum A. Occurat enim 


tangens ad A recte F H in S, ; eritque E t a = 
I I 1 I t 
+ pa — pp adeoque ps + py = pq — BF 
(quoniam AC fecatur harmonice in P & B, adeoque 
VA, VF, VP, et VG, harmonicales) = PE] Et 


igitur PK medium harmonicum inter PS et PH; unde 
fi PL parallela recte AH occurrat redis AV et Asi in 
XetL, ent PX = XL. 


§ 74. Prop. XII. Ex pun&o linea tertii 
ordinis A ducantur duz recta curvam contin- 
gentes in F & G, juncta FG curve occurrat in 
H, & tangens ad punctum A fecet curvam in 
M; jungatur HM, cui occurrat FLK ipfi AH 
parallela in L, & fumatur FK — 2FL ; tum 
juncta HK, recta quevis AB ex A ducta hare 
monice fecabitur a rectis HK et HF in N,. P, et 
a curva in B, C; isa ut NB eric ad NC ur BP 
ad PC. 


" Occurrat 


Fig. 49. 


Fig. 41. 
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. Occurrat enim recta AB tangenti HM in T, eritquo 
1 Y 3-340 a 1 
PB PA” PC - PA " prp» 20°09 pg ^ BC 


F i PT T ( per conftructionem, &- barmonice) 


= SN . Unde fequitur. eam NC. fecart harmonice 


in pundiis B & P, vel NB efle ad NC ut BP ad PC, 


§ 75. Coral. x. Hinc fi dua quaevis recte ex A duct: 
fecentur in N harmonice ita ut PC fit ad PB ut CN ad 
BN, omnes recta ex A educte a redis HF&HK.fi- © 
militer harmonice fecabuntur. | 


, $ 76. Corel 2. Si curva pun&um duplex non habeat, 
eamque fecet recta HK in duobus punctis. / & g, ducta 
Af & Ag erunt rectz curvam contingentes ir, his pune 
€tis. Coincidat enim pun&um B cum puncto N, 
quando N. pervenit ad tf occurfum Pus HE cum 
1 


curve ; adeoque cup pg PE * so PRe erit 5G m 


T & coincidit C cum B, & recta ex. A ducta cur- 


vam tunc contingit, Ex altera parte, fi recta Af cur- 
vam contingat tranfibit recta HK per f; ob zequales 
enim PB, PC; in hoc cally coincidunt puncta B & 


C cm NI. : 


; 7]. Gral. 3. Si recta HKi in folo puncto H.curvae 
occurrat, dua tantum tangentes duci poterunt a puncto 
A ad curvam, viz. AF & AG. Quatuor tantum ad 
Tummum' tangentes duci poffunt a puncto quóvis linez 
tertii ordinis ad curvam ut AF, AG, Af, Ag. Si enim 
alia quzevis tangens duci poffet a pun&to A- ad curvam 


, ut Ag, recta HK tranfiret per punctum g, &. quatuor 


puncta | 
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pundta linez tertii ordinis forent in'eadem redtá, viz. 
H, f; 5, e. 9, E. A ) 


§ 78.- Prop. XIII. Si ex pun&o lineze tertii 
ordinis duci poffunt quatuor reétz_curvam cen- 
tingentes, rectze contactus conjungentes conve- 
nient femper i ín puncto aliquo curve, & recta 
quavis a primo. puncto ducta harmonice fecabi- | 
tur a curva & rectis binos contactus conjungen- 
tibus. | 


bL. 


v 
e” 


Sit A punctum curve, AF, AG, Af, & Ag, recte 
curvam contingentes in punctis F, G, f; & g. Jun- 
gantur FG & fg, quibus occurrat recta quavis ABC 
(ex A ducta curvamque fecans in B & C) inP & N; & 
recta 'NC harmonice fecabitur in B & P, ita ut femper 
fit NC ad NB ut CP ad PB: fequitur ex Corol. 2. 
praecedentis, Retz autem FG & fg concurruat ia 
punto curve H ; & fimiliter rece Ff & Gr conve- 
niunt in E, atque Fg & Gf in R ; & E, R erunt puncta 
curve, per idem corollarium. Atque hzc eft pofterior 
duarum proprietatum linearum tertii ordinis quas de- : 


. fcripfimus in tractatu de fluxionibus, Art. 402. Quod 


fi recta AM curvam contingat in A, et fecet in M, 
juni. ME, MR, :MH, curvam tangent in pun&is E, 
R, H; & re&&arum AE & HR, AR & HE, AH & RE 


occurfus erunt quoque in curva*, 


§ 79. Corel. Cum igitur fint ree HK, HB, HP, et 
HC, harmonicales; fi recte HB & HC curve occur- 
rant in b & c; erunt puncta A, 5, & c, in eadem recta 
linea. Occurrat enim juncta A? curva in & & c at- 


* Supple qua defunt.in-Schemate.s 
que 





416 DE LINEARUM GEOMETRIGARUM 

que ipfi HF in f$, & HK ina; cumque fit zc ad s ut 
pe ad pb patet ¢ effe in recta HC; & reciproce, fi « fit 
in recta HC & 5 in recta HB, erunt A, £, c, in eadem 
recta. 


Fig. 472. § Bo. Prop. XIV. Habeat linea tertii ordinis 
punctum duplex O. Ex pun&o quovis cur- \ 
ve A ducantur duz recte AF & AG curvum 
contingentes in.F & G; ducta FG curvam fecet | 
in H; jungatur OH. Recta quevis AB ex A | 
ducta curva occurrat in punctis B & C, retta. 

FG in P, & rete OH in N ; & recta NP har- 

monice fecabitur in punctis B & C, ita ut PB - 

fit ad PC ut BN ad NC. 





Jungatur enim AO quz re&z FG occurrat in f & | 
tangent HL in t; cumque fit O punctum duplex, erit | 
2: 
;0* 3A7 94 * pp deme y + 5 = 30° Se- 
catur igitur pA harmonice in ? & O, ita ut pt fit ad pA — 
ut tO ad OA, & harmonicales funt Hp, Ht, HO, & 
HA. Occurra reda PA tangent LH in T, cumque 


2 I 


fit ga t pg +s = so top cit so tay = 
| = + $37 = = py m$ PC eft ad NC ut 
PB ad BN. 


. $ 81. Carol. Si tangens HL occurrat recte GZ ipfi 
AH parallela in Z, & fumatur GV = 2GZ, ducta HV 
tranfibit per punctum duplex O, fi modo curva tale 
punétum habeat. Vel fi recta Gra occurrat rectis AH 
& HR ina & r, junéte rA & Ra fe decuffent in m, 

jun&a Hz tranfibit per punctum duplex O, T 
- 24 


. *. 
~ n /£«- 
- \ ° 
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$82. Pnor. XV. Ex pun&o linez tertii 
ordinis ducantur duzé tangentes, & ex alio 
quovis ejufdem puncto ducantur reCtz ad con- 
tactus curvam in duobus aliis punctis fecantes; 
tangentes ad hzc duo nova,pun&a in eodem - 
pun&o curva convenient. EE 


Ex punéto A ducantur recta AF & AG curvam con- Fig. 43. . 
tingentes in F etG. Sumatur punctum quodvis eurvze 
P, jungantur PF & PG curvam fecantes in punctis K 
& L; atque tangéntes ad puncta K & L concurrent in 
puncto aliquo curvae B. Determinatur autem punctum 
B, ducendo rectam PC quz curvam contingit in P & 
fecat in C ; fi enim jungatur AC occurret denuo curvae 
in puncto B. | 1 
— Cum enim pun&a F, K, P, fint in eadem rectá, & 
tangentes ad puncta F & P curvam fecent in À & C; 
. fequitur tangentem ad punctum K tranfituram per B. 
"Et ob rectam LGP, tangens ad punctum L tranfibit 
^. quoque per B. E 


6 83. Corel. Sint igitur A & B duo quevis puncta in 
linea tertii ordinis, ex utroque ducantur quatuor Yectze 
. curvam.in aliis quatuor punctis contingentes, viz. AF, 

. AG, Af, Ag; & BK, BL, Bé, B. Junéte FK & GL, 
FL & GK, F/& Gt, G/ & FA, fibi mutuo occurrent 
in quatuor punctis curve, P, Q , 4, 5; & fi ducantur 
tangentes ad hzc quatuor puncta, hz occurrent curve 
& fibi mutuo in pun&o C ubi recta AB curvam fecat,. 
Unde fi fint: tria punéta linez tertii ordinis in eaden® 
rectá, & ex fingulis ducantur quatuor re&tze curvam con- 
tingentes in quatuor aliis punctis, recta per duo quzvis 
puncta contactus ducta curvam femper fecabit in alio 

| | |^ A aliquo 


Pig. 440- ~ 


Fig. 43. 
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aliquo punto contactus; & quatuor hujufmodi rectaa 
per idem punctum contactus femper ttanfibunt. 


6 84. Prop. XVI. Sint F & G pun&a duo 
linez tertii ordinis, ita fumpta ut recte FA & 
GA curvam in his punctis contingentes conve- 
niant in puncto aliquo curve A,  Sumatur in 
curva aliud quodvis punctum P, unde ducantur 
ad puncta F & G rectc PF & PG que curve 


occurrunt in K et L; jungantur FL & GK, 


atque harum occurfus Q erit in curva.  Tan- 
gentes autem ad puncta K & L, fibi mutuo & 
curve occurrent in pun&o aliquo curve B, at- 
que tangentes ad puncta P & Q convenient in 
pun&o curve C, ita ut tria puncta A, B, C, fint 
in eadem recta. 


Ducatur enim tangens ad punctum P quz curvz oc« 
currat in C, & ducta AC fecet eandem in B; & duce 
BK, BL, erunt tangentes ad puncta K et L, per prz- 
cedentem. Occurrat recta LF curve in Q ; & fi recta 
GK non tranfeat per Q., occurrat curve in g. Quo- 
niani igitur tria pun@a L, F, Q, fint in eadem reéta, 
tangentes vero ad L & F curvam fecent in B & A, fe. 
quitur (per Prop. VII.) tangentem ad punctum Q tranf- 
ire per punctum C. Similiter, cum fint puncla G, K, 
et ¢, in eadem recta, tangentes autem ad puncta G & K 
tranfeant per A et B, tangens ad punctum 4 tranfibit quo- 
Que per pun&dtum C. — Utraque igitur recta CQ , Ca, 
curvam contingit prior in Q , pofterioring. Coincidunt 
igitur puncta Q et 4, fi enim diverfa effe ponamus, fe- 
quitur per Prop. VIII. plures quam. quatuor tangentes 
duci poffe ad curvam ex eodem puncto C. ‘Sint enim 
af 

4 . 
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Af et Ag rectze que curvam contingant in f& g, & 
ductz Lf, Lg, curvam fecent in m & n5 & rectze Cm, 
Cn, erunt tangentes ad puncta met. — Quare habere- 
mus quinque tangentes ex C ad curvam, ductas, C P, 
CQ; Cm, C», et C2; quod repugnat Corol. 3. Prop. 


$ 85. Corel. 1. Dato punéto P, ubicunque fumantur 
puncta F & G, modo tangentes ad hzc pun&ta in curva 
conveniant, .datur punctum. Q , ubi jun&tzz FL & GK 
occurrunt fibi mutuo & curve. Et fia puncto P du- 
catur recta queevis PNM qua curve occurrat in N et 
M, & jun&z QM, QN, eam fecent in m et 2; erunt 
puncta P, n, et m, in eadem recta linea. Oflendimus 
enim tangentes ad pun&a P & Q fe mutuo deculiare 
in puncto curve*. - 


§ 86. Corel. 2. Si fumantur quatuor puncta F, G, 
K, L, in linea tertii ordinis, ita ut tangentes ad puncta 
F & G conveniant in aliquo pun&o curve, & tangen- 


tes, ad puncta K et L, conveniant quoque in aliquo . 


. pun&o curve, ducte FK et GL concurrent in puncto 
curve, & du@e FL & GK fibi mutuo occurrent in 
puncto curva, 


§ 87. Prop. XVII. Sint F et G duo quevis 


Fig. 43: 


puncta linez tertii ordinis, ubi fi recte ducan- - 


tur curvam contingentes, hz fe mutuo fecabunt 
in puncto aliquo curva, ^ Sumantur alia quatuor 
puncta curve L, K, f, g, ita ut ducte LF et GK 
conveniant in curva, atque rect Ff et Gg in 
eá quoque conveniant; tunc ductz L/ et gK fe 
mutuo fecabunt in curva, ut & ducte Lg et Kf 


* Supple quod deeft in Schemate. 
Ee ! 'Tan- 


n, Ze 


‘Fig. 46. 
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Tangentes enim ad puncta f etr fe mutuo decuffant 
in curva, per Prop. XIV. utet tangentes ad pun&a K 
et L, pereandem. Adeoque per Corol. 2. przcedentis, 
juncte fL et Kg convenfunt in curva, ut et f/K et 
gL. 


§ 88. Lemma. Dentur tres recte IC, IH, et CH, 
pofitione ; et tria puncla F, G, S, quz fint in eadem 
recta linea. Sumatur punctum quodvis Q in recta IC,: 
juncta QF occurrat recta IH in L, et juncta QG recta: 
HC in P; jungatur FP, ducta SL ‘ocflurrat rectis FP et 
QP in 4 et N; atque puricta ket N etunt ad rectas po- 
fitione datas. Jungatur enim IN, que occurrat recte 


GS in m, et ducatur per N parallela recta: FS qua oc- 
currat rectis IC, IH, et LQ, in pun&is x, z, et r ; oc- 


currat recta FG rectis IC, IH, et HC, in a, 5, et 5. 
Quoniam Nx eft ad Nr ut Ga ad GF, et Nr ad Nu ut 
SF ad S5, erit Nx ad Nu (adeoque ma ad mb) ut Ga 
x SF ad GF x Sd, i. e. in data ratione. Datur igitur 
punctum m, adeoque reca INm pofitione ; & fimiliter 
eft punctum £ ad pofitione datam. 


§ 89. Grol. Coincidentibus punctis S et G, coincidit 
quoque punctum m cum puncto G. Jungatur igitur 
IG quz recta: HC occurrat in D, & ducta CF occurrat 
recte HI in E, tum juncta DE erit locus pun&i K ubi 
duéte GL et FP fe mutuo decuffant. ] 


§ 90. Prop. XVIII. Sit PGLFQX quadri- 
laterum infcriptum figure, cujus fex anguli tan- 
gant lineam tertii ordinis ut in Prop. XVI. 
Ducantur recta curvam contingentes IC, CH, 
HI, in tribus pun&is Q , P, L, qua non fint in 
eadem read; jungatur IG quz tangenti CH 

occurrat 
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occurrat in D, et HF quz tangenti CI occur- 
rat in E; erunt puncta D, K, E, in eadem 
rea linea, que quidem curvam in puncto K 
contingit, . 

Supponamus enim rectas QF L et FKP moveri circa 
polum F, & rectas LGP et QKG circa polum G, ~ 
puncta autem Q , L, et P, deferri in tangentibus QI, 
LI et PC; tum pun@um K movebitur in recta D E, 
per Corol. precedens. Unde fi puncta Q , L, P, fe- 
rantur in curéa que has rectas QT, LI, et PC, in his 
punctis contingit, movebitur quoque in curva quam 
recta DE contingit. Sed per Prop. XV. fi puncta Q ; 
L, P, ferantur in lineá tertii ordinis propofita, punc- 
tum K movebitur in eadem, quam igitur redia DE 
contingit in K. 

€ 91. Corol. 1. Similiter fi rete AF et AG (que 
curvam contingunt in F et G) occurrant recte IH 
(que curvam contingit in L) in punctis M et N; 
jun@a M P fecet tangentem AG ind, & juna QN- 
tangentem AF in e; recta de tranfibit per K, & curvam 
in hoc puncto continget ; atque quatuor puncta D, d, & 
E, eruüt in eadem rect linea. 


$ 92. Corol. 2. Ex duobus punctis curve quibufcun- 
que C et B ducantur ad curvam quatuor contingentes. 
binz ex fingulis, CQ et CP ex pun&o C, BL et BK ex 
puncto B, fintque harum tangentium occurfus I, H, E, 
et D; tum ducte LQ et EH fe mutuo fecabunt in pun- 
&o curve F; atque junctarum LP et ID occurfus erit 
in puncto curve G ; tangentes autem ad puna F et G 
fe mutuo fecabunt in puncto curve A quod eft in eadem 
recta cum punctis C et B. 


$ 93. Corel. 3, Datis tribus pun&is linez tertii or- 
dinis quz fint in cadem recta, & duabus tangentibus ex 
- Ee2 horum 
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horum fingulis ductis ad curvam pofitione datis, fex 
puncta contactus determinantur per hanc propofitionem. 
Sint A, B, C, triacurvz puncta data in eadem recta, AM 
et AN tangentes ex A, BMI, et BDE, tangentes ex B 
quz prioribus occurrant in M, N, e et 7; fintque CD 
et CE tangentes ex tertio puncto C ductze; atque oc- 
currat CD ipfis BM, BD, AM, et AN, in H, D, 4, et 
c, € CE iidem in I, E, net m. His pofitis, juncta Ne 
fecabit tangentem CI in puncto contaus Q , Md feca- 
bit tangentem CD in pun&o contactus P, ID fecabit 
tangentem AN in puncto contactus G, EH tangentem 
AM in contactu F, mb fecabit tangentem BH in L, et 
denique zc tangentem BE in K, Quamvis autem pro- 
blemà in hoc cafu determinatum fit, folutiones tamen 
plures admittit. Diverfe enim linez tertii ordinis, fed 
numero definita, per tria puncta A, B, et C, duci. pof- 
funt contingentes fex rectas pofitione datas AM, AN, 
BM, BD, CD, et CE. Occurrat enim Ne tangenti 
CD in 5, recta Md tangenti CE in 4, ID tangenti AM 
in f, EH tangenti AN in g, »c tangenti BM in 4, et mb 
tangenti BD in 4; atque linea tertii ordinis quz con- 
ditionibus propofitis fatisfacit continget rectas CD et 
CE vel in P et Q, velinpetq. Ea continget rectas - 
AM et AN vel in punétis F et G vel in fet g ; rectas 
utem BM et BD vel in Let K, vel in Jet & Conftat 
igitur plures lineas tertii ordinis problematis conditioni- 
bus fatisfacere poffe, fed numero determinatas, adeoque - 
problema efle determinatum*, 


$ 94. Corel. 4. Datis duobus punGis linez tertii 
erdinis A et B, tangentibus quoque AM, AN, BM, 
BD pofitione datis cum tribus punétis contactus F, G, 
et L, datur punctum K ubi recta BD curvam contingit. 


.** Supple quz defunt in Schemate. 
zs B ‘Si 
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Si enim ducantur recte Ne et LF, harum occurfu da- 
bitur punctum Q; & ducta QG fecabit contingentem 
BD in puncto contactüs K. Datur quoque punctum P 
occurfus reCtarum LG et Md, vel retarum MZ et FK ; 
tres enim re&z LG, Md, et FK, neceffario convéniunt 
in pun&o P. Sit MedN quadrilaterum quodvis, fuma- 
tur punctum quodvis Q in diagonali Ne et P in diago- 
nali Md, recta quevis QF L ex Q ducta fecet latera. 
Me et MN in F et L, ducta PL, fecet latus NZ in G, 
jungatur QG quz latus de fecet in K j atque puncta: 
F, K, P, erunt femper in eadem recta linea, per fupe- 
rius oftenfa. Unde conftat problema non ideo fieri im- 
poffibile, quod oporteat tres rectas LG, Md, & FK, in 
eodem puncto convenire, — — 


$95. Prop. XIX. Sint D, E, F, puncta Fig. 47- 

lineze tertii ordinis in eadem recta, fintque tres 
reda curvam in his pun&is contingentes fibi 
mutuo parallelz. In recta DF fumatur punctum 
P ita ut 2PF fit medium harmonicum inter PD 
et PE; & fi alia quevis recta per P ducta curve 
| occurrat inf, d, & e, erit femper 2Pf medium 
harmonicum inter Pd & Pe. Supponimus autem 
puncta d & e effe ad eafdem partes puni P, 
punctum autem f effe ad contrarias. 


Occurrant enim tangentes DK, EL, FM, recte df 


in punctis K, L, et M; eritque per Art. g. P -— = 
— =.= pun oc TUR (fi recta Qs tangenti« 
bus parillela: harmoice fecet. rectam PD ita ut PE fit ' 
ad EQ ut PD ad DQ, & aL occurrat rectae fd in ?) 

e3 
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= P - 7 (quoniam Pg eft ad PM ut PQ ad PF, 
& ex hypothefi 2PF = PQ , adeoque 2PM = P4) = 


1 bold y 
PM 7 PM CO) Unde Se = pz t p,» adeoque 


2Pf eft medium harmonicum inter Pd et Pe. 


€ 96. Corol. 1. Jungantur Dd & Ee qua conveniant 
in pun&o V, june VQ et Vf erunt parallele ; & 
produ&á VQ donec occurrat rectz fd in zr, erit Pf zz 
iPr. Recta enim PD fecatur harmonice in E et Q , 
ex hypothefi, adeoque etiam recta Pd fecatur harmonice 
in e et r, per Art. 21. unde Pf = Pr; cumque fit 

PF — £PQ.; fequitur rectam Pf p parallelam efle har- 
monicali VQr. 


$ 75. Grol. 2. Similiter fi fumatur in rea DF pun- 
Gum f ita ut 25D fit equalis medio harmonico inter 
pE et pF, & recta quavis ex p ducta curvae occurrat in 
tribus punctis, erit fegmentum hujus rectz ex una parte 
puncti $ ad curvam terminatum zquale dimidio medii 
harmonici inter duo fegmenta eodem puncto p et curva 
ad alteras partes terminata, 


Fig. 48. — $98. Lemma, Ex centro gravitatis trianguli ducatur 
recta quaevis quae tribus lateribus trianguli occurrat, & 
fegmentum hujus rectz centro gravitatis & uno trianguli 
latere terminatum erit dimidium medii harmonici inter 
fegmenta ejufdem recta: centro gravitatis & duobus aliis 
trianguli lateribus terminata., Sit P centrum gravitatis 
trianguli VT Z, occurrat rela FDE per P ducta late- 
ribus in F, D, E; fatque puncla D et E ad eafdem 

I 
= pp t PE 
enim per pun&um P reda PL lateri VZ parallela, « 
qua 


partes .pun&ti P ; eritque 5 Ducatur 


~ 
-— 
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quz lateribus VT, ZT, occurrat in L et M et recte 

VN parallele lateri ZT in N ; cumque fit MP = PL, 

et TL = 2VL, ob fimilia triangula TLM, VLN, erit 

LM z2LN, unde LN = LP, et PN = 2PM, pro- 

inde fi PD occurrat rez: VN in K, erit (per Art. 21. 
poor 2 I 


$ 99. Prop. XX. Contingant tres recte VT, Fig. 49. 
VZ, TZ, lineam tertii ordinis tranfeatque  ea- 
dem recta linea per tres contactus & per P cen- 
trum gravitatis trianguli VTZ; recta quevis 
per hoc centrum ducta curve occurrat in pun&o . 
c ex una parte & in punctis a et 4 ex altera ejuf- 
dem centri gravitatis parte, eritque 2Pc medium 
harmonicum inter fegmenta Pa & Pd, 


. Occurrat enim reda Pc lateribus trianguli VTZ in 
f; d, etes & rete VN later TZ paralela in 4; erit- 


LLLI 
que 2Pf — P4, adeoque -i- pz v —yut P= PI 
I i" I I 
| T ÁÓ ^7 & + pio adeoque pz = > + p unde 
Pc eft dimidium medii harmonici inter rectas Pa et Pd. 


$ 100. Prop. XXI. Sit V punctum duplex Fig. 5o. 
in linea tertii ordinis, VT et VZ rectas curvam 
in hoc punéto contingentes, quibus in T et Z 
occurrat recta TZ curvam contingens in F ita ut 
FT = FZ: jungatur FV, in qua fumatur FP = 
$FV; & fi recta quevis per P ducta curve ec- 
currat in tribus punctis e, 5, ¢, quorum a & 6 - 
fint ad eafdem partes puncti P, c ad partes con- 
Bes trarias, 





Fig. 51. 
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trarias, erit femper 2 Pe medium harmonicum’ 
pz I 
inter fegmenta Pa et PS, feu B= 3 + BEF 
Cum enim bifecetur'T Z in F, fitque TP = -ÉFV, 
manifeftum eft punctum P effe centrum gravitatis tri- 
anguli VT Z; cumque fit pun&tum P-'in reclá FV. 
quz per contactus tranfit, fequitur propofitio ex pre- 
cedente. 


i - 

'S ror. Coro. 1: Si jungantur recte Va, V5, & Fe, 
erit P quoque centrum gravitatis triahguli hifce rectis 
contenti, ut et trianguli tribus rectis curvam in a, 5, 
&, contingentibus comprehenfi; & fi duéte Va et Vo 
occurrant rect Fe in met », erit femper Fm aequalis 


y»... ; 


§ 102. Corol. 2. Recta per punctum duplex ducta 
parallela. recte Fe harmonice fecabit ipfam Pa in & ita 
ut Pa erit ad a£ ut P^ ad Pk; quz vero ducitur a pun- 
&o £ ad x occurfum rectarum curvam in a et 5 contin- 
gentium parallela eft re&z cy figuram contingenti in c 


§ 103. Corol. 3. Datis duobus punétls a et c ubi recta 
quzevis ex P ducta curve occurrit, datur tertium 4; jun- 
gantur enim Va et Fc qua fibi mutuo occurrant in m3 
Íumatur Fz ex altera parte puncti F zqualis ipfi Fm, et 
juncta Vn fecabit rectam Pa in ^. 


$ 104. Pnop.. XXII. Ducatur per punctum 
quodvis P recta que dirigatur in plagam crurum 
infinitorum & occurrat curva in punctis a et c; 
ducatur per idem punctum recta quzvis curvam 
fecans in pun&is D, E, F, queque rectis curvam 
in @ et c contingentibus occurrat in & et m, atque 
- afymptoto 
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afymptoto cruris infiniti in 7; & fi pun&a D, E, 
k, 1, m, int ad eafdem partes pun&ü P, punctum 


F ad am + 
vero Fa contrarias, erit —— P = 5 0+ PE 


I I- 


PF TIC Pp ubi termini csjufeis fignum 


eft mutandum quoties fegmentum à ad oppofitas 
partes pun&i P protenditur, 


Sequitur ex ‘Theor, 1 Art. 9. eft enim per hoc theo- 


1 I I 
rema pe tgp pu FD PET PF 

§ ros. .Gorol. 1. Si reGta PD ducatur per concurfu 
tangentium a£ et c7; & fumatur PM  zqualis medio 
harmonico inter rectas PD, PE, PF; fecundum Art. 28. 


— 3 — = 
erit - j^ PM" PP adeoque 2 PM erit medium hara 


monicum inter P/ et ¢Pé.- Quod fi tangentes a£ et cm 


concurrant in ipfo puncto M, afymptotos quoque per 
M tranfibit. 


$ 106. Corel 2. In cafu Prop. XIX. ubi tres contac- 
tus funt in eadem recta linea & tres tangentes parallelz, 


Fig. 47» 


fumatur punctum P ut in Propofitione XIX. fitque aPe 
afymptoto parallela, occurrant a£ et cm tangentes recte 


. . I I 1 . 
PD in é etn, eritque 57 = py + p five PJ zqualis 
dimidio medii harmonici inter P4 et Pm. Quod fi tans 
gentes a£ et cn concurrant in eodem püncto reti Fb» 


erit P/ = 1P4, quoniam vero in Prop. XIX. = = 72m E 2 
+ 5 eitPazPg ^ — ce 


$ 107. 


' Fig. 49. 


Vig. 52. 
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§ 107. Corol, 3. Idem dicendum eft de cafu Prop. XX. _ 
ubi tres contactus D, E, F, funt'in eadem re@a quz 
tranfit per P centrum gravitatis trianguli V T'Z tangen- 
tibus contenti, . Si autem altera re&arum curvam in a 
vel c contingentium (pofita aPc afymptoto parallela) fit 
recte DP parallela, abibit afymptotos in infinitum, erit- 
que crus parabolicume 


$ 108. Corel 4. lifdem pofitis ac in Prop. XXI. Sit 
cP « afymptoto parallela, occurrant tangentes ak, cm, 


p]7 =a + 5 Unde fi 


curva diametrum habet, cum hac neceffario tranfeat per 
pun&um duplex V, & per punctum curvz F ubi bife- 
catur tangens T F Z, fumatur ab F verfus V, FP =2FV, 
ducatur cPa afymptoto parallela, & tangens a£ quz dia- 
metro occurrat in 4, & ex altera parte puncti P fuma- 
tur, fuper rectam PV, P/ = 1P4, & re&a per / ducta 


rece VF m £ et m, eritque — 


— erdinatim applicatis parallela erit afymptotos curve. Si 


Fig. 53° 


' vero tangens a£ fit diametro parallgla, erit crus curvae 


generis parabolici,  Propofitio Newtoni de fegmentis 
reCtz cujufvis tribus afymptotis & curva terminatis facile 
fequitur ex Art. 4. ut ab aliis olim oftenfum eft. 


§ 109. Prop. XXIII. Ex pun&o quovis D 
Jinez tertii ordinis ducantur duz quaevis rectze 
DEI, DAB, que curve occurrant in pun&is, E, T, 
et A, B; ducantur tangentes AK, BL, quz rect 
DE occurrant in K et L. Sit DG medium har- 
monicum inter fegmenta DE, DI, ad curvam ter- 
minata, atque DH medium harmonicum inter 
fegmenta DK, DL, ejufdem recte tangentibus 
abíciffa; Sit DV medium geometricum inter 

I G 





! 
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DG et DH, ducatur VQ parallela tangenti DT, 
. quz occurrat rect DA in Q ; & ficirculus ejuf- 
dem curvature cum linea tertii ordinis propo- | 
fita in puncto D occurrat re&z DE in R, erunt 
HG, QV, et 2DR continue proportionales. 
V2 
Nam per Theor. II. (Art. 15.) eft DVD = 
! I 3 2 2DH —-2DG 
pet Di 7 DK -DL=DG DH7 DGxDH 
cm vs (quoniam DV* = DG x DH ;) unde QV*— 
2HG x DR, adeoque HG ad QV ut QV ad 2DR. 
$ 110. Corol, 1. Sumatur igitur Dr in recta DE tertia 
proportionalis rectis HG et QV,- & perpendicularis 
recte DE ad pun&um r fecabit normalem tangenti 
. DT ad punctum D in centro circuli ofculatorii five 
circuli ejufdem curvaturze cum linea propofita, in puncto 
Q. Si puncta E, I, K, L, fint ad eafdem partes ejuf- 
dem punéti prout DH major eft vel minor quam DG, . 
i.e. prout. medium harmonicum inter fegmenta DK, 
DL tangentibus abíciffa majus.eft vel minus me- 
dio harmonico inter fegmenta DE, DI, ad curvam ter- 
minata. 
§ 111. Grol, 2. Si angulus EDT bifecetur recta DA, 
erit QV = DV,et 2HG x DR zzDV* z DG x DH, 
adeoque HG ad DG ut DH ad 2DR. 


| S 112. Corel. 3. Revolvatur recta DA circa polum D, 
"^ manente re@a DE, et HG, differentia mediorum har- 
monicorum DH et DG, augebitur vel. minuetur in 
duplicata ratione rectae VQ. Quippe ob datam chordam 


. . ^. . V 
. circuli ofculatorii DR, manet quantitas a quz zequae 


. lis eft 2DR. 
| $1135. 


Fig. 54. 


~ Fig. 55. 


- 
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§ 113. Corel. 4. Si tangentium AK & BL altera,. 
ut BL, fit recte DE parallela, ducantur GX et KZ 
parallele recte DT curvam in D contingenti, quz ipfi 


. GX x KZ 
AB occurrant in X, Z; eritque DGxDKxDR = 
Ty toto l2 L2DK—DG o- 
DE" Di DK DG DK DGxDK^**o 





que —pg-— = 2DK — DG, & proinde erit ut 


2DK — DG ad KZ ita GX ad DR. Si tangens AK- 
evadat quoque parallela rect DE (quod in his figuris 
contingere poteft) erit DG ad GX ut GX ad 2DR ; 


X 2 2 
nam in hoc cafu SoS DR = Ha adeoque GX'z 
DG x 2DR. 


$ 114. Grol, 5. Si recta DE fit afymptoto parallela, 
adeoque curva occurrat in uno puncto E preter ipfum 
D, fitque finul tangens BL afymptoto parallela, duca- 
tur EY parallela tangenti DT qua occurrat rectz DA - 
in Y, eritque KE ad KZ ut EY ad DR.* 


$ 115. Grol. 6. Si fit D pun&um flexus contrarii, 
coincidet punctum H cum G, evanefcente linea HG, 
adeoque evadit DR infinite magna, i. e. curvatura mi- 
nor eft ad punctum flexus contrarii quam in cifculo 
quantumvis magno ; ut alibi quoque oftendimus, trac- 
tatus de fluxionibus, Art. 378. | | 


$ 116. Corol, 7. Sit V pun&tum duplex, DA afym- 
ptoto parallela, & occurrant recte VQ , KZ, tangenti 
DT parallele recte DA in Q et Z, atque occurrat DV 
afymptoto in L, fitque DH medium harmonicum inter 
DK et DL, eritque 2DH—DG ad KZ ut DL ad DK, 


* Supple figuram. _ 
atque 
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"atque VH : HN :: VQ : DR. Si reda DA bifecet 
angulum TDV, erit DR: DV :: DH: 2VH. 


..— 8$ 117. Prop. XXIV. Sit D punctum quod- 
. vis linez tertii ordinis, occurrat tangens ad D 
curve in I, fitque DS diameter circuli ofcula- 
torii, que curve occurrat in A et B ; unde recte 
ductz curvam contingentes fecent DI in K et L; 
fit DH medium harmonicum inter DK et DL, 
& fumatur DV ad DI ut-DH ad differentiam 
rectarum 2DI et DH; eritque variatio curva- 
ture inverfe ut re&angulum SD x DV; & junctá 


Fig: 56. 


VS, variatio radii curvaturg ut tangens anguli - 


DVS. . 


Nam per Theor. III. (Art. 17.) variatio curvaturae 
4 1. Ig 1 — I z I 
éutps * px * pp — pi — DS * DH — Dt 
o?! 2DI—DH _ I | 
— Ds * DHxDI ~ DS x DV" 


.: " ,DS | | . 
dii ofculatorii eft ut So. adeoque ut tangens anguli 


Variatio autem ra- 


DVS, per Art. 18. parabola autem quz eandem habebit 
curvaturam & eandem variationem curvatura cum linea 
propofita, determinatur ut in Art. 19. | 


$ 118. Corol. Si tangens BL fit tangenti ad D pa- 
rallela, erit DV ad DI ut DK ad IK; & fi utraque 
tangentium AK, BL, fiat parallela ipfi DT, erit DV 
== DI, adeoque variatio curvature inverfe ut DS x DI. 
Quod fi in hoc cafu fit DT parallela afymptoto curve, 
evanefcet variatio curvature. Quemadmodum igitur 
evanefcit variatio curvature in verticibus axium fectio- 
num conicarum; ea fimiliter evaneícit im verticibus 


diame- 


2 


Fig. 576 


Fig. 58. 


Fig. 59. - 
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,diametrorum linearum tertii ordinis quae ad rectos an- 


gulos ordinatim applicatas bifecant, 


Scbol, Sunt autem alia plurima theoremata de tangen- 
tibus & curvatura linearum tertii ordinis. Sint, ex. gr. 
F & G duo puncta linez tertii ordinis unde tangentes 
ductz concurrunt in curva in A. Producatur FG donec 
curve occurrat in H,. Sit T AC tangens ad punctum A, 
& conftituatur angulus FAN = GAT ad contrarias 
partes rectarum FA,GA, fecetque AN re&am FG in N. 
Et fi circuli ofculatorii occurrunt rez FG in B & b, 
erit GB ad Fd ut rectangulum NFH ad NGH. Sit 
enim punctum a ipfi A quamproximum, & punta f, g, 5, 
ipfis F, G, H, quamproxima, eritque AFa : FG/:: GF 
; FB. FGf (HG): HF^ :: FH: GH. HFA (= 
GFg) : AGa:: 6G : GF; unde AFa : AGa :: FH x 


IG : FB x GH :: GN: FN; unde FB: Go :: NFH 


; NGH. Sed de bis fatis. 


FINI S. 
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GENERAL PROPERTIES 
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GEOMETRICAL LINES. 


€ NONCERNING the lines of thefecond order, or the 
conic fections, the ancient and modern geometers 
have written very fully ; concerning the figures which 
are referred to the fuperior orders of lines, little has 
been delivered before NewTon. That moft illuftri- 
ous man, in his tract concerning the Enumeration of 
Lines of tbe Third Order, has revived this fubjeCt, which —': 
had long lain negleéted, and has fhéwn it to be worthy 
of the geometer’s notice. For the general properties of 
thefe lines, which he has laid down, are fo confonant to 
the known properties of the conic fections, that they 
feem to be conformable to the fame law, and from his 
example many others have been fince induced to make ~ 
this fubject their ftudy, and have clearly comprehended 
and explained the analogy which there is between fi- 
gures of fuch .very different kinds. The pains which 
they have been at in the illuftration and farther inveftie 
gation of thefe matters, have defervedly met with ap- 
plaufe, fince there is nothing in pure mathematics 
which can be called more beautiful, ‘or that is more. 
.Ffa ‘aps 


» 
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apt to delight a mind defirous of inveftigating truth, 
than the agreement and harmony of different things, . 
and the admirable connection of the fucceeding with 
the preceding, where the more fimple always open the 
way to thofe which are more difficult. 

Moft of the general properties of lines of the third 
order, delivered by Newton, relate to fegments of pa- 
rallels and afymptotes. Some other of their affections, 
of a different kind, I have briefly pointed out in my 
Treatife of Fluxions, lately publifhed, Art. 324, and 
401. : The famous Cotes formerly difcovered a moft 
beautiful property of geometrical lines, hitherto un- 
publifhed, which has been communicated to me by the 
Rev. Dr. Robert Smith, mafter of Trinity College, 
Cambridge, a gentleman not lefs remarkable for his 
learning and works, than for his fidelity and regard 
for his friends, Whilft I had thefe under confidera- 
tion, fome other general theorems offered themfelves ; 
which, as they feem to conduce to the augmentation 
and illuftration of this dificult part of geometry, I have 
thought fit to throw together, and briefly to expound in 
- order, and demonftrate. 07 








SECTION Ll 
Of Geometrical Lines in general. 


$ 1. LINE of the fecond ‘order are defined by tha 

fection of a geometrical folid, viz. a cone, 
whence their ‘properties are beft derived by common 
geometry, But the nature of the figures which arg 
250 8 ,. referred 


~ 


referred to the fuperior orders of Jines is different. To 
define and draw out their properties, general equations 
muft be applied, exprefüng the relation of the co- 
ordinates. Let. x reprefent the abíciffa AP, y the or- 
dinate PM of the figure FMH, and let a, 4, c, d, e, &c. 
denote any invatiable coefficients; and having the 
angle APM given, if the relation of the co-ordinates x 
and y be defined by an equation which, befides the co. 
ordinates themfelves, involves only invariable coeffi- 


cients, the line FMH is called a geometrical one ;. 


which indeed by fome authors is called an algebrajcal 
line, by others a rational line. But the order of the 
line depends upon the higheft index of x or y in the 
terms of the equation, freed from fractions and furds, 
‘or upon the fum of the indices of both in a term where 
that fum is the greateft. For the terms x^, xy, » are 


equally referred to the fecond order; the terms x^, x ». 


xy’, y° to the third. "Therefore the equation y zz ax + 4, 
or y — ax — b = 0, is of the firft order and, denotes a 
line or the locus of the firft order, which indeed is always 
aright line. For let there be taken in the ordinate 
PM the rightline PN, fo that PN be to AP as + ato 
unity ; let AD, parallel to PM, be made equal to 4 4, 
and DM, drawn parallel to AN, will be the locus to 
which the propofed equation will anfwer.- For PM zPN 
- NM c (a x AP + AD) ax + 4. Butiftheequa- 
tion be of the form y = ax — à or y = — ax + 5, the 
right line AD, or PN, is to be taken on the other fide 
of the abíciffa AP ; for the contrary fituation of right 
lines anfwers to the contrary figns of the coefficients., 
If the affirmative values of x denote right lines drawn 
from A, the beginning of the abfciffa, to the right hand, 
the negative values will denote right lines drawn from 
the fame beginning to the left; and inlike manner if 
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the affirmative values of ; y reprefent the ordinates con- 


flituted above the abfcifla, the negative ones will de- 


note the ordinates below the abícifla, drawn the op- 
pofite way. 


The general equation for a line of the: fecond order is 
of this form, 
JY — exp o = 0 
~ - * e 
and the general equation for lines of the third order is 
(3 ax +b x y* ook — dx be xy — fx + gx* 
— bi+k=0. And by fimilar equations gcometri- 
cal lines of fuperior orders are defined. 


$2. A geometrical line may meet a a right line in 
as many points as there are units ih the number which 
denotes the order of the equation or line, and never in 
more. The number of times that any curve will meet 
jts abíciffa AP is determined by putting y = 6, in 


which cafe there remains only the laft term of the equa- - 


tion into which y does not énter. For example, a line 
^ the third order meets the abíciffa AP when fia 

* 4 hx — & = 0, of which equation if there be 
‘three real roots, in three points. In like manner in 
the general equation of any order the higheft index 
of the abíciffa x is equal to the number which denotes 


the order of the line, but never greater, and of courfe. 


expreffes the number of times that the curve will meet 
the abíciffa or any other right line. Bur fince one root 
of a cubic equation is always real, and that the fame 
is true of an equation of the fifth’ or any odd order 


(becaufe every imaginary root has: neceffarily its fel- . 


low), it follows that a line of the third or any other 
odd order cuts any right line, mot parallel to the 


afymptote 
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a(ymptote drawn in the fame plane, in one point at 
Jeaf. But if the right line be parallel to the afymptote, 
in this cafe it is commonly faid to meet the curve at 
an infinite diftance. A hine therefore of any odd order 
has neceflarily two.branches wpich may be produced 


in infinitum. But of a quadratic, or.any other equa- - 


tion of an even number of roots, all the number of * 
roots may be fometimes i imaginary, therefore it may be 


that a right line drawn in the plane of a curve of an 
even order may never meet K. 


$ 3. An equation of the fecand, or of any higber 
order is fometimes compounded of fa many fimple ones, 
freed from furds and fractions, multiplied into. each 
- etheras often as the propofed dimenfions of that equa- 
tion exprefs ;. in which cafe the figure FMH is not cur- 
vilinear, but is made up of fo many right lines as are de- 
feribed by the fimple equations thus determined, as in 
§ 1. ( In like manner if a cubic equation be compound- 
ed of two equations multiplied into each, other, one of 
which is a quadratic and the other a fimple one, the 
locus will not be. a line of the third order, properly 
fo called, but a conic fection joined with a right line, 
Now the properties which are generally demanftrated 
of geometrical lines of higher orders are to be affirmed 
alío ef lines of inferior orders, if the numbers denoting 


their orders, taken together, make up the number : 


which denotes the order of the faid fuperior line. 
_.Thofe which, for example, are generally demonftrated 


of lines of the third order, are alfo to be affirmed of — 


three right lines drawn in the fame plane, or of a conic 


fe&ion together with one right line defcribed in the 


fame plane. On the other hand, there.can {carse any 
property of a line of an inferior order be affigned {ufi- 
. Ff 4 ^ ciently 
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ciently general to which fome affection of lines of fue 
perior orders does not cotrefpond. But to derive thefe 
‘from thofe, it is not every one that can take the pains. 
' This doctrine in a great meafure depends upon the 
properties of general equations, which it is here only 
proper to mention. — \ 


~ 


$4. In every equation the coefficient of the fecond 
term is equal to the excefs of the fum of the affirmative 
| yoots above the fum of the negative ones ; and if that 
term be wanting, it is an indication that the fums of 
the affirmative and negative roots, or the fums of the 
ordinates conftituted on different fides of the abfcifla, 
«reequal. Let the general equation be for a line of 


peu—— 
the order ty y — ax + 6 X Jg 7 4 xx — dx +e 
b | 
» for y 





Cx yt? = &c. = 0, fuppofe y zz y — = 
ax 4 à 
Hu 





let be fubftituted its value x + ; and in the 


transformed 'equation the fecond term x’? willbe 


wanting 3 as appears from the calculation, or from the 


doctrine of equations, everywhere delivered: and from : 
hence it alfo appears, that by hypothefis every value of | 


ot, 





u is lefs than the correfponding value of y by — 


from whence it follows that the fum of the galues of v 
(whofe number i is 2) falls fhort of the fum of the values 
z+ L 





ef y (whofe fum is ax +b) by the difference ^ 


x n = ax + b, fo that the firft fum vanifhes, and the 
fecond term is wanting in the equation by which wz is 
determined, or that the affirmative and negative’ values 


ef x make equal fums. If therefore PQ be taken — 


me 
e 
í 


3 . 


" 
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fides the point Q , terminated at the curve, will:make Fig. 3. 


the fame fum. Now the locus of the point Q is the 
right line BD which cuts the abíciffa, produced beyond 


its beginning A; in B, fo that AB — s PL and the or- . 


dinate AD, parallel to PM, in D, fo that AD — - x»; 
for if this right line meets the ordinate PM in the point 


| Q, PQ will be to PB (or — 4 x) as AD to AB, ot — 
|» aton; fo that PQ = = | 





- A as it ought to do. And 


from hence it appears, that a right line may always be . 
drawn which fhall.fo cut any number of parallels, meet- 
ing a geometrical line in as many points as the dimen- 
fions of the figure exprefs, that the fum of the fegments 
of every parallel, terminated at the curve on one fide of 
the cutting line, may always be equal to the fum of the 


Aegments of the fame on the other fide the cutting line. 


Now it is manifeft that a right line which cuts any two - 
parallels in this manner is neceffarily that which will 
cut all. other parallels in the fame manner. And from - 
hence appears the truth of the Newtonian theorem, in ^ 
which is contained the general property of geometrical 
lines, analogous to that well known property of the 
conic fections. For in thefe a right line which bifects 
any two parallels, terminated at the fection, is a diame- 
ter, and bifects all others parallel to thefe, and” termi- 
nated at the fection. And, in like manner a right line, 
which cuts any two parallels, meeting a geometrical 
line in as many. points as it has dimenfions, fo that the - 


fum of the parts ftanding on one fide of the cutting line 


amd 


- Fig. 1. 


Art. 2. Therefore of the equation x? — €— 4+ — 


~ 
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and terminated at the curve may be equal to the fum 
of the parts of the fame parallel ftanding on the other 
fide of the cutting line terminated at the curve, will 
in the fame manner cut all other right lines parallel: to 
thele. 

§ 5. In every equation the laft term, or that into 
which the root y does not enter, is equal to the pro- 
duct of all the roots multiplied into each other; from 
whence we arc led to another property of geometrical 
lines, not lefs general tban that above, Let the right 
line PM meet a line of the third order in M, ,m and 
p, and it will be PM x Pa x Pu = f oF + bx 
— &. Let the abfciffa A P cut the curve in the three 


points I, K, L; and AI, AK, AL will be the values : 


of the abfciffa x, the ordinate being put 0, in which 
cafe the general equation gives fx? — gx* + bx —& 
= Q for determining thefe values, as we expos) in 
bx 


7 £o 

— = 0 the three roots are AI, AK, AL; and fo this 
equation is compounded of the three x — Al, x — AK, 
x — AL multiplied into each other; and x? — c + 
hx & 

——— yoni Xx— AK xx—~AL=AP—A 
I f | 
X AP—AK x AP— AL =IP x KP x LP =F 


x PM x Pm x Py.’ Therefore the produc of the’ 


. ordinates PM, Pm, Py, terminated by the point P and 


the curve, is to the product of the.fegments IP, KP, 


.LP, of the right line AP, terminated by the fame point 


and the: curve, in the invariable ratio ef the coefficient 


fo 


oe 
-— o: 


- 
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f to unity. In like manner it is.demonftrated, that 
. having given the angle APM, if the right lines AP, 
PM, cut a geometrical line of any order in as many 


points as it has dimenfions, that the product of the feg- . 


ments of the firft, terminated by P and the curve, will 
always be to the produ& of the fegments of the latter, 


terminated by the fame point and the curve, inan iiva- - 


riable ratio. 


' § 6. In the preceding article we have fuppofed, 
‘with Newton, that the right line AP cuts a line of the 
third order in three points, [, K, L ; but that this fa- 


mous theorem may be rendered more general, let us - 


luppof& that the abíciffa AP cuts the curve in only 

" one point; and let that be A. Therefore becaufe y 

vaniíhes let x vanifh alfo, the laft term of the equa- 

tion, in. this Ds will be Ie — gx + bx Cms x 
* 








I and at the point a be erect- 


2 
Vf b — 
"eda perpendicular. ab = — prt) = — x AP x 


taken mais P equal 4 


F ig» Ae 


aP? + ab, =f x AP x fd from whence; when | 


PM x Pa x Py is equal to the laft term fx? — gx? 
+ hx, as in the preceding article, PM.x Pm x P, 
will be to AP x JP in the conftant ratio of the Coeffi- 


cient f to unity. Now the value of the right line per- — 
pendicular to 25 is always real, as. often as tbe right . 


line AP cuts the curve in one point only; for in this 
cafe the roots of the quadratic equation f* — ox + b 


are neceffarily imaginary, fo t ‘fo that hat 4fb is greater than .- 


£5 and the quantity V Af^ — 4f^ —£g P real. _ When there- - 


fore 
i 





- 


4 
444. , GENERAL PROPERTIES OF 


fore any right line cuts a line of the third order in one 
point A only, the folid under the ordinates PM, Pm, 
Py will be to the folid under the abíciffa A P and the 
fquare of the diftance of the point P from a given point 
b ina conftant ratio. Ad, being joined, is to o Aa, aS- 


radius to the cofine of the angle DAP, as VUL to gy 


and Ab = Js —. But the fame point 4 always agrees 


Fig. 5. 


to the fame right line AP, whatever be the angle which 
is contained by the abíciffa and ordinate. 


$ 7. Let the figure b: be a conic fe&ion, whofe general 7 
equation is jj — ax — b X y -b cxx — dx +e: o as 
above; and if the roots of the equation cxx — dx -- ¢ ==0 
be imaginary, the right line AP will not meet the fec- 
tion. Now, in this cafe the quantity 4ec always ex- | 


ceeds dd; whence, when exx — dx ez cx x—— 
2€ 


466— = (if Aa be taken = z and ab be erected 
perpendicular to the abíciffa at e, fo that ab = 


VRE) — cx PEE mex IP, and PM x Pn 


= cxx — dx 4- e then PM. x Pmis to bP? às cto unity. 
Therefore in any conic fection, if the right line AP does 
not meet the fection, the angle APM being given, the 
reCtangle contained under right lines ftanding at the 
point P and terminated at the curve is to the fquare of 
the diftance of the. point P from the given point 4 ina 
conftant ratio, which in a circle is that of equality. 
Now it is manifeft that the fame method may be ap- 
plied to a line of the fourth order which the abíciff . 
cuts in two > points only, or to.a line of any order which - 

| | the 


~~ c»  wE 


, 
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the abíciffa cuts in points lefs by two than the number 
which denotes the order of the figure, | | 

§ 8. This being premifed, I proceed to explain the 
lefs obvious properties of geometrical lines almoft in the ' 
fame order in which. they occurred to me. Now I 
ufed the following lemma, derived from the doctrine of 


. fluxions, and which I have demonftrated in my treatife 


on that fubject, lately, publifhed, Art. 717. yet I have 
fince obferved that fome of them may be deinonítrated 
by common algebra, 


Lemma, If the quantities x, y, z, 4, &c. flowing to- 
gether, and alfo the quantities X, Y, Z, V, &c. the 
product of the former be to the produ of tie latter In 


any conffant ratio, then — xj = += of = - + &c. 


7 V 
= — x + iz tz z += vt &c. Moreover for brevity’ S 


fake I call thofe quantities mutually reciprocal, when, 
being multiplied into each other, the produ& is unity, 


fo Ill call the reciprocal of x, and E of y. 


$9. Theor. I. Let any right line, drawn through a — 


_ given point, meet a geometrical line of any order in as many 


points as it bas dimenfions ; and let right lines, touching the 
figure in thefe points, cut off from another right line given 


4 pofition and drawn through the fame given point, as many 


Segments terminated by this point; the reciprocals of thefe 
Segments will always make the fame fum; if the Jegments 
lying on the contrary fide of the given point be feted with 


ihe contrary  figns. | e E 
; QE _ ‘Let: 


Fig. 6. 


BPO PD CP =. PM’ oP = m^ pr ane 
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Let P be the given point, PA and Pa any two right 
lines drawn from P, of which -both meet the curve in 
as many points A, B, C, and a, 4, c, &c. as it has 
dimeníions Let the tangents AK,-BL, CM, &c, and 
ak, b, em, &c. cut off from the right line EP, drawn 
through the point P, the fegments PK, PL, PM, &c. 


and Pg, PL Pm + &c, I fay that eK tsphgupt 


&c. = = i + 9; -— = + &c. and that this fum al- 
ways remains the fame, the point P remaining; and the 
right line PE being given in pofition. | 


- 


For let us fuppofe the right lines ABC, abc to be | 


carried by motions parallel to themfelves, fo that their 
concourfe P proceeds in the right line PE given in po- 


fition; fince AP x PB x CP x &c. is always to aP x 


bP x ¢P in a conftant ratio by Art. 5. let AP repre- 


fent the uxion of AP, BP the fluxion of BP, and - 


CP, EP &c. the fluxions of the right lines CP, EP, &c. 


refpectively, that an ufelefs nic M [ymbols | 


may be avoided, then (by Art, 8. ) +e + B + re 
&c. L4 — + g + a + c. But when the right 


Jine AP i is carried by a motion parallel to itfelf, it is 


well known that AP, the fluxion of the right line AP, 


is to ÉP, the fluxion of the right line EP, as AP to 


AP EP 
the fubtangent PK, and fo 5, = pg: 


BP EP CP — OEP a — EP bP _ EP 


Inlike manner’ 


> P 


e 


- 


- 


HA LINES, ' ^ 4347. 


P it EP us EP 
PP mM PE FM at Se = BF 573 4L 
EP E 
beats 


Things are fo whenever the: points K, L, M, &e. 

“and 4 /, m, &c. are all on the fame fide of the point P, 

_and fo the fluxions of the right lines AP, BP, CP, &c. 

aP, bP, cP, &c. have all the fame fign. But if, other 
things remaining the fame, fome points M and m fall Fig. 7 
on tbe contrary fide of P, then while the reft of the 
ordinates AP, 'BP, &c. increafe, the ordinates CP and 

P are neceffarily diminifhed, and their fluxions are to 

be accounted fubtractive, or negative 3 and fo in this 


cafe = PETPE sup f+ = = Bs += 5— x z—, Ac and in 


general, in collecting thefe fums, the terms are to 
be affected with the fame or contrary figns, as the. 
fegments fall on the fame or contrary fide of the "given 
point P. 


4 


§ 10. If a right line PE theets a curve in as many 
points Ds E, I, &c. as its dimenfions exprefs, the fum — 


PE + sr P; +. ay + &c. which we have fhewn to be. 
conflant' or invariable, will be equal to the fum or 
Aggregate 25 + PE + 5i + &c, j. e. to the fum of 
the reciprocals to the fegments of the right line PE, 
given in pofition; and determined by the given point 
P and the curve; in which, if any fegment be on the 


| other fide of the point P, its reciprocal is. to be fub- 
traded. 
uÁ. 27 s $.11. 
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Fig.$, § 11. If the figure be a conic fection, which the 
right line PE no where meets, let the point 5 be 
found as in Art. 7. and Pd joined, and at right angles 
to this let dd be drawn, cutting the right line PE in d, 


then will PE + PL = Pa" For PA x PB is to dP? 


B 
in 3 conftant ratio, and fo (by Art. 8. eye = =F 


whence (becaufe AP is to. EP as AP to PK, BP to 
- EP as BP to PL, and 2P to EP as di to dP) 


PK + FL = Fe 


Fig.9. $12. In like manner if the right line EP meets a 
Jine of the third order in only one point D, let the 
point ) be found as in Art. 6. and let the right line 
bd, perpendicular to JP, meet the right line EP in 4, 
and becaufe AP x BP x CP isto DP x àP* in acon- 

e pep y Po, d I f 02 
ftant ratio (ibid.) gr + po t+ PM ^ PD + z 
But if Ps be perpendicular to the. nga line EP g PR 
will vanifh, 


- 


Fig. $ r3. The afymptotes of geometrical lines.ate deters 
_ mined from the given direction of their infinite branches 

' or legs by this propofition ; for they may be confidered 

| as tangents to the legs produced in infinitum. Let the 
right line PA, parallel to the afymptote, meet the 

. curve in the points A, B, &c. but the right line PE 
cutthe curve. in D, E, L &c. Let PM be taken 


in- this fo that pr PM may be equal to the excefs by | 
which © 








TA 


- 0» —--—- ey wy -- 


* 


PM C 
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which the fum "PD t PE + B bic. exceeds the - 
fum = * gp Lt &c. and the afymptote will pafs 
through M; ‘but if thefe fums be equal, the curve will 
be a parabola, the afymptote going off in infinitum. 


/ 


$ 14. To determine the curvature of geometrical 


lines by one general theorem, let CDR be a circle Figs 11. | 
"which the right line PR meets in D and R, and the right 


line PC in C and N ; let the tangent CM cut the right 
line PD in M, and the right line DR remaining - 
fixed, let us fuppofe the right line PCN to be carried 


‘by a motion always parallel to itfelf till the points P, 
D, C, coincide, and let the laft value of the difference 


Pp be required. In the right line PN take 


any point g, let gu, parallel to the tangent CM, meet 
the right line DR in v; let DQ be drawn parallel 
to PN, and let QV (parallel to a, line touching the 


circle in D) cut DR in V. Therefore 5 — Pp 


| A CM: xTM 
Fs p (oe DM X MR CM ) = PM'xPD xMR , 
qu" x PM (finceMR _— 


— Pv* X MR x PM + Pu* x MR x MD 
x MD, or CM’, is to PM* as qv* to" Py?) =. 
gu" "x PM __ PM ; 
Po x MR x PM + gv? x xPM* — Pa? XMR 4-47? x PM? 
whofe laft value, PM vanifhing, and gv and Py co. 


inciding with. QV and DV, is DD DE And this - 


is alfo the laft valug of the difference y PM — pp if D 
| Gg. and 


fig. 12. 
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and C are in the arc of any line of the fame curvature : 


with the circle CDR, 


$ t$. Theor. II. From any point D of a geometrical 
line let there be drawn any two right linis DE, DA, and 


both of them cut it in as many points D, I, E, Ge. and : 


D, A, B, 6c, as it bas dimenfions; let the tangents AK, 
BL, - c. cut off from the right line DE tbe fegments DK, 
DL, Gc. let any right line QV, pavallel to the tangent 


DT, meet DA and DE in Q and V, and let QV* be, 


ta DV* as mto X 5. moreover let there be taken in DE the 


right line DR fe that 5z may be equal to the d of 


the fum 775 + pr + &c. above the fum =~ Di Tum BL + 


Gc. anda ird de sferibed upon the chord DR, touching the 
right line DT will be the ofculatory circle, or of the 


fame curvature with the geometrical line propofed, at the 


point D. 


For we have Sewn in gederal Ait. ro. (Fig. 6.) 
0)? co! 
= PD + PE 
+ Si + &c. and in the receding Att. we have found 


tint the fum ob + Pr T TM “+ &c.— 


the laft value of the difference FH — 7p when the 


LQV 
points P, D and C coincide, to be DV? xDR ^ DE 


if a circle of the fame curvature with the geometrical 


line at the point D meets the right line pe in » 


From whence it follows that — - will be — 


| DR ' BE +55 

1 | 
+ &c. DE - ‘DL — &c. or thet the reciprocal 
. A toU of 


A 


V? P 


b 


- | 
- | GEOMETRICAL LINES. 451 


of - x DR is equal to the excefs by which the fum 


-of the reciprocals of the fegments terminated by the 
point D and the curve, furpafles the fum of the reci- 


procals of the fegments terminated by the fame point . 
and the tangents AK, BE, &c. But as often as this , 


exceís Comes out negative, the chord DR is to be taken- 


on the other fide of the point D, and the rule above de- 
{cribed is always to be applied for diftinguifhing the 
figns of the terms. If the right line DA bifeéts. the 
angle EDT, made by the right line DE and the &n- 
gent DT, the théorem becomes a little more fimple. 


For in this cafe M = DV, m = 1, and Dk = = the 


excefs- by which zx = + Bi *. +: &c. exceeds DR Sk + BL 
4 &c. 


§ 16. From the fame principle’ follows a general 
theorem by whioh the variation of curvature is deter- 
mined, or the meafure of the angle of contact contained 


by the curve and the ofculatory circle, in any geome. , 


trical line; yet a brief explication of the variation of 
' curvature muft be premifed, fince this is not clearly 
defcribed by authors. Every curve is bent from its 
tangent by its curvature, of which the meafure is the, 
‘fame as of the angle of conta& contained by the curve 
and tangent; and in like manner a curve is bent from 
its ofculatory circle by the variation of its curvature, 
of which variation the meaiure is the fame as of the 
angle of contaét-contained by the curve and ofculatory 
circle. Let the right line TE perpendicular to the 
tangent DT meet the curve in E and the ofculatory 
circle in 7, and the variation of curvature will be 
| Gg2 ultimately 


A4 


. 


Fig. 13. 


| 452 GENERAL PROPERTIES OF 


ultimately as Er the fubtenfe of the angle of contact 
EDr, if DT be given; and fince, when the angle of 
contact EDr is given, Er is ultimately'as DT?, as 
may be collected from Art. 369. of the Treatife of 
¥ luxions ; ; in general the variation of curvature will be 


ultimately as n ae " We ufe a circle for determining 


the curvature of other figures; but to meafure the va- 
riation of curvature, which is nothing ina circle, a para- 
bola or fome conic fection is to be applied. Now as of 
the circles indefinite in number which may toucli a 
given curve in a given point, one only is called ofcu- 
latory, which fo clofely touches the curve that no , 
other can be drawn between this and the curve ; inlike 
manner of all parabolas which have the fame curvature 
with the line propofed at a given point (for thefe are 
alfo infinite in number) that only has the fame varia- 
tion of curvature, which not only touches the arc of | 
the curve and kifles it, but preffes fo clofe that no 
other parabclic arc can be drawn between them, all - 
other parabolic arcs paffng either without or within 
« both. By what method this parabola is to be deter- 
mined may be eafily underftcod from what I have elfe- 
where more fully explained. | 


Let DE be the arc ofa curve, DT a tangent, TEK 
aright line perpendicular to the tangent, and let the 
rectangle ET x TK be always equal to the fquare of . 
.the tangent DT, and the curve SKF the locus of the 
-point K, which meets the line .DS perpendicular to 
the curve in S, and which touches the right line SV. . 
in S cutting the tangent TD in V. Theright line DS 
will be the diameter of the ofculatory circle, and DS be- 
ing bifcéted i inf, f wil be the centre of curvature ; 
now 


4 
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now V/ being joined, if the angle SDN be made equal 
to the angle f VD on the other fide of the right line 
DS, and the right line DN meet the ofeulatory circle 
in N ; then the parabola defcribed with the diameter 
and parameter DN, and which touches the right line 
DT in D, will be- that whofe’ contaét with the line 
propofed in D will be the^ clofeft and moft perfect or 
neareft that can be defcribed. But all other parabolas, 
defcribed with any other chord of the ofculatory circle 
although defcribed with. the diameter and parameter, 
and touching the right line in D, have the fame curva- - 
ture in D with the. line propofed, The . quality of 
curvature explained by Newton in a pofthumous work 
lately publifhed, is rather a variation of the radius of 
curvature ; for itis as the fluxion. of the radius of cur- 
vature divided by the fluxion of the curve, or (if R de- 
notes the radius of the ofculatory circle and S the arc 


R 
of tie curve)' as * Now the curvature is inverfely 


as the radius R, and the ‘variation of curyature as 


\ 


—R which is the meafure of the angle of contact, 


t 


‘contained between the curve and the ofculatory circle. 
Now of thefe the oneis eafily derived from the other. 
The variation of the radius of curvature in any curve 
DE is as the tangent of the angle DVS or DV/, and. 
‘in any parabola it is always as she tangent of the angle 
contaihed by a diameter paffing through the point of 
contact and a right line perpendicular to the curve. 
Thefe things may be deduced from the following gene- 
ral theorem. 


"GBB. EENMIS 


/ 


J 


Fig. 14. 
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§ 17. Theor. III. Let there be a point D given in 
any geometrical line, and let DS, the diameter of the efcula- 


- tory circle, drawn through D, meet the curve in as many 


points D, A, B, Gc, as it bas dimenfions ; ; lt DT 

drawn touching tbe curve in D, and let it cut the curve in 
the points Y, tc. fewer by two, and meet the tangents AK, 
BL, &e. in K, L, &c. and the variation of curva- 


^C ture, or the meafure of tbe angle of conta? made by the curve - 


“and the ofeulatory circle, will be directly as the excefs by 


which the fum of the reciprocals to the fegments of the tangent 
DT , terminated by the point of contac? D and the tangents 
AK, BL, te. exceeds. the fum of the reciprocals to the’ 


— fégments terminated by the fame point and the curve, and 


n as the radius of curvature, i. €. as X 


1 
S 





ir. - 
For let there-be drawn Dé cutting the curve iri », 7 ? 


. &c. and the ofculatory circle. in R ; and let the’ angle 
kDT be very fmall, let the fupplement of this to two 


. right angles be bife&ed by the right line Das, which 


| PESE. will be ultimately equal toni — 


. let meet the propofed geometrical fine in the points D, 
a, b, &c. and let the tangents ak, b/, &c. when drawn, 
cut the right line Dé in the points k,.4, &c. then by 

I dU 
DR =n *5-— 


I 1 Re.-— 
pose From whence DR — à "e tg) = - 


the preceding propofition.pg 


= - 5i —- E — &c. ' 'Therefore the right lines 


Dr and DK coinciding, or the angle ADK vanifhing, 
! (V 
DK ~ DL 
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«- &c. "Let erT be perpendicular to the tangent at 
. T, end meet the ofculatory circle in r; and fince re 


Re 
is ultimately to Re as eT’ to De; ultimately yg DRXDe x De 


re ..  reXDS | rexDS 

= pRxe 7 DRxDT? DT 
fare of the angle of contact rDe contained by the 
curve and ofculatory circle, or the variation of curvature, 
Ls CC c e cn n ced 


. I to 
is as pi» and therefore. as 53 Di ~ DE ~ DL 
XC, | . 


Now the mea- 


$18. Now the variation of the radius of curvature,. 
or the quality of it defcribed by Newton, is moft eafily 
collected from theformer. For SI, SK, SL, &c. being 
joined, this variation of the ofculatory radius will be as 
: the excefs by which the fum of the tangents of the 
angles DKS, DLS, &c. exceeds the fum of theftan- 
gents of the angles DIS, &c. Now the curvature in- 


creafes from the point D towards e, andthe ofculatory 
radius is diminifhed, as often as the arc De touches the 


ofculatory circle DR internally, or when —— BE +— BL 


+ &c. exceeds —— +4 &c. and on the contrary the, 


DI 
curvature from D towards ¢ is diminifhed, and the ra- 
dius of the ofculatory circle is increafed, as often as. 
the arc De of the curve touches the circular arc ex- 
ternally or pafles between the circle and tangent, there- 
fore when DR is ultimately lefs than D or when 


A 


ni + &¢, exceeds DK + DL + &c, 


Fig. Toe 


456 GENERAL PROPERTIES OF 

$ 19. Let thereforethe line DV be taken inthe tangent 

I I I I 

DT fo that y = pg + pp t+ &- — Fy — &e- 
let /V be joined, let the angle SDN be made equal 
DV f, and the line DN meet the ofculatory circle in 
N; and a parabola defcribed with the diameter DN 
whofe parameter is DN, and which touches the right 
line DT in D, will have the fame variation of curva- 
ture with the propofed geometrical line in the point D. 
From the fame principles other. theorems are alfo de- 
duced, by which the variation of curvature in geome- 
trical lines is in general determined. 


§ 20. That thefe theorems may be reduced into a 


more geometrical form, fome lemmas are to be pre- 


mifed, by which the doctrine of the harmonical di- 
vifion of right lines is made more full and general. In 
any right DI having taken equal fegments DF and 
FG, let there be drawn from any point V; which is not 
in the right line DI, three right lines VD, VF, VG, 
and a fourth VL parallel to DI, and thefe four right 
lines are, by De /a Hire, called Harmonicals. But 


any right line which meets four harmonicals is cut by, 


the fame harmonically. Let the right line" DC meet 
the harmonicals VD, VF, VG, and VL in the points 


D, A, B, C; and it will be DA to DC as AB to 
. BC. For through the point A let there be drawn the 
line MAN parallel to DI, which meets the lines VD | 


and VG ih M and N ; and becaufe of the equals DF 
and FG, MA and AN will be equal. Now DA is to 
DC as AM (or AN) to VC, and therefore as AB to 


BC. Itismanifeft that a right line, which is parallel to : 


ane. of the harmonicalsy is divided into equal feg- 
- ent 


E 
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ments by the remaining three. - Let the line BH paral- 


lel to VF meet the remaining lines VG, VC, VD in 

B, K, and H ; and it will be'as VK to KB, fo FG 

(or DF) to VF, and therefore as VK to KH, and 
. confequently BK. — KH. 


§ 21. Hence it follows, if any right line be cut har- 
monically by four right lines drawn from the fame 


* 


point, that any right line which meets thefe four lines . 
will alfo b&-cut harmonically by’ the fame; but that 


that which is parallel to* one of the four is divided into 
equal fegments by the remaining three., Let DA be 
to DC as AB to BC, let VA, VB, VC, and VD be 
joined ; let the right lines MAN, DFG parallel to VC 


meet the lines VD, VA, and VB in M, A, N, and - 


D, F, G ; and it will be MA to VC as DA to DC or 


AB.to BC, and therefore as AN.to VC; hence MA 


== AN, and DF = FG ; and, by the preceding, any 


right line which meets VD, VA, VB, VC will be | 


harmonically cut PY the fame. 


/ 
4 


$22. F rom the point D let there be drawn two right 
lines DAC, Dac cutting the lines VA and VC in the 
points A, C anda, c; let Ac and aC joined meet each 
in Q, and VQ drawn will cut the line DAC Harmoni- 
cally, or any other right line-drawn from the point D 
to the fame right lines.’ For let VQ cut the line AC 
, in B, and through the point Q: let there be drawn the 

line MQN parallel to DC, which meets the lines Da, 

VA and VC in the points M, R, and N ; and fince 
MR is to MQ as DA to DC;. and MQ to MNi in the 


fame ratio, RQ will be to. QN as DA to DC. But 


| Res to QN as AB to BC, Wherefore DA is to 
_ | “DC 


* 


Fig. 16. 
n. Y. 
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DC as AB to BC. This is the goth Prop. of De& .. 
" Hires fir Book of conic fe&ions, 


$ 23. Let DA be to DC as AB to BC, and Di 


‘will be the fum or the difference of = and De ace 


' eordíng.as the points A and C are on the fame or con- 
trary fides of the point D,  Firft let the points A and 
C be on the fame fide of the point D, aii ince DA - 
x BC = DC x AB, i.e. DA x DC DB — DC 
x DB—DA,or DA x DB—DC =DCx DA=DB, 
t it will be 2DA x DC.= DA x DB + DC x DB, and 
n. 2 & 3. therefore B = 5x Tc Let now the peints A and 
- C be on the contrary fides of the point D, and it will 
be either DA x DB — DC = DC x DB + DA, or 
DA x DB 4 DE = DC x DB — DA, and there 


2 1 
fore BB Dc" DA when the ‘points B, and C are ; 


on the fame fide of D, or pg = = p — pe when the 
_ points A and B are on the fame fide of the point D. If 
therefore, having given the point D and the right lines © 
VF and VC in pofition, any right line be drawn 
through the point D meeting them in the points A and 
€, and in the fame right line DB be always taken fo 
that =F oz + BO ‘where the terms pi^ nd —— pc 
are fuppofed to be affected with the’ fame or contrary . 
| figns as the points A-and C are on the fame or cone. 
* trary fides of the point D, the locus of the point B will . 
be the harmonical VG which cuts the line DFG pa- 
rallel 


\ 


. Zu. 
gu 





(] 
e 
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"y 


er eee 


"1 
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rallel to VC in G fo that FG — DF ; and which 


paffes through the point Q where (Dac being drawn 
which meets the fame right lines VF and VC in a and 
c) Ac and. «C being joined, crofs each other. - 


| $ uin ina right line DA, DEbe always taken fo Pig. 17. 
that 5j 5; * pei let DF be drawn parallel to 


the lin vc “which: meets VF in F, and DH parallel 
to the line VF which meets the line VC i in H, and the 
diagonal HF being drawn’ will be the locus of the -- 


ZEE oF 2 
point à; for by hypothefis pi" pp ^H DB = 


2D»; therefore fince VG is the locus of the point B, | 


- . the point d will be in the right line HF, if the points 
A and C are on the fame fide of the point D. But if 


it be fuppofed ‘that 357 = —— — the fame con- 


ftruction ‘will ferve for determining. the point 7, if {n- 
ftead of the right line VC be fubftituted another vc, 
parallel to VC at an equal diftance from the point D, - 
but on the contrary fide. ] . 


e 


$25. If ftom a given point D be drawn any right 


"line DM which meets three lines given in pofition in- 


the points A, C, E; and DM be always taken fo'that 


I 1 


Dau DA += DC T xm DE (where the terms are to be 


affected with: the contrary figns as often as thé lines 
DA, DC, or DE are on the contrary fide of the point 


D); let it be fuppofed that yz A * pc = Bp and L | 


will be in a line given in pofition by the preceding; and 


I E 
therefore when =~ Dk = DL * DE the point M. will 


- 22 o7 nm be. 


Fig. 18. 
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be in a line given in pofition, by the fame. Now the 
compofition of the problem is eafily performed from 
what has been faid. Let V.A, VC and 9E be three 
lines given in pofition, and let the parallelogram DFVH 
be completed, by drawing DF and DH refpedtively 
parallel to VC and VF, and let vE meet the diagonal 
in v; then let the paralielogram Dv 5 be completed 
by drawing Df and D paraliel to the lines vE and 
HF, which meet the lines HE and «E in the points 
f and b; and the diagonal 5f will be the locus of the 
point M; and it will be, from what goes before, 


I a | Eon I I : 
pM "pL DE~ DAT Dat Der Another 


conftruction is deduced from D 22. 


§ 26. Let any right line drawn from the given point 
D meet right lines given in pofition in the points A, E 


C, E, &c. and in this " line let there be taken —— DM 
I 


—— = 5A A* DB * pc * pp &c. the locus of 


the point M will always be in a right line given in 
pofition. It is demonftrated in the fame manner as the 
preceding. | 


§ 27. Theor. 1V. About the given point P let tbe 
right. line PD revojve which meets a geometrical line of any 
order in as many points D, E, 1, &fc.. as it bas dimensions, 
and if e the rs oe line be always taken PM fo that 


i= Tag Fi *F Ge. (where we fuppofe the 


, fins of the terms to keep the rule repeatedly given) the locus 


of the point M will be a right line. 
For 


— cA-— c e 
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For let there be drawn from the pole P any right line 
given in pofition PA, which let méet the curve in as 
many points A, B, C, &c. asit has dimenfions. Let there 
be alfo drawn the right lines AK, BL, CN touching the 
curve in thefe points, which let meet PD in as many 
I 


pint E, L, N, &c. and " Art. I0. 55 T PE M 
I 
si Tc Bec. = = sp PL = ss = &c. Whence zu 


is equal to this fum, and when the line PA is given in 
pofition, and the right lines AK, BL, CN, &c. re- 
_- main fixed, whilft.the right line PD revolves about the 

pole P, the point M will be in a right line, by the-pre- 
ceding Article; which may be determined by what 
has been fhewn above from the given tanzents AK, 

BL, &c. | | ^| 
s 28. As the right line Pm is a mean harmonical 

| I 

— PD 


+ PES in like manner Pm may be called a mean har- 


between the two lines PD and PE, when Pn 


monical between any right lines D PE, PI, &c. 
1 
= pp p p 
. &c. And if any right line drawn from a given point 
P cut a geometrical line in as many points as it has 
dimenfions, in which let Pzi be always taken an har- 
monical ‘mean between all.the fegments of the drawn 
line terminated by the point P and the curve, the point 


whofe- number is 2, when ;— 


m will be in a right line. Fot s will = a and 


therefore em is to PM as 2 to unity ; and fince the 
point M is in a right Jine, by the. preceding, the.point 
n | m will 
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rem, | or neatly related to it. 


/$ 29. Let a, &, c, d, &c. be the roots s of an equa- 
tion of the order a, V its laít tetm into which the 
ordinate or root y does not enter, P the coefficient of 
the laft term but. one, M the harmonical mean be- 


tweetr all the roots, or Hi = + ++ - + - + &c. 


Therefore fince V is the product of all the reots a, 5, 
e, &c. multiplied into each other, and P is the fum of 


the products when all the roots, ‘one excepted, are - 


multiplied into each other, P will = + + 5 + I 


NE: M 4 &c. — D and therefore M — uM So, if 


P' 


the equation be a quadratic, whofe two roots are a and 


b, M will = I (having affumed the general equa- | 


. . . e. | 2cxx—2dx 4- 2e 
tion fog conic fections given in Art. 1.) =~ 
In a'cubic equation, whofe three roots are a, à, c, M will 


gabe 
— ab + ac 4 be 


. equation for lines of the third’ oider there given) — 


3f —3£gx ‘af. 35x — ge 


exx — dx te 


§ 30. Let any two lines Pm and Py, drawn from 
the point P, meet a geometrical line in the points D, 


m will alfo be in a right line. And this ig | Cotes’s theo- | 


(if there be affumed the general 


* 


E, I, &c. and d, e, 7, &c. and let Ps be an harmo-. 
. nical mean between the fegments of the former termi- - 


nated by the point P and the curve, and Pe an harmo- 


nical mean between the. like fegments of the latter : 


‘ ‘Tine ; 3 


a 


(7 
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line ; det wim, being joined, meet the abfciffa AL in H 
then will PH = Us or PH is te Pas P to ~ —. For. 


let the abfciffa cut the curve in as many points B, C, 
Y, &c. as it bas dimenfions ; and fince the 'laft term 
of the equation (i. e. V) is to BP x CP x FP x &c. 
ina conftant ratio, as we have fhewn above (Art. s. ) 


el be (by An. 8.) y =F RHF &c. 


| - n ov 
and therefore oa EP * opt PP &c. — v2 


and PH-— "= (becaufe the line PM = . 7)" — Pm 
V 


Pio . MEE 
x v In conic fe&ions it is PH to Pm as ax —^ 


to 2/x—4 ; and in lines of the third otder as (2x — 
(dx +e to 3 fxx — 2gx + b. 


§ 31. If a demonttration of the preceding propofi- 
' tion be defired from principles purely algebraical, it 
may be had by help of the following Lemma. Let the 
-adfcifla AP = x; the erdinate PD = y, V the laft term 
of the equation defining the geometrical line == Ax* 

T Bia" 4 C77 4+ &c. P the coefficient of. the 
laft term but one = ax" + x" 7? 4 cx"73 +4 &c. 
. and let Q be the ‘quantity which arifes from multiply- . 
ing every term of the quantity V into the index of x 

in this this term, and dividing ng by x, i.e. let Q= nAx 
+a— nmi x Bsta n — n—2 Xx CX^73-4 Kc. (which 


R= I 


is the quantity which we call - « Letthere be drawn 
2 E the 
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the ordinate Dp which makes any given angle ApD with 
the. abíciffa, and let the right lines PD, pD, and Pp 
be as the given ones 4, r and 2; let pD =u, Ap zz; 
and let the propofed equation be transformed into an-. 
other expreffing the rélation between the ordinate x 
and abfcifla z ; and fince z = A p, the laft term v of | 
the new equation will, be equal V, but p the co- 

efficient of the laft term but one, will be equal ‘to 
Qk 4 PI 


r .- 





For fince PD (= y) is topD (= vw) as / to "ny- 
" but let Pp be to pD (=x) as & tor, then Pp 
T i» 


-fÓ, and AP =x = Apu Pp zt Now 
r y 


thefe values being fubftituted for y and x, in the pro- 
.pofed equation of the geometrical line, there will come 
out an equation determining the relation of the cor 
ordinates z and u. ,'To determine the laft term of this 
v and the laft but one px, it is fufficient to fubftitute 
thefe values in the laft V, and in the laft but one Py 
of the propofed equation, and to collect the refulting 
terms in which the ordinate u is either not found, or 
of one dimenfion only; for the fum of thefe gives 
pu, and of thofe v. Let for » be fubftituted its value 


z + z in the quantity V or Ax' + Bx??? + Cy™™ 


nAx™—! ku 








DH Kc. and the refuiting terms Az" + 


n—2 
Bette + C2"? + n—2. 








+ Be™ 7 +2n-1 x 
C2"~3 kz 


x —— 


» 





+ &c. will alone ferve for the purpofe J| 
we | 
3 
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We are about. Then let be fubftituted for x the fame 


iu. is 
value, and for y its value —, in the quantity. Py = 


ax" 7 4 bx 7 Rcx" + Kc. X y; and the refult. 
ing terms alone ax" 4. 42777 ob cz? 3 &c. x 
du 

7 are to be retained. Let it be fuppofed now that 


'*X = 4%, and the fum of the firft be equal to V + E >, 


and of the latter the fum = a. From whence it is 


metnfeft that the faft term of the new equation v = V, 
and the laft but one pz zz RE XU. 

$ 32. Let now Pm be an harmonical mean between 
the fegments PD, PE, PI, &c. and Py an harmonical 
mean between the fegments Pd, Pe, Pi, &c. as in 
Art. 30. let gm, being joined, cut the abfcifla in H 5 - 
and let us fuppofe Py to be parallel to the ordinate 9 D. 
Let i; be drawn parallel to the abfciffa, which let meet 
the right line Pm in s; and Ps will be to P&as PD te 
PD or as/tor, and ws to P& as £ to ^ And fince 


P. = — = (by the preceding Article) = y; os Eig? ms will 
nV "vl nV nVi 
— "n + Ps — ^P + or — > —- ud P/+ Qé e. 


di ME Now ms'is to sm as Pm to PH, i. e. 
PxP/tQft 
VQ = tO “Vt as Pm to PH; and fo Q is to 
PxP/ PXxPfQ +Qe PIER | 
P aV e 
P as Pm to PH, er PH = Pm x qo Q' Since 
| Hh | theres 
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therefore the value of the right line PH does not de~ 
pend upon the quantities /, £ and r; but, thefe being 
changed, is always the fame, the point » will be at a 
right line given in pofition, as we have otherwife fhewn 
.in Theor. 4. Moreover alfo the value of the line PH 
is that which in Art. 29. we have determined by an- 
other method ; and the right line Hz cuts all right — 
lines drawn through P harmonically, according to the 
definition of harmonical feGtion given in general in 


Art. 2 8. 





SECTION I. 
E 


Of Line; of the Jevond Order, or the Conic 
Sections. 


$33. [TROM what has been demonfirated in gene- 
ral concerning geometrical lines in the firft 
-' fection, . the properties of lines of fecond, third, and , 
fuperior orders naturally flow. What relate to the 
conic fectiens are beft derived from thé properties of 
. thecircle which figure is the bafe of the cone. But 
that the ufe of the preceding theorems may more clearly 
appear, and the analogy of the figures be illuftrated, it 
wiil be worth while to deduce the properties of thefe 
alfo from what has been premifed. Now the whole 
conic doctrine zbout diameters, and their ordinates (to 
. which. right lines touching the fection, at the vertices 
. of the diameters are parallel) and about the fegments 
ef parallels » which meet any right lines, and about 
afymp- 


"-— p ~ gg T^ 
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alymptotes, flows very eafily from what has been fhewn 
. in Art. 4. and 5. 


2 S 24. Let the right lines AB and FG inícribed in a Fig. 20, 
conic fection meet each other in the point P; let AK, 
BL, FM, GN drawn touching the fection meet PE, 
, drawn through r in the points K, L, M, N ;' and it 


ae I. Da. 
will always be pr + a= = pu + pN (if the right 
P 
PD 


But to the fegments which are on the fame 


line PE meets the curve in points D and E) = = 


X pg. 
fide of the point P the fame figns are to be prefixed, 
and to thofe which are on the oppofite fides of P contrary 
figns are to be prefixed. Hence if DE be bifected in P, Fig, 21. 
and from the point P be drawn any right line cutting | 
the fection’ in the points A and B, from whence let 
be drawn the right lines AK and BL touching the 
curve which cut DE in K and L ; PK will always = 
PL. But if DE does not meet the fection, and. P be Fig 42. 
‘the point where the diameter which bifects right lines 
“parallel to DE meets the fame; in this cafe alfo PK 
will = PL. . 


, 8S 35. Let the right lines AB and FG infcribed in Fig. 23: 
aconic fection meet in the point P; let right lines | 
touching the fection in the points A: and F being 
drawn meet each other in K, and PK being joined. 
will pafs through the concourfe of. right lines which 
touch the fection in the points B and G. For if the 
line PK, does not pafs through the concourfe of the 
lines touching the fection in B and G, let it meet one 


of them i in N, and the other in L; and fince oy = T 
H ha . I 
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t 1 E I . . 
PL = pg V pw by the preceding, PL will = PN; 


and the points L and N coincide contrary to the hy- 
pothefis, 


§ 36. For thé fame reafon it appears that the right 
‘fines AG and BF meet each ‘other in the point 7. of 
the right line LK ; and therefore the points P, K, a, 
L are in thé fame right line. Hence having three: 
points of contact A, B, and F given, with two tan- 
gents AK and FK, the conic fection is eafily defcribed. 
For let the right line K »P revolve about the con- 
courfe of the tangents K as a pole, which let meet the 
right lines AB and FB in the points P and «; an 
Ax, FP being joined will, by their concourfe G, de- 
fcribe the conic fection which will pafs through the 
three given points A, B, F, and touch the right lines 
AK and FK in the points A and F. 


§ 37. The fame things remaining | tet the right.. 
Fig. 24. lines AF and BG meet each other in the point p, thé 
tangents AK and BL in R, and tangents FK and GL 
in Q; and the points R, » Q, and p will be in thefame: 
right line ; in like manner let the tangents AK and GQ. 
meet .in m5 the tangents BR and FK in 2; and the: 
points P, m, 2, ? will be in the fame right line. This 
is demonftrated in the fame manner as in Art. 35. = 


§ 38. Hence having four points of conta& A, B; F; 
G given. with one tangent AK, the concourfe of the 
. right lines AB and FG, AF and BG, and of AG and © 
BF will give the points P, p, and x; and Pp, Pw, po — 
being joined will cut the givea tangent AK in three. 
points m, K, and R, from whence mG, KF, RB being 
rain, 


Dorm 
. Pd 





- 


-———— aaa mmm, sana d mu 9 "m e » di 
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drawn, will touch the conic feCtion i in the given points 


G, F and B. 


$39. Having four tangents RK, KQ, QL, ER 


given and one point of contact A, the*concourfe of the 
tangents RK and LQ, LR and QK will give the 
points zz and z. Let LK ‘and mz be joined, and the 
concourfe of the right lines LK and RQ, LK and ma, 
RQ and’ mn, will give the points v, P, ^; but PA, 
aA and pA being joined will cut the tangents RL, 
QK and QL in the points of contact B, G, and F. 


§ 40. Having given five points of contact A, B, F, 
G and fA, let GF and Gf being joined meet the line 
 ABinthe points P and X; let AF and Af being joined 
. meet the line BG in p and x; and Pf, Xx being joined 
will by their concourfe give the point m; from whence 
' mA and mG being drawn will touch' the conic fection 
in À and G ; and in like manner are determined the 


lines which will touch the curve in the remaining points 


B, EB and f. 


4$ AL. Let there be five lines given touching a conic 
feftion, VK, KQ, QL, Lz, and uV; the concourfe 
of the tangents VK and LQ will give the point m} the 
concourfe of the tangents KQ and Lz will give the 


point 2; let be joined s», LK, VL and mu;-the line | 


‘LK will cut the line zz in P; and the line LV will 
cut mu in X ; now PX being joined will cut the tane 
gents VK and uL in the points of gantact A and B: 


_ Aad in like manner the remaining points of contact are 


determined. 


§ 42. Having three tangents AK, BK, and RE 


Fig. 259. 


given, and two points of contact A and B, the third. 


Hh 3 is 


Fig. 26. 


~ 
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ds eafily determined, by Art. 35. For let the tangent 


RL meet the others in R and L, and let AL and BR 
being joined crofs each other in #, Kw» being joined 
will cut the tangent RL in the third point of contact 
F ; and the conic fection may be defcribed as in 
Art. 36. 


§ 43. Let there be given four tangents KQ , QL, 
LR, and RK with one point of cofitact D of the conic 
fe&tion which is not in any of the four tangents. Let be 


found the points P, p, and v, as in Art. 39. Let there 


be joined PD, pD, and «D ; and let PZ, being drawn 
parallel to pD, meet the line RQ in Z; and let PZ be 
bifected in S; and pS being drawn will cut the line 
PD in E a point of the curve; or let PD meet the line 
RQ in z, and (by Art. 23.) let PD be cut harmoni- 
cally in z and E. Now Dea being drawn will cut pE 
being joined in e and Ew cut pD in d, fo that alfo thefe 


points 4, e may be alfo in the curve. 


§ 44. If from the point K be drawn two lines touch- 
ing a conic fection in A and B; from the point A let 
be drawn alfo two lines AF, AG meeting the fection 


in F and G ; let BG being joined cut AF in P, and. 
BF being joined cut AG in w; then will the points Py 


K, « be in the fame right line, by Art. 36. 


But this propofition is more general. For if. from 
any point K be drawn two lines KAo, KB? cutting 


the fection in the points A, a, and B, 4; and from the - 


points A and a be drawn to the fection the lines AF 
and aG ; now let BF being joined cut aG in P, and 
bG being drawn cut AF in v; the points P, K, @ 


will be in the fame right line: which we have in va- 


rious 


f 
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rious ways otherwife demonílrated, from whence I 


formerly deduced an expeditious method of defcribing a. ; 


conic fection through any five given.points. Let A, a, 
B, P and F be the five given points, let the lines Aa 


and Bd meet in K ; let AF and BF be joined ; let the . 


‘line PK» revolve about the pole K, and let it meet 
thefe lines in x and P ;^ and aP, bx being drawn will, 
by their concourfe G, defcribe the fection. . 


§ 45. If P be a given point out of a conic fe&ion 
from whence any right line: drawn to the. fection meets 
it in D and E; and if sur = 35 TL > 
a right line which meets the fection in the points A and 
B, fo that PA and PB being drawn, they will be tan- 
' gents to the fection.’ But if the point p be the middle 


pin of AB within the fe&ion, and it be alfo P = 


— + ~, the locus of the point m will be a righe line 


je pe 


Fig. 28. 


M will beat 


ab, drawn through P parallel to AB. Tangents at the. 


points D and E always meet in the right line AB, and 
tangents at the points d and e in the right line ab. 


, § 46. Let a right line DT touch a fection in D, 


from whence let be drawn any two right lines DE and 


DA, which meet the fection in E and A. Let DE 
meet in K the line AK which touches the fection ; 
and let EN, KM drawn parallel to the tangent DT 
cut DA in N and M, let be taken in the line DE, 
DR to EN as KM to KE, and a circle of the fame 
curvature with the fection in D will pafs through R. 


| QV* I Dp 
For by Art. 15. dt-WgI pg BE" DK = 


Hh 4 | KE 


Fig. 29. 
n. I. 


Fig. 30. 


Nn. I. 


n. 2. 
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DE x DK | QV? 
Kg X pys (becaule QV 


KM x EN 








SES 5 E and DR = 


: DV :: KM: DK :: EN: DE) = sy. But 


if the tangent AK was parallel to the line DE (i. e. if 
DE was an ordinate to the diameter pafling through 


the point A) then DR would — B or DR would 


be to DE as EN* to DE’; as I have elfewhere de- 
monftrated in Art. 373. of the Treatife of Fluxions. 


If in this cafe DE be a diameter, s and fo DR, 


will be equal to the parameter of the diameter DE; as 
is well known. 


$ 47. Let be drawn the right lines DT, DE, of 
which let the firft touch a conic fe&tion in D, and.the 
latter meetitin E. Let DA be drawn which bifeéts the 
angle EDT and meets the-fection in A; let AE ba 
joined, which let meet in V the line DV parallel to 
the line which touches the curve in A; and VR being 
drawn parallel to DA, it will cut DE in R where the 
ofculatory circle meets the line DE; and DR will bé 
the diameter of curvature, if the angle EDT bea right 


one, "For VR will be to AD -as ER to DE, and as 


DR to DK whence DR is to DK as DE to EK, 
I 1 .-, | 
and fo ox = = DE De 38 it ought, by Art. 15. 
Now if the tangent AK be parallel to DE’ (in which 
cafe the tangents AK and DT make equal angles 
with the line DA which is therefore perpendicular to 


, the axis of the figure) the points R and E. will co- 


incide, and-the ofculatory circle will, pafs through the 
point E. It follows alfo from wfiat has been faid that 


3 the | 








[^XIP 
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the lines EK, DE, and ER are in geometrical pro- 
greffion. 


§ 48. Let any right line DE meet a conic fe&lion in 
D and E, let tangents to the curve at D and E meet 
in the point V. Let DOA be a diameter of the curve 
through D, and if the angle DVr be conftituted = 
c EDO, DR (= 2Dr) will be a chord of the ofculatory 
circle. For let AK be drawn touching the fection 
which meets DE in K, and the tangent EV in Z ; let 


Fig. 31 " 


EN be drawn parallel to the tangent DT cutting DA 


in N; and fince DR is to KA as EN to EK; and 
KZ (= £ AK) to EK as VD to DE, it will be as 
VD to DE fo 1 DR to EN ; and fo the triangles DVr 
and EDN will be fimilar, and the angle DV r equal to. 
the angle EDO; — 'This method of determining the of- 
culatory circle I have demonftrated in the Treatife of 
Fluxions Art, 375. hut not fo fhortly. 


§ 49. The variation of curvature, or the tangent of 
fhe angle of contact made by a conic fection and the» 
ofculatory circle, is dire&tly as the tangent of the angle 
contained by the diameter which is drawn through the 


point of contact and perpendicular to the curve, and - 


inverfely as the fquare of the radius of curvature. For 
let DR. be the diameter of curvature, and this varia- 


. tion at the point D will be as —— by Art. 17. 


DR x DV 


Fig. 32> ! 


fo that, fince DV is to Dr as DE to EN, it will be 


as DE x DR ES - But the variation of the radius of cur- 
vapure is as the tangent of the angle EDO. But if 
the line DO meets the ofculatory circle in z, à para- 
hola defcribed with the diametér and parameter Du,’ 

. and 
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and which touches the line DT in D, will be. that: ° 
whofe contact with the fection is the clofeft, by Art. 19.- 


Fig. 32. § 50. The reft remaining, let from the point V be 
drawn VH touching the ofculatory circle in H ; let 
HD be joined, and fince the angle RDH is the com- 
plement of the angle DrV to a right one, RDH will 
— DVr — EDO ; and fo the variation of the radius 
of curvature will be as the tangent of the angle RDH ; 
and the right lines DR and DH coinciding, that varia- - 
tion vaniíhes. 








SECTION II. 


Concerning Lines of the third Order. 


x 


, 


§ 51. E muft treat more fully about lines of 
| .W Y the third order or curves of the fecond 
kind. Very many have handled the doctrine of conics, 
_and in fuch various methods as almoft to cloy. But 
few have touched upon this part of univerfal geometry ; 
yet it will appear from what follows, as I hope, to be 
neither barren nor unpleafant, fince befides the pro- 
perties of thefe figures formerly delivered by Newton, 
there are many others not unworthy the attention of 
geometers. I have fhewn above, that a right line may 
cut a line of the third order in three points, becaufe 
, there are three roots of a cubic equation, which may ° 
all be real, Now a right line which cuts a line of the 
third order in two points, neceffarily meets the fame 
in fome third point, or is parallel to the afymptote of . 
m the 
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the curve, in which cafe it is faid to meet it at an in-.- 
finite diftance: for if two roots of a cubic equation 
are real, the third will neceflarily be real. . Hence a 
right line which touches a line of the third order, al- 
ways cuts it in fome point, fince the contact is to be 
looked upon as two coincident interfections. Buta 
right line which touches the curve in the point of con- ; 
trary flexure, is at the fame time to be efteemed a fe- 
cant. When two arcs of the curve meet,each other, 
there is a double point formed, and a right line which 
-touches either arc there, in the fame point cuts the 
other. But any other right line drawn from the double 
point cuts the curve in one other point but not in 
more, 

$52. Prop. J. Let theré be ‘two parallels, 
each of which let cut a line of the third order 
in three points; a right line’ which fo cuts both 
of the parallels, that the fum of the two parts 
of the parallel terminated at the curve on one. 
fide of the cutting line may be equal to the 
third part of the fame terminated at the curve: 
on the other fide of the cutting line, will in 
like manner cut all other right lines parallel. 
. to thefe which meet: the curve in three points ; 3 
by Art. 4 : 


$53. Prop. II. Let aright line given in 
pofition meet a line of the third order in three 
points; let any two. parallels be drawn, both 
of which let cut the curve in as many points ; 
and the folids contained under the fegments of 
| the 
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the parallels terminated by the curve and the 
line given in pofition, will be in the fame ratio 
as the folids under the fegments of this right line 
terminated by the parallels, by Art. 5. 
Thefe two properties were formerly exhibited by 
. ANewten, 


$ £4. Prop. III. The reft remaining as in | 
the preceding pofition, let the right line given | 
in pofition meet a line of the third order in 
ene only point A, and the folid contained under 
the fegments PM, Pm, Pe of one parallel will 
always be to the folid under the fegments PN, 
ph, 2» of the other parallel, as the folid AP 
X bP? contained under the fegment AP and 
the fquare of the diftance ZP- of the point P 
from. a certain point 4, to the folid Ap x 4p* 
contained under the fegment Ap and the fquare 
^'of the diftance of the point ? from the fame 
point 4, by Art. 6. E - 


Fig. 33. 


Big. 34. — $55. Prop. IV. From any point P let be © 
» ^ drawn. a right line PD which may meet a line 
of the third order in three points D, E, F, and 
any other right line: PA whiclr.may cut the 
fame in three points A, B, C.. Let be drawn 
the tangents AK, BL, CM, which let meet 
PD in K, L, and M; and the harmonical 
.mean between the three lines PK, PL, PM, 
coincides with the harmonical mean between 
| | the . 


eg — à 1 cani | 
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the threé lines PD, PE, PF, by Art, to. and 
98. But if the right line PD meets the curve 
in one only point D, let be found the point 
- d, asin Art. 6. and the harmonical mean bez 
tween the three lines PK, PL, PM, will be 
to the harmonical mean between the two right 


n. 2. 


lines PD and 4 P4 in the ratio of 3 to 2, y | 


Art. 12. 


§ 56. ‘Prop. v. Let -the right line PD re. 
valve about the pole P,: let PM be always 
taken in PD equal to the harmonical mean be. 
tween the three lines PD, PE, and PF, and 
the locus of the point M will be a right line, 
by Art. 28. 


- 


And this ts a “property ef. thefe lines invented by 
Cotes. 


‘$55. Prop. VI. Let there be three points 


Fig. 35» 


of a line of the third order in the fame right . 


line ; let right lines touching the curve in thefe 


points be drawn, which may cut the fame in. 


three other points; thefe three points will alfo 
be in a right line. 


Let the right line FGH meet a line of the third or- 
der in the points F, G, and H. Let the lines FA, 
GB, HC touching the curve in thefe points cut the 
fame in the points A, B, C; and thefe points will be 


in a right line, For let AB be joined, and this will | 


pals through C ; for if it be pofüible, ' let it meet the 
curve 





Fig. 56. 
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curve in any other point M, the tangent HC in N, 
and the nen line FGH in P; and fince 5- a+ Pt 


: + by Prop. IV. PN will =. 


PM 7 FA + P T 
PM ; which cannot be, unlefs the points N, M, and C 
coincide. Therefore the right line AB paffes through C. 


$ 58. Corel. Hence if A, B, C be three points of a 
line of. the third order in the fame right line, and AF 
and BG being drawn touch the curve in F and G, and 
FG, being joined, cut the curve again in H, CH be- 
ing joined, will touch the curve inH. For if a right 
line fhould touch the curve in H, which fhould not 


‘cut it in C but in fore other point, this point would 


be with the three others A, B, C, in the fame right 
line which would therefore cut a line of the third order 
in four points. ‘But this cannot be. I firít hit upon 


this propofition in a different way, but lefs expeditious, - 


by deducing the fame from Prop. IIT. In like manner if 
the right Jine Af alfo touches the curve in f, and Gf 


being drawn, meets the curve in 5, CA, being joined, - 


will be a tangerit at the point: P. And if from the 
points A, B, C, of a line of the third order fituated 
in the fame right line, be drawn as many right lines 
touching the curve as can be drawn, there will always 
be three points of contact in the fame right line. 


$ $9. Prop. VII., From any point of a line 
of the third order let be drawn two lines touch- 
ing.the curve, and let the line joining the points 
of contact cut the curve in, another point, the 


tangents to the curve at this other point and . 


at 
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at the firft point will cut each in fome point of 
the curve. 


From the point A let be drawn lines touching the 
curve ‘in F. and G, let FG, being joined, cut the 
curve in H, and let touch the fame in H the line HC 
which meets the curve in C, and AC being drawn will 
be a tangent to the curve at A. It'follows from the 
preceding Corollary; for A and B coinciding the line : 
CA i is a tangent at the point A. | 


§ 60. Corel. 1. If from the point C of the curve be 
drawn two lines touching the fame in A and H, and 
from either point A tangents to the curve AF and AG 
be drawn, the line drawn through F and G the points 
of contact will pals through the other point H. 


§ 61. Corol. 2. Let the line AC touch the curve in Fig. 37. 

A, and cut it in C, and let AF and CH touch the 

curve in F and H, and the line. drawn through the - 
points of contact cut it again in G, AG, being joined, 

will touch the curve in G. But if there be any other 

line drawn from C as Cb touching the curve in 5; and 

bF, bG, being joined, meet the curve in fand gz, Af 

and Ag being drawn vil be tangents à at the points f^ 

and g. 


§ 62. Corel. 3. Let A bea point of contrary Bexure, Fig. 38 

from whence let AF and AG being drawn touch the 
curve in F and G, and let FG, being joined, cut the 
curve in H, and AH being drawn will touch the curve 
in H. For if the tangent at the point H fhould meet 
the curve in any other point different from A, the right 
line diawn from this point of meeting to the point of, 

contrary 


Fig. 37. 


t 
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contrary flexure A would touch the curve in A, which 
eannot be. Now it is manifeft that only three lines 
qan be drawn from the point of contrary flexure touch- 
ing the curve befides that which both touches and cuts 
it in that fame point, and that the three points of con- 
tact fall in the fame right line. From the point of cen- 
trary flexure alone three right lines can be drawn fo to 
touch the curve, that the three points of contact can bé 
in the fame right line. For let F, G, H, be in the 
fame right line, from which tangents being drawn, may 
meet in the fame point of the curve 2, which is not the 
point of contrary flexure; let «e be drawn touching the 


curve in a, and which meets it in e, and eH, being | 


joined, will touch the curve in H, by this propofition 3 
and fo the lines eH and aH would touch the curve in 
the fame point H, which is abfurd. 


§ 63. Prop. VIII. From ahy point of a line 
of the third order let be drawn three lines 
touching the curve in three points; let a right 
line joining two of the points of contact meet 
the curve agajn, and a right line drawn from 
that point of meeting to the third point of 
contact will again cut the curve in a point 
where a right line to the firt point will touch 
the curve. | 


From the point A of a line of the third order let 
be drawn three lines AF, AG, and Af, touching the 
curve in the three points F, G, and /; let the line 
Gf whici joins two of them, meet the curve again 
in N, and a line drawn. from this point to the third 
point of contact F cut the curve in g, then Ag, being 

joined, 


- — — - -— cv "ww fo] c 
- 


terminated by the curve, 


& 
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joined, will touch thé curve in g.. For let there be 
drawn AC touching the curve in: À and cutting it in 
C ; and fince the points G, N, and f are in the fame 
right line, and the tangents at the points G and f pafs 
through A, it follows (by Prop. VII.) that the tan- 
gent at the point N paffes through C. And lince the 
points F, N, g are in a right line, but the tangents 
FA and NC meet the curvein A and C, and AC is a 
tangent at the point A, the tangent at the point g will 
país through A. 


$ 64. Coro. Hence if a curve be defcribed, from 


three given points of contact where three lines drawn - 


from the fame point of the curve touch it, a fourth 
point of contact is found where a line drawn from the 
fame point of the curve touches it. And from hence 
itis collected that only four lines can be drawn from 
the fame point of the curve touching a line of the third 
order befides that which touches it in that fame point. 
For if lines might be drawn from the fame point of the 
curve touching in five points, more lines indefinite in 
number might be drawn from the fame point touching 
the curve ; as is eafily gathered from what goes before. 
Now this Corollary we fhall afterwards demonftrate 
more eafily. See below, Art. 77. 


$ 65. Prop. IX. Let three tangents tO 


the curve be drawn from a point of contrary 


flexure, and a right light liné joining the points of 
contact will cut harmonically any right line 
drawn from the point of contrary flexure and 


Let A be the point of contrary flexure, AF, AG, 
AH tangents to the curve at the points F, G, and H. 


Fig. 38. 


li From . 


Fig. 39° 


\ 
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From the point A. let be drawn any right line cuttings 
the curve in B and C, and the right line FH in P; 
and it will beas PB to PO as BA to AC. For fince 
three tangents at the points " SG; and H meet in the 


fame point A, by Prep. IV. : -— 


pat PAT FE Fae 

1 ¥ 
therefore PR PC Pa i. e, PA is an harmonical 
mean between the two lines PB and PC terminated at 
the curve. Which is a property of lines of the third 


order of admirable fimplicity, 


§ 66. Coro 1. A line which cuts any two right 


lines drawn from a point of contrary flexure to the 


curve harmonically, will alfo cut any other two lines 


drawn from the point and terminated by the curve har- 
monically. 


$ 67. Cord 2. If aright line parallel to the afymp- 
tote drawn through a point, of contrary Aexure meets 
the line FH in R and the curve in O, then z— 


RO = = ga 
and fo RA= = : 2RO. 


§ 68. Prop. 3 X. A right line joining twa 
points of contrary flexure either pafies through 
a 3d point of contrary flexure or is in the fame 


direction with an infinite leg of the curve. 


Let. A. and a be two points of contrary flexure, let 
‘Aa joined meet the curve in a, a will alfo be a point 
of contrary flexure. For ifa tangent to the figure i in 


the point a fhould meet the curve in any other point e, 


A, a, e would be in the fame right line, But by 


am 


zc Pee. 


a 
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hypothefis A, a, and a are in the fame right line, which 
therefore would meet a line of the third order in four 
points. Let A be a point of contrary flexure, and let 
the line AO parallel to the afymptote meet the curve 
in O, let OQ be drawn touching the curve in O, and 
cutting it in Q , AQ , being joined, will pafs through 
b Where the cu curve cuts the afymptote. 


§ 69, Prop. XI. Having drawn from a point 
of contrary flexure A the tangents to the curve 
AF, AG, AH ; and any two cutting it ABC, 
Adc, then Bd and Cc or Be and 2C will mutually 
cut each other in the right line FH which j joins 
_ the points of contact. 

For let the line BJ meet FH in Q , and BC the fame 
in P; let be joined QA and QC ; and fince it. is as 
AB to AC fo PB to PC, by Prop. IX. QA, QB, 


QP and QC will .be harmonicals, and fo Ad will cut. 


‘the line QC in cand FH in f, fo that Ad is to Ac as 
pb to pe; and therefore c will be a point of the curve, 


' by Prop. IX. from which it follows converfely that the. 


lines Bé and Cc meet in the point Q of the line FH ; 


Fig. 38. 


and in like manner it is fhewn that Bc and dC meet 


each in a point 4 of the fame line, 


$ 70. Corel. 1. From any point Q of the line FH 
let be drawn to the curve the lines QB, QC cutting 
itinthe points B, 4, M and C, 4, N; then CB, c, 
MN, will meet in the point of contrary flexure A ; 


' . Be and 2C, Me and NÀ, Bé and Ce, NB and MC will 


meet in the line FH. 


$ 71. Corel. 2. '"l'angents at the points B and C 
meet in feme point T of the line FH ; and if from any 
|—li2 point 
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point T fituated in FH be drawn tangents to the curve 
they. wil pafs through the point: of contrary flexure, 
or meet in the line FH. 


$ 72. Corol. 3. Having given the point of contrary 
flexure A, and the point B, C, 4, c, where two right 
lines drawn from it cut the curve, the right line FH 
is given in pofition; for Bb and Cc joined will by — . 

' their concourfe give the point Q , and the concourfe of - 

Be and 2C joined will give 4, and Q 4 joined is that 
which joins the points of contact F, G, and H. Now 
thefe five points being given with other two M. and m, — 
a line of the third order is determined which paíles 
through thefe feven points A, B, C, 4, c, M, m, and. - 
has its contrary flexure in A. For from the points M. 
and m are given the points N and », where AM and 
Am being drawn cut the curve, and from thefe nine 
conditions the line is determined. Now if three points 
M, m, and S were given; thefe would give three 
others N, z, and s; whence would be given eleven 
conditions to determine the figure, which are too many. . 
In like manner having given the point of contrary 
flexure A with the points F, G, (and fo the tangents 
AF and AG) and the points M. and m any whatever, - 
the right line FG is given, and fo the points N and Hy 
and the curve is determined. 











Fig. 40. $73. Corel. 4. Let the lines HB, HC touch the 
curve in the points B and C, and CB joined will pafs 
through. A, CG and FB vill meet in a point of the 
curve V, and VH drawn will touch the curve in V. 
Now the tangent at the point of contrary flexure A is 

_ determined by drawing AV, which let PL parallel to 
AH meet in L, and by bifecting PL in X ; for AX, 

being Joined, will be the tangent at the point Ae For 

| let 





"«—wühsfn 


^ 


. 


,- 
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Pet the tangent at A meet the line FH H in S; and it 


wil be pg + P= FH + FG — m. pg and fo ps + 
I po. 
PH = PG — PF =. (becaufe AC is harmonically cut in 


P and B, and dierefore VA, VF, VP, and VG are 


harmonicals) — Bx Therefore PK is an harmonical 


mean between PS and PH ; whence if PL parallel to 
AH meets the lines AV and AS in x and L, PX 
will = = XL. 


§ 74. Prop. XII, From a point of a line of Fig. 41. - 
the third order A let be drawn two lines touch- 
ing the curve in F and G, and let FG joined 
meet the curve in H, and let a tangent at the 
point A cut the curve in M; let HM be 
. joined, which let meet in L the line FLK pa- 
rallel to AH, and let FK be taken = 2FL ; 

^ then HK being joined, any right line AB 
. drawn from A will be cut harmonically by the 
lines HK and HF in N, P, and by the curve 
in B, C; fo that NB will be to NC as BP 

to PC. | 


For let AB meet the tangent HM in T, and it will 
bed, mr oe df 
Pb T FA TURO =pa t pan ° BE — PC 


— Ti AT PI (by conftruction, and harmonically) = — 


Pu Whence it follows that the line NC is cut har- 
monically i in the points B and P, or that NB is to NC | 


as BP to PC.- 
lig | $75 
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$75. Gorolt. Hence if any two lines drawn from 
A are cut in N harmonically fo that PC be to PB as 
CN to BN ; all lines drawn from A will in like man- 
ner be cut harmonically by the lines HF and HK. 


€ 76. Coro]. 2. Ifthe curve has not a double point, 
and the right line HK cuts it in two points fand g, 
Af and Ag being drawn will be tangents to the curve 
in thefe points. For let the point B coincide with N 
when N comes to / the concourfe of HK with the 


eurve ; and therefore when —~ PE a PC = ont it will 
! 


be gc = oy and C coincidés with B, and the line 


drawn from A then touches the curve. On the other 
. fide, if, the line Af touches the curve, the line HK. 
will pafs through f; for becaufe of PB, PC being 
equal in this cafe, the points B and C will coincide 
with N. 


- 


$ 77. Corol, 3. If the line HK meets the curve in 
only one point H, only two tangents can be drawn 
from the point A to the curve, viz. AF and AG. Four 
tangents at moft can be drawn from any point of a line 
of the third order to the curve as AT, AG, Af, Ag. 
For if any other tangent could be drawn from A as 
A$, the line HK would pafs through the point 9, and 
four points of a line of the third order would be in the | 
fame right line, viz. H, ^ £; 9, which is abfurd. 


$ 78. Prop. XIII. If from a point of a line of 
the third order four tangents to the curve may 
be drawn, the lines joining the points of con- 
tact wil always meet in fome point of the 
curve, 


* 


GEOMETRICAL LINES. 437 - 


curve, and any right line drawn ‘from the firft 
point will be cut harmonically by the curve and 
the lines joining two points of contact, — , 


Let A be a point of the curve, AF, AG, Af, Ag - 
tangents in the points F, G,/, g. Let be joined FG 
and fg, which let meet any right line ABC (drawn 
from A and cutting the curvein B and C) in P and N ; 
and the line NC will be harmonically cut in B and P, 
fo that always NC is to NB as CP to PB: this fol- 
lows from Corol. 2.’ of the preceding. Now the lines 
FG and fg meet in the point of the curve H ; and in 
like manner the lines Ffand Gg meet in E, and Fg 
and Gf in R; and E and R will be points of the curve, 
by thefame corollary. And this is the latter of the - 
two properties of lines of the third order which I de- 
fcribed in the Treatife of Fluxions, Art. 402. But if 
the line AM touches the curve in A, and cuts it in M, 
ME, MR, MH, being joined, will touch the curve 
in the points E; R, H ; and the concourfe of the lines 
AE and HR, AR and HE, AH and RE will be alío in 


- the curve *. 


§ 79. Corol. Therefore ince thelines HK, HB, HP, 
and HC are harmonicals ; if the lines HB and HC meet 


the curve in 6 and e; the points A, 4, c, will be in the 


. fame right line. For let Ad joined meet the curve in 
. band c, and HF inp, and HK in 5; and fince ae is 


to nb as pe to pb, it appears that c ie in the line HC; 


, and reciprocally if c be in the line HC and P in the 


line HB, A, 4, c, will be in the fame right line. 


§ 80. Prop. XIV. Let a line of the third Fig, 42. - 


order have a double point O. From any point 


. * Supply what is wanting in the fcheme, 


lis - Aof 
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A of the curve let be drawn two lines AF and 
AG touching the curve in F and G; let FG joined 
cut the curve in H; let OH be joined. Let 
any right. line AB, drawn from A, meet the 
curve in the points B and C, the line FG in P, 
and the line OH in N ; and the line NP will 
be cut harmonically in the points B and C, 
fo that PB is to PC as BN to NC. 


"' For let AO joined meet FG in p and the tangent 
HL in ?; and fince ° is a double point, it will 
2 I I 1 2 
be + A= wat P and fo sat » = 50° 
Therefore pA is cut harmonically in ¢ and O, fo that: 
fiis to pA as 10 to OA, and Ha, Hr, HO, and HA 
areharmonicals, Let the line PA meet the tangent LH 
Ed 


in T, and fince gc + + si = pa + PD it 


I | 
will be — sc c + — pp ox + PT = PH ; confequently 
PC is to NC as PB to BN. 


$81. Corol. If the tangent HL meets the line GZ 
parallel to AH in Z, and GV be taken = 2GZ, HV 
drawn will pafs through the double point O, if the 
curve has fuch a point. Or if the line Gra meets 
the lines AH and HR ina and 7; let "A and Ra crofs 
each other in m, then Hm joined will pafs through the 
double point O, 


: $82. Prop. XY. Froni a point of a hine of 
the third order let be drawn two tangents, 
and from any other point of the fame let be 
drawn lines to the points of contaé cutting the 

D. curve 
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curve in two other points; tangents to thefe 
new points will meet the curve in the fame 
' point. 


From the point A let be drawn AF and AG, touch- 
ing the curve in F and G. Let any point of the curve 
P be taken, let PF and PG be joined cutting the curve 
in the points K and L ; and the tangents at the points 
K .and L will meet in fome point of the curve B. 
Now the point B is determined, by drawing the line 
PC, which touches the curve in P, and cuts it in C; 
for if AC be joined, it will meet again the curve in tbe 
point B. 


For fince the points F, K, P, are in the fame right 


line, and tangents at the points F and P cut the curve 
in A and C ; it follows that the tangent at the point K 
will pafs through "B. And becaufe LGP is a right lines 
the tangent at L will país alfo through B. 


$ 83. Corel. Therefore let A and B be any two 
* points in a line of the third order; from both of them 
let be drawn four lines touching the curve in four 
other points, viz. AF, AG, Af, Ag; and BK, BL, 
BA B/. Let FK and GL, FL and GK, F/ and Ga, 
G/ and Fé, meet each other in four points of the curve 
P,Q, 9 5; and if tangents be drawn to thefe four 
points, thefe will meet the curve and each other in the 
point C, where the line AB cuts the curve. Whence 
if there be three points of a line of the third order in 
the fame right line, and from each of them be drawn 
four lines touching the curve in four other points, a 
right line drawn through any two points of contact will 
always cut the curve in fome other point of contact; 
and ‘four of thefe lines will always pafs through the fame 
point of contact. 

§ 84. 


Fig. 43° 


Fig. 44 


Fig. 43. 
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§ 84. Prop. XVI. Let F and G be two 
points of a line of the third order fo taken that 
FA and GA touching the curve in thefe points 
may meet in any point A of the curve. Let 
be taken in the curve any other point P, from 
which let be drawn to the points F and G the 
lines PF and PG, which may meet the curve in 
K aod L; let FL and GK be joined, and their 
concourfe Q will be in the curve. Now the 
tangents at the points K and L will meet each 
other and the curve in fome point of the curve 
B, and the tangents at the points P and Q will 
meet in a point of the curve C, fo that the 
three points A, B, C, may be in the fame right 
ine. 


For let the tangent at the point P be drawn, which 
let meet the curve in C, and let AC cut the fame in 
B; and BK, BL being drawn will be tangents at the 


, points K and L, by the preceding. Let the line LF 


5^" 


meet the curve in Q ; and if the line GK does not 
país through Q , let it meet the curve ing.  There- 
fore, becaufe the three points L, F, Q5 are in the 
fame right line, but the tangents at L and F cut in B 
and A, it follows (by Prop. VII.) that the tangent at 
the point 4 will pafs alfo through the point C. There- 
fore both lines CQ , C4 touch the curve, the firft in 
Q , the latter in g. Therefore the points Q and 4 co- 
incide, for if we put them different, it follows from 
Prop. VIII. that more than four tangents might be 
drawn to the curve from the fame point C. For let 
Af and Ag be tangents,at f and g, and let Lf, Lg 

drawn 
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: drawn cut the curve in m and 2; and Cm, C » will 
be tangents at m and s, Wherefore we fhould have 


'— five tangents drawn from C to the curve CP, CQ, 


Cm, Cn, and C4; which-is contrary to Corol. 3. 
Prop. XII. 


$ 85. Corel. 1. The point P being given, and the 
points F and G taken any where, fo that tangents at 
thefe points meet in the curve, the point Q is given, 
where FL and GK joined meet each other and the 
curve, And if from the point P any right line PMN 
. be drawn .to meet the curve in N and M, and QM, 
QN joined cutjt in mand; the points P, s, and m, 
will be in the fame right line. For we have fhewn 
that tangents at the points P and Q crofs each other in 
2 point of the curve*, 


§ 86. Corel. 2. If four points F, G, K, L, be Fig. 45. 


taken in a line of the third order, fo that tangents at 
the points F and-G meet in fome point of the curve, 
and tangents at the points K and L meet alío in.fome 
point of the curve, FK and GL drawn will meet in a 
point of the curve, and FL and GK drawn will meet 
each other in a point of the curve. 


$ 87. Prop. XVII. Let F and G be two 
points of a line of the third order,. where, if 
lines be drawn touching the curve, thefe fhall 
cut each other in fome point of the curve. 
Let be taken four other points of the curve L, 
K, f, g, fo that LF and GK drawn may meet 
.in the curve, and Ff and Gg may meet in it 


? Supply what is wanting in the Scheme. 


! 


- alfo ; 


anii, 


Fig. 45. 


“RI. 


. 0.2, 
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alfo; then fL and gK drawn will cut each 
other in the curve, as alfo Lg and K f when 
drawn. 


For tangents at the points f and g crofs each other 
in the curve, by Prop. XIV. as alfo tangents at the 
points K and L, by the fame. And therefore, by Co- 


rol. 2, of the preceding, fL and Keg meet in the curve, | 
as alfo f£ K and gL. 


§ 88. Lemma. Let there be three right lines given . 


in pofition IC, IH, and CH ; and three points F, G, 
S, which are in the fame right line. Let any point Q. 
be taken in the line IC, and let QF joined meet the 


. line IH in L, and QG joined meet HC in P; Jet FP 


be joined, iet SL drawn meet FP and QP in £ and N; 
and Fand N will be at right lines given in pofition. 
For let IN be joined, which let meet GS in m, and 
through N let be drawn a parallel to FS, which let 
meet-the lines IC, IH, and LQ in the points x, uw, 
and r; let the line PG meet the lines IC, IH, and HC 
in the points a, 5, and /& Becaufe Nx isto Nr as Ga 


to GF, and Nr to Nu as SF to Sd, it will be as N x. | 


to Nu (and therefore ma to mb) as Ga x SF to GF 
X'Sb, i.e. in a given ratio. | Therefore the point m 
is given, and fo the right line INm is given in pofi- 
tion; and in like manner the point £ is at a line given 
in pofition, a 


§ 89. Corel. The points G and S coinciding, the 
point m will alfo coincide with the point G. There- 
fore let IG be joined and meet HC in D, and CF 
drawn and meet the line HI in E, the line DE joined 
will be the locus of the point K, where GL and FP 
crofs each other. 


4 § 50. 
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.& go. Paor. XVIII. Let PGLFQK be a 
quadrilateral infcribed in a figure, whofe fix 
angles touch a line of the third order, as in 
Prop. XVI. Let lines IC, CH, HI be drawn 
touching the curve in three points Q , P, L, 
whiclrare not in the fame right line; let IG 
joined meet the tangent CH in D, and FIF méet 
the tangent CI in E ; the points D, K, E, will 
be in the fame right line, which will touch the 
curve in the point K. 

For let us fuppofe the lines QFL and FKP to be 
moved about the pole F, and the lines LGP and QGK 
‘about the pole G, but the points Q, L, aud P, to be 
carried along in the tangents QI, LI, and PC ; then 
the point K will be carried in the line DE, by the 
preceding Corol. Whence, if the points Q , L, P, be 


carried: in a curve which touches thefe lines QI, LI, ° 


and PC, in thefe points, K will alfo be carried in a 
curve which the line DE touches. But by Prop. XV. 
if the points Q4 L, P, be carried in the propofed line 
of the third order, the point K will be carried in the 
fame, which therefore the line DE touclíes in K. 


$91. Coo.1, In like mannerif the lines AF and 


: AG (which. touch the curve in F and G) meet the. 


line IH (which touches the curve in L) in the points 
M and N; let MP joined cut the tangent AG in d, 
and QN joined the tangent AF in e, de will pafs 
. through K, and touch the curve in that point; and 
the four points D, 4, e, E, will be in the fame right 
line. 


| § 92. Cordl. 2. Let be drawn from any two points 
of the curve C and B four tangents two from each, 


- cQ, 


Fig. 46. 
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CQ and CP from the point C, BL and BK. from the 
point B, and let the interfections of thefe tangents be 
1, H, E, andD ; then LQ and EH drawn will cut 
each other in a point of the curve F ; and the con- 
courfe ef LP and ID joined will be in a point of the 
curve G ; but the tangents at the points F and G will 
cut each other in a point of the curve A, which will 
be in the fame right line with the points C and B. 

$93. Grol. 3. Having given three points of aline of 
the did order which are in the fame right line, and two 
tangents drawn from each of thefe to the curve being 
given in pofition, the fix points of contact are deter- 
"mined by this propofition. Let A, B, C be the three 
given points of the curve in one right line, AM and 
AN tangents from A, BMI and BDE tangents from B, 
which meet the former in M, N, e, and 4; and let 
CD and CE be tangents from the third point C ; and 
let CD meet BM, BD, AM, and AN, in H, D, 4, 
and c, and CE the fame in I, E, », and s. Thefe 
things fuppofed, Ne joined will cut the tangent CI in 
the point of contact Q , M4 will cut the tangent CT) 
in the point of contact P, ID will cut the tangent 
AN in the point of contact G, EH the tangent AM 
in the point of contact F, sb will cut the tangent BH 
in L, and laftly zc the tangent BE in K, Now though 
the problem in this cafe is determinate, yet it admits - 
of feveral folutions. For, different lines of the third 
. order, but definite in number, may be drawn through 
the three points A, B, C, touching the fix right lines 
given in pofition AM, AN, BM, BD, CD, and CE. 
For let Ne meet the tangent CD in f, Md the tangent 
CE ing, ID the tangent AM in f, EH the tangent 
AN in g, nc the tangent BM in /, and mh the tangent 
BD ing; and a line of the third order which fatisfies 
the propofed conditions will touch tlíe lines CD and 


à | CR 


» 
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CE either in P and Q , or in ? and 4. That will touch 
the lines AM and AN either in the points F and G, or 


in fand g 3 but the lines BM and BD either in L and | 


K, or in /and &. Jt appears therefore that feveral lines 
of the third order may fatisfy the conditions of the pro- 


blem, but determinate in number, and therefore the . 


problem i is determinate *, 


§ 94. Corol. 4. Having given two points A and B of 
a line of the third order, alfo the tangents AM, AN, 
BM, BD given in pofition, with three points of conta 
F, G, and L, the point K is given where the line BD 
" touches the curve. For to it let be drawn the lines 
Ne and LF, by their concourfe the point Q will be 
given, and QG drawn will cut the tangent BD in the 


point-of conta&t K, P the point of concourfe of the . 


lines LG and Md, or the lines Md and FK, is alfo 
given ; for the three lines LG, M4, and FK neceffarily 
meet in the point P, Let MedN be any quadrilateral, 

letany point Q be taken in the diagonal Ne. and P in 
the diagonal Md, let any right line drawn from Q cut 
the fides Me and MN in F and L, let PL cut the fide 
Nd in G, let QG be joined, which let cut the fide de in 
K; and the points F, K, P, will be always in the fame 
right line, by what is fhewn above. Whence it ap- 
pears that the problem does not become impoffible, be- 
caufe it is neceffary that three right lines LG, Md, and 
FK muft meet in the fame point, | 


$ 95. Prop. XIX." Let D, E, F, be points 
in a line of the third order in the fame right 
line, and let there be three lines touching the 
curve in thefe points parallel to each other. In 


* Supply what is wanting in the Scheme, 


the 


Fig. 47- 
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the line DF let be taken the point P fo that 
2PF may be an harmonical mean between PD 
and PE; and if any other right line drawn 
through P meets the curve in f, .d, and e, 2Pf 
‘will always be an harmonical mean between 
Pd and Pe. But we fuppofe that the points d 
and e are on the fame fide the point P, but 
the point / on the contrary. 

, For Jet the tangents DK, EL, FM, meet the line df 
in the points K, L, and M; and it will be by Art. g. 


Pf 792" Pe — PM PK pr (iftheline Qe 
parallel to the tangents harmonically cut PD fo that 
PE be to EQas PD to DQ, and Qs meet the line fd 


ing)=pu ^ & ;; (betaule Pg is to PM as PQ to PF, 


and by bypothefis fn = PQ, and fo an = Py) = 
PH £^ 0% whence 5 p : ptr > ‘and theres 


fore 2P/ is an harmonical mean between Pd and Pe. 


& 96. Corel. 1. Let Dd and Ee joined meet in the 
point V, VQ and Ff joined will be parallel; and VQ. 
being produced to meet the line /Z in r, Pf will = 
iPr. For PD is cut harmonically in E and Q, by 
hypothefis, and theref&te the line Pd is alfo cut har- 
monically in e and r, by Art. a1. whence Pf = 2Pr; 
and fince PF = £PQ ; it follows that she line Ff is. 
parallel to the harmonical VQr. 


§ 97. Gorol. 2. In like manner if be taken the point 
— pintheline DF fo that 2pD be equal to the harmo- 
nical mean between pk and pF, gad any line drawn 

from p meet the curve in three points, the fegment of 
. this 
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this line on one fide the point p terminated at the curve 
will be equal to half the harmonical mean between the. 
two fegments on the other fide the famé point  termi- 
nated by it and the curves | | 
§ 98 Lemma, From the centre of gravity of a tri-. 
angle let be drawn any right line which meets the three 
fides of the triangle, and the fegment of this line ter- 
" minated by the centre of gravity and one fide of the 
triangle will be half an harmoni¢al mean between the 
fegments of the fame line terminated by the centre of 
gravity and the twa other fides of the triangle. Let P 


Fig. 48. 


be the centre of gravity of the triangle V TZ, let the . 


line FDE drawn through P meet the fides in F, D, E ; 
and Jet the points D and E be on the fame fide of the 
' point P; it will be PP = 75 4 SE) For let ba 
^ drawn through the point P the line MPL parallel to the 
fide V Z which may meet'the fides VT, ZT, in Land 
M and the line VN parallel to ZT in N ; and fince MP 
— PL, and TL = 2VL, becaife of the fimilar trian- 
gles TLM, VEN, LM will = 2LN, whence LN = 
LP, and PN = 2PM, therefore if PD meet the line 


| VN in E, it will be (by Art. 21. and 23.) gj; + yg 


c Il 
“ PK ~ PF 


$ 99. Paor. XX. Let three lines VT, VZ, Fig. 49. 


TZ, touch a line of the third order, and let the 
fame right line pafs through the three points of 
 conta& and the centre of gravity of the triangle 
VTZ; let any right line drawn through this 
centre meet the curve in ¢ on one fide and in a 
and ? on the other of the centre of gravity, and 


2Pc will be an harmonical mean between the. 


fegments Pa and Pd. 
K k | ¥ or 


Fig. 50. 
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‘For let Pe meet the fides of the triangle in f, 4, and 
e, and the line VN parallel to TZ in 4 ; and 2f will 
2 Y » J. E! 


= P4, and fo = > FAT Fe + Fe Fat 


y: 4 P? and therefore 5 = 21 t $n whence Peis 


half the harmonical mean between Pa and Pd. 

. § 100. Prop. XXI. Let V. be a double point 
in a line of the third order, VT and VZ lines 
touching the curve in that point, which let the 
line TZ touching the curve in F fo meet in T. 
and Z that FT = FZ; let FV be joined, in 
which let be taken FP = } FV; ; and if any right 
line drawn through P meet the curve in three 
points 2, 2, c, of which. « and à are on the fame ° 
fide of the point P, c on the contrary, 2Pc will 
always be an harmonical mean between the feg- 

! I ' I I 
ments P« and P2, p. 7 Pa + 5: | 
For fince TZ is bifected in F, and FP — 4 FV, it is 
manifeft that the point P is the centre of gravity of the 
triangle V'T'Z; and fince the point P is in the ling 
FV which pailes through the points of contact, the pra« 
pofition follows from the preceding. 
§ rox. Corel. 1. If the lines Va, VÀ, and Fc be joined, 

P will alfo be the centre of gravity of the tribngle con- 


^. tained by them; as alfo of the triangle contained by. 


three lines touching the curve in a, 5, c3 and if Va and 
V meet the line F c in mand z, Fm will be always equal 
to Fr. 

§ 1¢2. Coro]. 2.. A line drawn through the double 
point parallel to Fe will cut Pa harmonically i in 4, fo 
that Pz will be to a as Ph to Pé; ‘but the line which is 


|. ' drawn from 4 to x the concourfe of the tangents at a and 


) is parallel to the line cy touching the figure in c. 


$ 103« 





| theorem a f+ — + T — 


‘pafs through M. 
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. $103. Grol. 3. Two points « and c being given 
where any line drawn from P meets the curve, the third 
b is alfo givenj for let be joined Va; and Fc which meet 
each other in m; let be taken on the other fide F the 
line-Fz equal to Fm, and Vn joined will cut the line 
Pain 


§ 104. Prop: XXII. Let be drawn through 


any point P in the dire&ion of the infinite legs 
a line to meet the curve in a and c; and through 
the fame point any line cutting the curve in the 
points D, E, F, and which. may meet the lines 
touching the curve in a and ¢, in & and m, and 


the afymptote of the infinite leg in 7; and if the 
points D, E, &, m, /, are on the fame fide of P, 


-— 


: TP I | 
but the-point F on the contrary, it will be 77 = 
| 1 


I I I" I ; 
PP * pe “PE oO pri where the fign 


of every term is to be changed as often as the 


E fegment goes off to the oppofite fide of P. 
This’ follows from Theor. I. Art. 9. for by that 


po. 1 I aot 
PE” PES Ps PD” PE PE 

§ 105. Corel 1. If the line PD be drawn through 
the concourfe of the tangents a£ and em; and PM 
be taken equal to an harmonical mean between the 
lines n PE PE according to Art. 28. it will be 


= = 7D and fo 4PM will be tbe harmonical 
mean between: PI and iP£, But if the tangents ak and 
cm. meet in the point M itfelf, the afymptote will alfo 
Kka  — 6106. 


Fig. 51. 


Fig. 47. 
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§ 106. Corol. 2. In the cafe of Prop. XIX, where 
three points of contact are ín the fame right line; and 
the three tangents parallel, let be taken tbe point P as 
in Prop. XIX. and let aP« be parallel to the afymptote, 
let the tangents ak and cm meet the line PD in £F and 


m, and it will be 5; 2 5 + PD or P7 equal to half 


_ tbe harmonical siean between P and P». But if the 


Fig. 49. 


tangents a4 and «5 meet in the fame point. of the line 


PD Pew PA but becaufe in Prop. XIX. y a 


pr P4 
Tox >» Pa will = Pe. 


§ 307. Corel. 3» The fame is to be faid of the cafe int 
Prop. XX. where three points of contact D, E, F, are 
in the fame right tine which paffes through P the centre 


. of gravity of the triangle V TZ contained by the taa- 


Fig. 52. 


gents. But if one of the lines touching the curve in e 
Qr c sin, Soe parallel £o the afymptote) be paral- 
lel to the line DP, the afymptote will go off in infinitum, 
and the leg will be parabotical. — 


§ 108. Corol. 4. The fanie things fuppofed as in Prop. - 


XXI. let cPa be parallel to the afymptote, het the tan- 
gents ak, cm meet the line VF in 4 and m, and it will 
be E = 7 + si Whence if the curve has a dia- 
meter, fince this neceffarily paffes through the double 


point V, from the point of the curve F where the tan- 


gent TFZ is bifeGted let be taken from. F towards V, 


FP =tFV, let cPa be drawn pagallelto the afjtéptote, 
and the tangent ak which may njeet the diameter in £, 
and on the other fide the point Phet be taken upon the 
line PV, P/ zz Pi and a line drawn through / parallel 
to the ordinates will be the afymptate tothe curve. But 
if the tangent a£ be parallel to the diameter, the leg of 
. the 
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.the curve willbe ef the parabolic kind. — .Newotor's gto 
pofition about the fegments of any right line terminated 
by three afymptotes and the curve eafily follows from 
Art. 4» as has before been fhewn by others. 


. $ 109. Paor. X XIII. From any point D of a Fig. 53. 


Tine of the third order let be drawn any two lines 
DEI, DAB, which let meet the curve in E, I, 
and A, B; kt the tangents AK, BI, be drawn, 
— whichiet meet the line DE in K and L, Let DG 
be an harmonical mean between the fegments 
DE, DI, tertninated at the curve, and DH an 
harinonical mean between the fegments DK, 
DL, of the fame line cut off by the tangents. 
Let DV be a geometrical mean between DG 
and ‘DH, tet be drawn VQ) parallel to the tan- 
gent DT, which let meet the line | DA in. Q ; and 
if a, circle of the fame curvature with the pro- 
pofed line of the third order in D meets the line 


DE in R, HG, QV, and 2DR will be continual 


proportrortals. 
" For by Theon, II. (Art, 15.) Nu = 
| T 1 ES 2 a3DH—3DG 


DET Di ~ DK ~ pDL^ ‘DG ~DH = DGXxDH 

= DU (becaife DV* = DG x DH;) whence QV* 
z 2HG x DR, and fo HG isto QV as QV to 2DR. 

$ 110. Grol. 1. Let thercfore be taken Dr in the line 
DE a third propertional to the lines HG and 2QV, 
anda perpendicular te tiie line DE at the point. r will 
cut 2: perpendicular. fo the tangent DT at the point D 
in the centre of the ofculatory circle or the circle of the 
fame curvature with the propofed line, in the point O. 
Af the points E, I, K, L be en the fame fide of the point 


4 D, 


^ 
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D, the point r is to be taken on the fame or coritraty 
fide of the fame point as DH is greater or lefs than DG, 
i.e. as an harmonical mean between the fegments DK , 

. DL cut off by the tangents is greater or lefs than an 
harmorfical mean between the fegments DE, Di, ter- 
minated.by the curve, — 


. S 11r. Coral. 2. Ifthe angle EDT be bifected by the 
line DA, QV will = DV, and 2HG, x DR = DV? = 
DG x DH, and fo HG is to DG.as DH to 2DR. 


$ 112. Gore), 5. Let the line DA revolve about the 
pole D, the line DE remaining, and HG, the difference 
of the harmonical means DH and DG, will be increafed 
ór diminifhed in the duplicate ratio of.the line VQ, 
For as much as, becaufe DR the chord ofthe ofculatory 


circle being given, there remains the quantity 7 dO 
Which is equal to 2DR. totos 


Fie. 54. $113: Corel 4. If of. the tangents AK, BL one of 
them as BL be parallel to the lind DE, let be drawn 
GX and KZ parallel to DT touching the curve in. 
D, which let meet AB in X and ah and it will be 

GX QSXxEZ .— KZ I 4 I 2 5 Y 
DGxDKxbR "DE DI DE =DG DK 

c DE pg and fo A=" maiDK DG, and 
therefore it will be as 2DK = DG to KZ fo GX to 
DR. Ifthetangent AK alfo comes out patallel to the 
line DE (which in thefe figures may happen) it will 
be as DG to. Gx as GX to ?DR: for in this cafc 

° . . Gv. . 2 
DGUx DPGxDK ^ = po and fo GX' = - DG x 2DR. 

§ 114. Corol. 5. If the line DE be parallel to the 
_afymptote, ahd fo meets the curve in one point E be- 
fides D, and at the fame time the.tangent:BL. be paral- 
Ha to the afymptote, let EY be drawn parallel to the 

tangent 


——— 


emit À— ——Á 





Ay 
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^ tangent. DT, which let meet the line DAi in Y, and it 
Will be às KE to'KZ fo EY to DR.*. 

$3115. Corel 6. If D be a point of contrary fexure, 
the point H will coincide with G, and the line HG 
vanifhing, and fo DR comes out infinitely great, i. e, 
the curvature at a point of conttary Aexure is lefs than 
in any circle however great; as I have elfewhere 
fhewn, i in the Treatife of F luxions, Art. 378. " 

' &rr6. Cerol. 7. Let V^be a double point, DA pa- Fig. 55," 
rallel to the afymptote, and let the lines VQ , KZ, pa- 
 ralleL to the tangent DT meet the line DA in Q and 
Z, and let DV meet the afymptote in L, and let DH 
be an harmonical mean between DK and DL, and it 
will be as 2DH — DG to KZ fo DL to DK, and 
VH: HN : DSVQ: DR. If the lihe DA bifects the 
angle TDV, it willbe DR: DV :;DH:2VH. - 

$ 117. Prop. XXIV. Let D be any point of Fig. 56. 
the third order, let the tangent at D meet the. 
curve in I, and let DS be the diameter of the 
ofculatory circle, which let meet the curve in 
A and B ; from whence let lines drawü touch- 
ing the curve cut DI in K and L; let DH- be 
an harmonical mean. between DK and DL, and 
Jet be taken DV to DI as DH to the difference 
of the lines 2DI and DH; the variation of - 
‘curvature will be inverfely as the rectangle SD 
x DV; and. VS being joined, the variation of 
. the radius of curvature as the tangent of the 

.gngle DVS. 
F or by Theor. III. ( Art, uj the variation of curva- 





J 2 


EE furcisas x pet BL bt = D pu ny 


* Supply the ique 


I . - 


Fig. 58. 


Fig, 5 Qe 
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Gum 2: 3DI-- DH » . B the "o n" 
— bs *"pHxDI ~ DSxDv “Ut te Variation 


of the ofculatory radius is as -—7 5v and fo as the tan- 


gent of the angle DVS, by Art. 18 Now the para- 
bola which wil] have the fame curvature and the fame 
variation of curvature with the line propofed, is deter- 
mined as in Art. 19. 

$ 118. Grol. If the the tangent BL be parallel to the 
tangent at D, it will be as DV to DI fo DK to IK 4 
and if both the tangents AK, BL be parallel to DT, 
DV will = DI, and the variation of curvature inveríc- 
lyas DS x DI. But if in this cafe DT be parallel ta 
the afymptote of the curve, tbe variation of curvature 
will vanifh. Therefore as the variation of curvature 
will vamith in the vertices of the axes of conic fections ; 
{o it will in like manner vanifh in the vertices of the 
diameters of lines of the third order which bifect their 
ordinates at right angles. 

Schol, Now there are many other theorems about the 
tangents. and curvature of lines of the third order. Let, 
for exemple, F and G be two points ef a line of the 
third.aprder, from whence tangents drawn mect the 
«urve in A. Let FG be produced till it meet the curve 
inH. Let TAC be a tangent at A, and let be confti- 
tuted the angle FAN = GAT on the contrary fide of 
FA, GA, and let AN cut FG in N. And if the ofcu- 


. latory circles meet the line FG in B and 4, GB will be 


-. 
— M € ——— A LL LL o 20. 2 LI ——M—— LLLA —————M———M ee 


to FP as the Fedtangle NFH to NGH. For let the 
point a be very near to A, and the. points f, z, b, very 
near to F, G, H,and it will be AFa: FGf:: GF: FB, 
FGf (= HGS): E^: : FH: GH.. HF (= GFEg) 
: AGa: i àG: GF ; whence AFa: AGa:: FH x 2G 

:FB x GH :: GN: EN whence FB ; Ge: ; NFR 
iNGH.. But ‘enough on this fubjedr 
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